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The spectra of fission neutrons emitted at certain angles to the direction of flight of the 

fragments (0 and 180°, 40 and 120°, and 90°) have been measured. The spectra of neutrons 
emitted by light and heavy fragments separately are compared. The kinetic energy and tem- 
perature of the light and heavy U”®® fission fragment groups at the instant of emission of fis- 


sion fragments are also determined. 


Mover theory of nuclear fission presupposes 
that the fission neutrons are emitted from the ex- 
cited moving fragments. Experiments on the inves- 
tigation of the spectra of the fission neutrons con- 
firm this assumption, but do not provide unequivo- 
cal data on the kinetic energy and temperature of 
the fission fragments at the instant when the neu- 
trons are emitted. The purpose of the present in- 
vestigation was to determine experimentally the 


kinetic energy and the temperature of the fragments. 


MEASUREMENT PROCEDURE 


The neutron energy was determined by meas- 
uring the time of flight. We measured the time in- 
terval between the instant of fission of the U”° 
nucleus in a scintillation fission chamber and the 
instant when the emitted neutrons were registered 
by a detector installed at a known distance L from 
the fission chamber. The neutron spectrum was 
measured with a 64-channel time analyzer.‘ The 
time stretching principle was used to measure 
short time intervals (0 to 0.25 usec), FEU-1V 
photomultipliers were used. The geometry of the 
experiment and a block diagram of the neutron 
spectrometer are shown in Fig. 1. 


FIG. 1. Geometry of the experiment and block diagram of 
the spectrometer. 1—fission chamber, 2—neutron detector, 
3—lead, 4—boron carbide, 5—coincidence circuit, 6 —ampli- 
fier, 7— pulse amplitude-to-duration converter, 8 —64-channel 
time analyzer, 9— fragment monitor, 10 —neutron monitor, 

11 —layer of U?**, 12—layer of ZnS(Ag). 


The scintillation fission chamber was a 20 
x 30 mm aluminum cup covered with a light pipe of 
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organic glass. One milligram of U?®> was depos- 
ited on the bottom. A layer of ZnS(Ag) was 
placed on the light pipe to register the fission 
fragments emitted from the U2 layer. The 
and ZnS (Ag) layers of 8 mm diameter were 20 
mm apart. The chamber thus registered only 
fragments whose trajectories made angles not 
greater than 15° with the chamber axis. The 
chamber was connected to the vacuum system to 
produce the necessary gas pressure. The use of 

a ZnS(Ag) detector was made possible by the fact 
that only a small part of the leading edge of the 
pulse was used, 

The variation of the spectrometer efficiency 
with the neutron energy was established experi- 
mentally. This was done with a scintillation fission 
chamber that registered almost all the fragments 
moving in a solid angle 27. In this case the meas- 
ured neutron spectrum corresponds to the general 
spectrum, which is well known from other investi- 
gations and obeys the Watt formula? 
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N (E) = e—£sinh V 2E 
(E is in megavolts ). 

To produce fission of the U?35, the chambers 
were bombarded with a beam of neutrons from a 
reactor, at an intensity of 1 x 10° neut/cm?sec. 

The fission neutrons were registered with a 
30 x 20 mm stilbene crystal. The spectra of neu- 
trons emitted at 0 and 180°, 40 and 120°, and 90° 
to the fragment flight direction were measured. 
The spectra of the neutrons traveling at 0 and 180° 
were measured at flight distances L equal to 25 
and 40 cm. The spectra of the neutrons traveling 
at 40 and 120° were measured at L= 25 cm, 
During the measurement of the spectra, the fission 
chamber was evacuated to a pressure of 0.01 mm 
Hg. The spectrometer had an adjustment by which 
the time of flight could be measured in a range 
from 0 to 0.13 usec. 

In measurements of the spectra of the neutrons 
that travelled in the same direction as the frag- 
ments, a 50 x 45 mm liquid detector comprising a 
2-percent solution of terphenyl in toluol was used 
for the light and heavy fragments separately. The 
flight distance L in these experiments was 50 cm. 
The spectrometer had an adjustment for measuring 
the time of flight in the range from 0 to 0.25 psec. 
The different spectra were measured in the follow- 
ing manner. 

The overall spectrum of both the heavy and light 
fragments was measured first with the fission 
chamber evacuated to 0.01 mm Hg. This was fol- 
lowed by measurement of the spectrum of the neu- 
trons traveling in the same direction as the heavy 
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fragments. The fission chamber was filled for this 
purpose with argon at 600 mm Hg. The heavy frag- 
ments were slowed down more rapidly in the gas, 
so that at this pressure the chamber recorded only 
the light fragments. This is seen from the differ- 
ential fragment-count vs. chamber pressure curve 
of Fig. 2, where the maximum at p = 430 mm Hg 
corresponds to the heavy group of fragments, while 
that at 700 mm corresponds to the light group. 
From the geometry of the experiment it is seen 
that only neutrons traveling in the direction of the 
heavy fragments were registered in our case. 
Check calculations have shown that the spectrum 

of these neutrons is due essentially to the neutrons 
emitted from the heavy fragments. The spectrum 
of the neutrons from the light fragments was found 
by subtracting the heavy-fragment spectrum from 
the overall neutron spectrum. 

To check the correctness of the experiments, 
control measurements were made, in which a par- 
affin scatterer 14 cm thick was placed between: the 
fission chamber and the neutron detector. Such a 
paraffin layer scatters the neutrons almost com- 
pletely and only the fission gammas reach the de- 
tector. If the experiments are correctly set up, 
then only the peak due to the gammas emitted 
during the instant of fission of the U?8> remains on 
the curve. The results of the control measure- 
ments (see Fig. 5) confirm the correctness of the 
data obtained. 

In reducing the measurement data, the position 
of the peak due to the fission gammas was taken as 
the time reference. The width of the gamma peak 
at half its height was used to determine the resolu- 
tion of the spectrometer, which was found to be 5 
x 107° sec. 


EXPERIMENTAL RESULTS AND DATA 
REDUCTION 


The experimentally obtained neutron spectra for 
different emission angles g relative to the frag- 
ment trajectories are shown in Fig. 3. Reduction 
of these data yielded the neutron energy spectra in 
the laboratory frame (l.s.), shown in Fig. 4. It is 
seen from the curves that the number of neutrons 
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FIG. 3. Experimental spectra of fission neutrons for dif- 
ferent angles of emission 9 relative to the direction of frag- 
ment travel. 1—peak of prompt fission gammas, 2 —spectrum 
for flight distance L = 25 cm, 3—spectrum for L = 40 cm, 
and 4—for 25 cm. The abscissas indicate the number of the 
time-analyzer channel. 


and their energy distribution depend on the angle 
between the directions of the fragments of the neu- 
trons. This result confirms the assumption that 
the fission neutrons are emitted by rapidly moving 
excited fragments. The ratio of the number of 
neutrons traveling at\90° to the fragments to the 
number of neutrons traveling in the same direction 
as the fragments, obtained experimentally by meas- 
uring the fission neutron spectra at different an- 
gles, was found to be 0.17. This quantity agrees 
well with the results of Wilson,? N(90°)/N(0°) 

= 0.18, and is somewhat smaller than the value ob- 
tained by Fraser,‘ 0.23. 
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FIG. 4. Energy spectra of fission neutrons, lab. system. 
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FIG. 5. Experimental curves, obtained in a liquid neutron 
detector. 1—peak of prompt fission gammas, la—curve ob- 
tained with paraffin scatterer, 2—summary curve for neutrons 
from light and heavy fragments for 0 and 180°, 3—spectrum of 
neutrons traveling in the direction of the heavy fragments. 


The experimental curves for the separate meas- 
urements of the spectra of the neutrons from the 
light and the heavy groups of fragments are shown 
in Fig. 5. The corresponding energy spectra of the 
neutrons are shown in Fig. 6. The maxima in 
the 0.2 — 0.3 Mev region on the curves are ob- 
viously produced by neutrons traveling in a direc- 
tion opposite to the fragments that emit them at 
speeds smaller than the fragment speeds. The 
main part of the spectra is made up, on the other 
hand, by neutrons traveling in the same direction 
as the fragments. The neutron spectra are thus 
the sums of these two components. An analysis of 
the curves of Figs. 5 and 6 permits a determination 
of the fragment velocity at the instant when it emits 
the neutrons. The kinks and the experimental 
curves of Fig. 5, denoted by crosses and corre- 
sponding to the minima on the curves of Fig. 6, 
pertain to neutrons with zero energy in the refer- 
ence frame of the resting fragments. In the labo- 
ratory system, consequently, these neutrons have 
the same velocities as the fragments from which 
they are emitted. The velocities of the heavy and 
light fragments obtained by such an analysis are: 


Vh = (0.88 +£0.08) - 10° cm/sec, 
V1 = (1.1 £0.12)- 10° cm/sec. 


The values obtained for the fragments at the 
instant of neutron emission are close to values ob- 
tained by others, Vp = 0.96 x 10’ cm/sec and Vj 
= 1.42 x 10° cm/sec.°® 

To determine the fragment excitation energy it 
is necessary to recalculate the obtained spectra 
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FIG. 6. Neutron spectra for the light and 
heavy groups of fragments, l.s. 1—summary 
spectrum of neutrons from heavy and light 
fragments, for 9 = 0 and 180°, 2—spectrum 
of neutrons traveling in the direction of the 
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from the laboratory system to that of the fragments 
at rest. The neutron energy E in the laboratory 
system can be calculated from the formula® 
E(s, 9) =e[{1—r? + 2r’cos’ 

+ 2r cos (1 — r? + r? cos), (1) 


where @¢ is the angle between the fragment and 
neutron flight directions, r is the ratio of the 
fragment speed to the neutron speed in the rest 
frame of the fragment, and ¢€ is the energy of the 
neutron in the same frame. The probability per 
unit solid angle of emission of a neutron at an 
angle g is given by 
*/s 1/y) —1 

he 9) =a-(=) {i+r[1—Z sintg] ai) 
The l.s. neutron spectrum at an emission angle 9 
can therefore be described by 


N (E, 9) =f (, 9) Ns), (3) 


where N(€) is the neutron spectrum in the rest 
frame of the fragment. 
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FIG. 7. Neutron 
spectra for the light 
(circles) and heavy 
(crosses) groups of 
fragments in a sys- 
tem where the frag- 
ments are at rest. 
Solid curves — cal- 
culated from Eq. (4). 


E,Mev 
Using this formula, the experimental spectra 
obtained in this investigation can be recalculated 
to the rest frame of the fragments. Figure 7 shows 
the neutron spectra separate for the light and for 


the heavy group of fragments (in the frame where 
these fragments are at rest), obtained by recalcu- 
lating the experimental curves of Fig. 6. An anal- 
ysis of the spectra has shown that they fit quite 
well the Maxwellian distribution 


N (c) ~~ Veexp (—¢/kT), (4) | 


where T is the neutron temperature of the frag- 
ments. The experimental spectra agree best with 
the theoretical ones, calculated from (4), when 
the fragment temperatures are Tz = 1.14 Mev and 
Th = 1 Mev. In addition, analysis has shown that 
the light fragments emit 30 percent more frag- 
ments than the heavy ones. A similar result was 
obtained by Fraser.‘ 

It must be noted in conclusion that the proce- 
dure employed here can be successfully applied to 
an investigation of the neutron-fission spectra of 
other elements, including the neutrons from the 
spontaneous fission of Cf?™. 
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THE (p,d) REACTION AND INELASTIC SCATTERING OF PROTONS ON Be? 
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Angular distributions of protons inelastically scattered by Be® nuclei and of deuterons from 
the Be? (p, d) Be® reaction were measured for incident proton energies of 6.8 Mev. 


D ESPITE the many measurements of the angular 
distribution of inelastically scattered particles 
which have been made on Be? nuclei!" and the 
other experiments to determine the spin and parity 
of the level in Be? at 2.43 Mev, these parameters 
are Still not established uniquely. At the same 
time, they play a decisive role in the choice of a 
model for the Be® nucleus. We have carried out 
measurements in the external beam of the cyclo- 
tron of the Physics Institute of the Ukr. S.S.R. 
Academy of Sciences for a proton energy of 

6.8 Mev and with the same geometry as in refer- 
ence 8. The difference was that in place of 
deuterons, hydrogen molecular ions were brought 
to the target and the ionization chamber was re- 
placed by a scintillation spectrometer. The thick- 
ness of the beryllium target was 1.4 mg/cm’. The 
target was prepared by vacuum deposition. 

In Fig. 1 we show the angular distribution ob- 
tained for the inelastically scattered protons 
(solid curve 1). It is characterized by a broad 
maximum in the region of angles 80 — 90° and an 
increase of the reaction cross section at small 
angles; the latter shows that the direct reaction 
mechanism plays an important part. 

The dashed curve 2 in Fig. 1 shows the results 
of computations for the case of direct interaction 
of the incident proton with a nucleon in the nucleus 
for ro = 4x 107% cm. Calculations for the case of 
direct excitation of rotational levels in the alpha 
particle model!® are shown in the same figure by 
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the dashed curve 3 (assuming Yo = 5.6 x 10-8 cm). 


In the first case the parity of the 2.43-Mev level 
must be positive while for the second it must be 
negative. In both cases the comparison of the theo- 
retical and experimental results can hardly be con- 
sidered satisfactory and consequently the parity of 
the state cannot be established uniquely. In addi- 
tion, neither theory explains the increase in cross 
section at small angles. This is apparently related 
to electrical interaction of the proton with the 
nucleus. '! 


42, arbitrary units 


500 [ 


200 f 


100 


SEI I ELT 
FIG. 1 


The angular distribution of deuterons from the 
Be? (pd) Be® reaction is shown in Fig. 2 by the 
solid curve 1. Here also for comparison we give 
the results of calculations for the case when the 
incident proton interacts only with the unpaired 
neutron” (dashed curve 2) and the results of com- 
putations in the Born approximation” (curve 3); 
the curves are adjusted at 20°. In both cases the 
orbital angular momentum of the neutron was taken 
equal to unity in accordance with the known values 
of the spins of the ground states of Be? and 
Be® (°4- and 0°). 
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SKIN EFFECT AND SHOCK WAVES IN AN INDUCTION GAS DISCHARGE 
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A gas discharge induced at a frequency of 300 cps is investigated. The shock wave was found 
to detach itself from the current layer under the conditions of the experiment. The current 
distribution in the discharge chamber is determined by the nature of the skin effect for me- 


tallic conductors. 


In most experiments on induction gas discharges, 
the main attention was focused on phenomena oc- 
curring in the first or second half cycle of the cur- 
rent in the gas.! A study of a current that flows in 
the gas for a prolonged period is, however, very 
important. Great interest attaches here to an in- 
vestigation of the influence of shock waves and of 
skin effect on the course of the processes ina 
gas discharge. 

We investigated gas discharges in an axially- 
symmetrical magnetic field at a frequency f 
= 300 kcs. The magnetic field was produced by 
an oscillating discharge from a capacitor bank 
(C = 0.36 uf, Uc = 30 to 50 kv) into an inductive 
copper turn (300 mm diameter, L= 0.53 uh) of 
rectangular cross section (height h = 60 mm, 
thickness 3mm). The copper turn encircled the 
vacuum chamber, which consisted of a glass cyl- 
inder (200 mm. dia., h = 30 mm), sealed on both 
sides by rubber-gasketed glass disks. The main 
experiments were carried out with the chamber 
filled with hydrogen and with air in the range 
p=5x 107! to 10°? mm Hg. The maximum cur- 
rent in the gas was = 15 kiloamp. Froma 
comparison of the oscillograms of the current in 
the gas and in the copper turns it follows that the 
ratio of the plasma reactance to resistance is 
wL/R > 1. 
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FIG. 1. Discharge in hydro- 
gen, p= 0.05 mm Hg. Curve 1 
magnetic field in the absence 
of a discharge, 2 — magnetic 
field during the second half 
cycle of current, 3—during the 
third half cycle. 


FIG. 2. Discharge in hydrogen, 
p = 0.05 mm Hg. Curves 1, 2, and 3 
are for the first, second, and third 
half cycles, respectively. 


The distribution of the magnetic field in the 
central plane of the discharge chamber is shown 
in Fig. 1. The field intensity in the center of the 
chamber is approximately 1500 oe. The current 
in the gas should contract towards the center of 
the chamber at the given magnetic field configu- 
ration under the influence of the electrodynamic 
forces.! 

Figure 2 shows the distributions of the current 
in the gas along the radius of the chamber.* Ad- 
jacent to the side wall of the vacuum chamber is 
a current layer approximately 3 cm wide, in which 
90 or 80 percent of I, is concentrated. No motion 
of the current layer is observed during the entire 
discharge, nor does the character of the current 
distribution in the gas change. It is seen from 
the plots that after two half cycles of current 
almost the entire magnetic field is concentrated 
in the current layer, and there is no field in the 
center of the chamber. 

A high-speed photograph (Fig. 3) shows that a 
glowing ring, approximately 3 mm wide and of the 
same height as the chamber, is produced at the 
wall of the vacuum chamber during the instant of 
breakdown. The ring contracts toward the center 
of the chamber, and its brightness at the center 

*Figures 1 and 2 are plotted in arbitrary units, at the in- 
stants of time corresponding to the maximum current in the gas 
during different half cycles. 
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FIG, 3. High-speed photograph of a discharge in air. 
a~p= 0.07 mm Hg; b—p=0.05 mm Hg. 


increases greatly at the instant of contraction. 
The initial speed of motion of the ring, v = 2 x 10° 
to 1.5 x 10’ cm/sec, depends on the current in the 
gas, the pressure, and on the type of gas. It is in 
good agreement with the expression v ~ (Ig /p)i/2 
(Fig. 4). The rate of contraction of the ring de- 
creases as the center of the chamber is approached. 

Measurements made with high-speed transducers? 
have shown that the entire volume of the vacuum 
chamber becomes filled with ionized gas after one 
or at most two half cycles of current. Froma 
comparison of the high-speed photographs and the 
voltage oscillograms obtained with high-frequency 
transducers it follows that the speed of propagation 
of the ionization along the radius of the vacuum 
chamber corresponds to the speed of the glowing 
ring. 

The narrow glowing ring observed on the photo- 
graphs, the contraction of which is accompanied 
by ionization of the gas, represents apparently the 
front of the shock wave. The character of the de- 
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pendence of the speed of motion of the glowing 
rings on the gas pressure (v ~ p/2) agrees with 
the results of experiments on shock waves.° 

The character of distribution of the currents 
and magnetic fields in the presence of an ionized 
gas in the entire volume of the vacuum chamber 
is evidence of the existence of skin effect, which 
occurs in a plasma as it does in metal conductors. 
The thickness of the skin layer, ~ 3 cm, yields an 
estimate for the conductivity of the plasma, namely 
o = 7 x 10/3 cgs esu. | 

In spite of the propagation of shock waves under 
the influence of the magnetic field, the current 
layer remains at the side wall of the chamber. 
This is probably due to the fact that during one 
half cycle of the field, the current layer does not 
have time to move away from the wall, owing to 
the short time of application of the force. The 
presence of a strong vortical electric field (E 
~ 400 v/em) produces a breakdown at the cham- 
ber wall during each succeeding half cycle of 
current. The presence of a clearly pronounced 
skin effect leads here to the shielding of the mag- 
netic field in the inner regions of the chamber. 

It should be noted that the glow of the plasma 
does not characterize the behavior of the current 
in the gas in this case. 

The authors are grateful to R. A. Latypov and 
A. G. Frank for help with the experiments, and to 
L. M. Kovrizhnykh, M. S. Rabinovich, A. A. Ru- 
khadze, and I. S. Shpigel’ for a discussion of the 
results. 
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If energy losses of » mesons in the ground are taken into account [by formulas ( 1) and (2) ], 
it is found that the 4-meson spectrum previously measured underground (depth ~40 m 
water equivalent) agrees with the results of the corresponding measurements?” performed at 


sea level. 


ty the present article, we compare the .-meson 
spectrum underground (at a depth of ~40 m water 
equivalent ), measured in 1958 by the mass- 
spectrometer method,! with the &’-meson spectrum 
at sea level obtained recently by Pine, Davisson, 
and Greisen,? embracing the .-meson energy 
region up to the value of ~200 Bev. 

Since the change in the spectrum depends pri- 
marily on the ~-meson energy loss in the ground, 
the obtained results can be a check of the theoreti- 
cal formulas for determining the energy loss. 

To transform the spectrum at the ground to our 
depth of observation, it is necessary first to know 
the thickness of the ground and to take into account 
the energy loss by means of the known theoretical 
formulas. 

1. Ina previous work! we were unable to meas- 
ure sufficiently accurately the thickness of the 
ground above the apparatus or to determine its 
density. We therefore employed comparative 
measurements of the intensity of the hard compo- 
nent at sea level (I)) and at the given depth (I) by 
means of a separate telescope composed of three 
rows of counters with a lead filter. The intensity 
ratio was 


Ipff = 11,134 0.43. 


Starting from this value and the 4-meson 
spectrum at sea level, according to the data of 
Caro et al.,? we determined the minimum value of 
the u~-meson momentum (py) necessary for the 
traversal of the given layer of ground. This turned 
out to be ~9.8 Bev and corresponded to a w~-meson 
range of ~40 m in water. 

On the other hand, we determined the depth 
from the direct data of Ehmert* on the intensity of 
cosmic radiation at different depths under water. 

According to the formulas used by Ehmert to 
approximate his experimental data, our depth was 
also equivalent to ~40 m of water. 


On the basis of the above, and also from a com- 
parison of the obtained ratio I) /I with the data of 
other authors, we conclude that the amount of 
ground above our setup was 4700— 4800 g/cm? 
and that its stopping power was equivalent to ~40 
m of water.* 

2. The energy loss, dE/dx, of a uw meson pass- 
ing through the ground (in the energy region 
> 10° ev), calculated with the formula obtained by 
Barrett et al.,°Tis 


— dE/dx = 1.88 + 0.0766 In (Em/uc?) +3.5-10°°E, (1) 


where ; 

Em = E%(E + p2c?/2ue) 
and dE/dx is expressed in Mev g7! cm”. This for- 
mula takes into account the energy losses due to 
ionization (with allowance for the polarization of 
the medium), bremsstrahlung, pair production and 
nuclear interaction. As for the latter, in the 
energy region of interest to us (10! — 10! ev), it 
gives a small contribution (2 —3%) to the total 
loss. The values of the total u~-meson energy loss 
calculated according to formula (1) are in good 
agreement with the calculations of Murdoch, 
Ogilvie, and Rathgeber.® At energies < 10° ev, we 
took the value of the energy loss as 2.1 
Mev oat cm?, 

3. A mw meson having a momentum p at sea 
level will have, after passing through a layer of 
ground of thickness h g/ cm’, a momentum 
Pi < Pp, Owing to its being slowed down. In the re- 
calculation of the spectrum it should be borne in 
mind that there is a change in the width of the 
momentum interval to which the same particles 


*Jt should be mentioned that the particles are slowed down 
in the ground less than in water. In the range region of inter- 
est to us, R, = 1.19 R,, where R, and R, are the ranges of the 
particles in g/cm’ in water and in the ground, respectively.” 

tIn reference 2 the last term of this formula was taken equal 
t6:3.0°<10>- E. 
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belong at sea level (dp) and at the given depth 
(dp,), namely:? 
dp,/dp = k = |B (p.)/B (p)I IF (p/e)/F (er/H)1, 


where in the energy region p < p?/pe 
4p2(p/)4 (p/w)? 
B10 5) T+ (ive 

4. The table gives all data necessary to trans- 
form the Pine-Davisson-Greisen spectrum to our 
depth. Additional data for the analogous trans- 
formation of the spectrum of Caro et al.’ are also 
shown here. 

In columns 2 and 3 of the table are shown the 
values of the absolute .-meson intensity at sea 
level (according to references 2 and 3); column 4 
shows the momentum loss Ap, calculated accord- 
ing to formula (1), in passing through a layer of 
ground of thickness 4750 g/ cm’; column 5 gives the 
corresponding momentum of the » mesons at our 
depth (p; =p - Ap); column 6 gives the values of 
k calculated according to formula (2); and, 


(2) 


Absolute intensity 


M. I. 


Momentum 


DAION 


finally, columns 7 and 8 give the values of the ab- | 
solute intensities of the ~ mesons at our depth. 

Figure 1 duplicates the ~-meson momentum | 
spectrum at our depth! and was obtained from meas- | 
urements with magnetic fields H, = 3300 oe and 1 
H, = 6300 oe. On the same figure are shown the | 
values of the intensity recalculated from sea level | 
(see table). 


DISCUSSION OF RESULTS 


1. From Fig. 1 it is seen that the experi- 
mental data! are in good agreement with the Pine- 
Davisson-Greisen spectrum transformed to our 
depth of observation. For momenta p 2 0.5 Bev 
it is observed that the calculated values of the in- 
tensity are a little higher than the experimental 
values, which is probably due to not taking into 
account the scattering of slow particles in the 
ground in the recalculation of the spectra?’’ to our 
depth. 


Absolute intensity 


loss over | Momentum c 5 
Momen- at sea level, of particles with 
tum p at} (10-cm~?sec™!sr7 Diete Tew Pi acts dp,/d momentum 107*cm™? 
sea level (Mev/c)7? under- | g/cm? un- LAGS xsec7!sr71(Mev/c)7? 
(Bev/c) round |derground SS SS 
from ref. 3 [from ref, 2 (Bev/c) (Bev/c) . * i 
4 2 3 4 5 6 | 7 8 
10 40 10 ~9.8 ~0.2 0.79 Ao Ul Wd 
10.4 9 9 ~9.9 ~0.5 0.70 42.8 VS) 
10.9 8 8.05 10.0 O29 0.74 10.7 10.8 
11.94 Gott Ut 10.14 1.8 Onl9 8,45 9.05 
14.9 4 4.3 10.4 4.5 0.88 4.55 4.9 
20 Aeer2, Pl 10.77 9.14 0.93 4.85 2.26 
30 0.555 0.73 44-2 48.7 ~0.96 0.58 0.76 
40 0.230 0:33 41.5 28.4 ~1 O23 0.33 
50 ORT; 0.17 Ma liags: 38. ~1 0.12 0.47 
60 Omid WO) 47. ~1 — 0.14 
*With spectrum of reference 3. tWith spectrum of reference 2. 
LY g 
7 ty 
0 ‘ Eu ach a 
ox 
e ex 
A e 
a : 
5 * 
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\ 2 Vv 
0 
9 Experiment i o ie he 2 
Sy © H= oe : 
a 8 Y FIG. 1. Experimentally measured p-meson 
i Recalculatedulis from spectrum of ref. 3 
E ot Hom booniuhe er aap a momentum spectrum underground (for two values 
”. of the magnetic field) and spectra recalcu- 
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ENERGY LOSSES OF FAST » MESONS IN THICK LAYERS OF MATTER 


The spectrum of Caro et al.’ in the energy re- 
gion y 15 Bev is somewhat steeper than the spec- 
trum in reference 2, but the difference in the spectra 
is within the limits of statistical accuracy of both 
experiments. It may be dependent on the specific 
character of each apparatus, for example, a dif- 
ferent effectiveness for excluding shower events. 


We note that previously,! in transforming the 


© Zi6Q oe 
© 4970 oe 
4 12730 0e 
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N (p,) (cm~? sec sr~* (Mev/c)~*) 
Ss 


Ss 


ai 10 10 100 
Fy Bev/c 


FIG. 2. p-meson momentum spectrum® at depth of 7000 
g/cm? and comparison with spectrum at sea level (Rg, Ws). 


fy, Bev/c 


FIG. 3. p-meson momentum spectrum’ at depth of 3800 g/cm’. 


Circles indicate experimental data;* A—point of normalization 
of both spectra. 
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spectrum of Caro et al.,? we did not take into ac- 
count the increase in the 4 -meson energy loss 
with increasing energy (the increase between 10 
to 60 Bev is ~20%). An account of the increase in 
the energy loss leads to somewhat poorer agree- 
ment between the recalculated data of Caro et al. 
and the experimental data in the high-energy re- 
gion (see Fig. 1).° 

2. Murdoch, Ogilvie, and Rathgeber® obtained 
the ~-meson momentum spectrum at a depth of 
7000 g/ cm? below the ground up to momentum i 
values of ~100 Bev/c (Fig. 2). In comparing lt 
their spectrum with the spectrum at sea level,* 
the authors took into account only the values of the 
#4-meson energy loss and obtained agreement be- 
tween the transformed spectrum and the measured 
one. 

3. A measurement of the momentum spectrum 
under the ground at a depth of 3800 g/ cm? was 
carried out in reference 9. The authors found that 
their spectrum was in agreement with the spec- 
trum of Caro et al., recalculated to their depth 
with allowance for scattering of the particles in 
the ground.t However, comparing their results 
with the data of reference 1, they erroneously as- 
sumed that both experiments were carried out at 
the same depth (see Fig. 3). As a matter of fact, 
there is a considerable difference in the depths 
(3800 and 4750 g/cm?), which, first, does not allow 
a direct comparison of both spectra, and, second, 
removes the apparent discrepancy in the results as 
noted by the authors’ with regard to the value of 
the energy loss in the ground.t 


CONCLUSIONS 


Good agreement is observed between the u-meson 
differential spectrum measured at a depth of 


*The spectrum for sea level was used in two forms (See 


Fig. 2): 1) the directly measured® spectrum extrapolated above 
20 Bev/c, varying as p~*”® and denoted W,(p); 2) the same 
spectrum, but corrected® for 7» decay in the atmosphere, de- 
noted R, (the latter being in agreement with the data of refer- 
ence 3). 

tIn the energy region considered here, the spectrum of 
Caro et al. is practically no different from the Pine-Davisson- 
Greisen spectrum. 

tThis misunderstanding arose from a certain vagueness in 
terminology: on the one hand, the authors, in measuring the 
intensity of cosmic radiation under thick layers of water, ex- 
pressed the thickness in meters of water; on the other hand, 
in a number of articles the thickness of the ground is ex- 
pressed in meters of water equivalent, where layers of ground 
and water are considered to be equivalent if they contain 
equal amounts of matter in g/cm’. As shown above, however, 
such layers are not at all equivalent as regards the slowing 
down of charged particles. 
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~4700 g/em? underground in the energy region 

2x 108 to 5 x 10! ev! and that calculated for the 
given depth on the basis of the Pine-Davisson- 
Greisen spectrum? by taking into account the 
J4-meson energy loss in the ground. The spectrum 
of Caro et al.’ transformed to the given depth of 
observation gives somewhat poorer agreement 

with the experimental results in the high-energy 
region, but the accuracy of the latter is not suffi- 
cient to ascribe any great significance to this dif- 
ference. The authors of the latter work®® also 
arrive at the conclusion that the »-meson differ- 
ential spectrum obtained by them at depths of 3800 
and 7000 g/cm? are in agreement with the » -meson 
spectrum at sea level recalculated for these depths; 
the 4-meson spectrum at sea level used there is 

in close agreement with the Pine-Davisson- 
Greisen spectrum in the energy region under con- 
sideration. 
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The thermal conductivities of lead, tin and gallium in the intermediate state were measured 
between 0.15 and 3.7°K. It was found that the transition to the intermediate state is, for heat 
transport due to phonons, accompanied by an increase in thermal resistivity AWg;j which is 
proportional to T~*® over the whole temperature range. The magnitude of AWg;j is close to 
that calculated on the assumption that the phonons are scattered by conduction electrons in 
the normal state domains. For heat transport by electrons the increase in thermal resistivity 
AWej depends weakly on the impurity content of the specimen. Only the dependence of 


AWei/Wes on T/Tg is similar for all metals. 


This ratio decreases approximately 30 times 


between 0.4T, and 0.9Tg. At temperatures below ~0.4T¢ the value of AWej is close to that 
calculated on the assumption that the electron mean free path is limited by the boundaries of 


the intermediate state domains. 


In this work we study the additional thermal re- 
sistivity which arises when heat is conducted across 
alternate domains of normal and superconducting 
phases. An investigation of this effect makes pos- 
sible an understanding of the phenomena occurring 
when particles cross the phase boundaries. As is 
known, a periodic structure arises in the interme- 
diate state, for example, in a cylindrical specimen 
in a magnetic field H > Sit which is perpendicu- 
lar to the axis of the cylinder. As a result of the 
effects studied, the thermal conductivity in the in- 
termediate state may be several times smaller 
than the conductivity not only in the normal, but 
also in the superconducting phase. Mendelssohn 
and Olsen! were the first to find a reduction in the 
thermal conductivity of a specimen in the inter- 
mediate state, during measurements on lead- 
bismuth alloys. This effect was also found in pure 
metals (see Abrikosov and Zavaritskii? for refer- 
ences), but there has been no systematic investi- 
gation over a wide temperature range. 

Heat transport in a superconductor is effected 
by two mechanisms: by lattice phonons and by 
electrons. One or the other is dominant, depend- 
ing on the temperature, the impurity content, etc. 
The problem posed for this work was the elucida- 
tion of the nature of the heat transport for each 
mechanism separately in the intermediate state.* 


*The results obtained in this work show the inaccuracy of 
the earlier suggestions? that it is sufficient to consider only 
the change in lattice conduction in order to explain the de- 
crease of thermal conductivity in the intermediate state. 


Ga 3G-c | 


We measured several metals for this purpose: 
lead, tin, and gallium. The results obtained for 
lead were used to determine the change in phonon 
conductivity, those for tin the change in phonon 
and electron conductivity and those for gallium 
the heat conduction by electrons. 

The heat conductivity measurements were 
made on single crystal specimens ~ 50 mm long 
and ~1 mm in diameter. The tin and lead speci- 
mens were cast in vacuo in thin walled glass 
capillaries in which crystallization took place 
immediately after casting. The glass was then re- 
moved by etching in hydrofluoric acid. The gallium 
specimens were prepared as in our previous work.? 
For the specimens, lead with ~ 10 °% impurity con- 
tent, tin with 2 x 107°%, and gallium with between 
0.2 and ~5 x 104% impurity were used. Tables I 


TABLE I. Characteristics of the specimens used for 
studying phonon heat conductivity 


Phonon mean free path at T = 0.3°K 
a Di t 10? a, ,cm 
Specimen ses “| 40 ?gsrcm 10° Ugg em | 10" Len, cm Be (2) for 
[from (3)] [from (4)] | 71 = 0.5) 
Sn 0.475 430 11.5 2, 7 
Pb-4 0:13 28 7 sal 4.2 
Pb-2 0.214 28 9 Atl 5.4 
at T~0.1°K 
0.3) |? 200 70 | ae | at 


In calculating ag, results of the direct measurement of A 
were used for tin, and the values of A calculated from meas- 
urements of penetration depth’® according to the formulae given 
by Ginzburg"’ and Gor’kov’” were used for lead. 
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TABLE Il. Characteristics of the specimens used for studying 
electronic heat conductivity 


Ga Diameter Kr. ae eS ml AW oj 
specimen cm Weom7deg7? Po/P293°K KA 7 aera Or eivisee c-10 
3G-c 0,3 Sno 10s AeAseA|Os 2A Oe _— = 
c-6 0,42 ORG aye OU 8 ifn (ou Ka 0.5 z 
c-7 0,083 2.8 AG 1O= teal 23 Ome 0.9 4.5 
c-8 0.16 4 AD Oss eli Oe ee) BRA 
c-9 ORNS 8 6-10-> |8,6-10-4 2.0 Ae 
c-10 0.41 ~13 ~3.6-107° 510-4 Dred, 4 
a-5 0,16 16 810-6 Zh Ves 4,29 — 
b-4 0,16 34 8-10-6 BANE 0.5 = 
b-5 0,083 ~120 Ziad Ono gyal Ones fh = 
Sn specimen | 0,175 48 1,6-10-4 2-10-38 1.0 — 


*For a number of specimens Ky _ is the result of extrapolating the measured 


K,(T) (according to Zavaritskii’). 
**The impurity content is calculated from analysis of specimen 3G-c on the 
assumption that pp/p29% is proportional to the impurity content of the metal. 
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FIG. 1. The variation of thermal resistance 
for: A—lead (Pb-1) and B—tin in the intermedi- 
ate state for various temperatures (degrees Kel- 
vin). The dash-dot curve corresponds to aAWej 


= const. 
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vag 
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ag a6 48 TH, 
and II show the characteristics of the specimens gallium, the specimen was heated above the criti- 
used. cal temperature after each measuring cycie and 
A method similar to that used previously was brought back into the superconducting state in a 

employed to measure thermal conductivity. The magnetic field compensated to within ~ 0.2 oe. 


dependence of thermal resistivity on the strength 


of the magnetic field perpendicular to the speci- RESULTS AND DISCUSSION 


men axis was measured at constant temperature. The results of measurements of the thermal 
During each measuring cycle the temperature of resistivity of specimens of lead, tin, and gallium 
one of the thermometers on the specimen was in the intermediate state are shown in Figs. 1 and 
held constant. A correction was applied to take into 2. The conductivity of a number of specimens in 
account the change in mean temperature of the the superconducting state is plotted in Fig. 3. 
specimen as the temperature gradient varied dur- As can be seen from Figs. 1 and 2, the transi- 
ing the experiment; this reached some tenths of tion from the superconducting to the intermediate 


one per cent in different cases. In the work on state (at a field He) is generally accompanied 
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intermediate state for 

| various temperatures: 
A—specimen 3G-c, 
B—specimen c-6, C— 
specimen c-8, D— 
specimen c-9, The 
data of Zavaritskii* 
were used to determine 
the value of H. for 
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by an increase in thermal resistivity W.* This 
increase was reproduced in all the control meas- 
urements (see, for example, the data for the two 
series of measurements in Fig. 2C for 0.62°K). 
The magnitude of the increase is independent of 
the heat flow along the specimen, as shown by 
extra experiments in which the heat flow was 
changed by a factor of up to ten. Hysteresis ef- 
fects were often found on the reverse transition 
from the normal to the superconducting state (by 
reducing the magnetic field). Some of these (see, 
for example, Fig. 2D) are apparently related to a 
supercooling of the normal phase, as a result of 
which the transition from the normal to the inter- 
mediate state only takes place in a field less than 

*We should note that the increase in resistivity in the in- 
termediate state makes it possible to reduce by several-fold 
the conductivity of a superconducting ‘heat switch’’ in the 
‘fopen’’ position. 
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Hg. Others (see, for example, Fig. 2A) are con- 


nected with ‘‘frozen-in’’ normal phase domains, 
which cause the thermal resistivity to remain 
larger than in the superconducting phase after 
the field has been switched off. These effects, 
which are due to the existence of ‘‘frozen-in’’ 
domains, are found only in gallium specimens 
with 2 x 10 '% impurity. In what follows we will 
discuss only the results obtained with the mag- 
netic field increasing. 

The behavior of the heat transfer through the 
successive domains of normal and superconduct- 
ing phases is given, to first order, by the quantity 


(1) 


where Wj , Wg and Wy are the thermal resistivi- 
ties in the intermediate, superconducting, and nor- 
mal states and 7 is the concentration of normal 
phase. For a cylindrical specimen in a magnetic 
field perpendicular to its axis, n changes from) 

0 to 100% as the field changes from Ho to He. 
At the same time, the period of the intermediate 
state structure, a, also changes; according to E. 
M. Lifshitz and Sharvin,® 


a=V Ad/¢(m) 


(A is the surface tension between the normal and 
superconducting phases, d is the specimen di- 
ameter, and (7) is a dimensionless parameter 
tabulated by Lifshitz andSharvin’*, and must also 
be taken into account. 


AW; = W;— {(1 ae )W, + Wp}, 


(2) 


*Although relation (2) was obtained® by considering the 
intermediate state of an infinite sheet, it can also be used for 
determining the period of the structure in a cylindrical speci- 
men, according to a calculation by Sharvin. 
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1. THE LATTICE HEAT CONDUCTIVITY 


In order to understand the mechanism of heat 
transfer by phonons, the most useful experimental 
results are those obtained in the temperature 
region where in the superconducting state the 
electronic heat conductivity is negligibly small 
compared with the phonon conductivity. According 
to Montgomery,° this occurs at temperatures lower 
than ~1°K for lead and lower than ~ 0.3°K for tin.! 

As can be seen in Fig. 1, the transition to the 
intermediate state in this temperature region is 
accompanied by a sharp increase in thermal re- 
sistivity (6 times for tin and 2.5 times for lead). 
The relative increase in resistivity AW g;/ Wes 
changes only negligibly with temperature. At con- 
stant temperature AW gi varies in inverse pro- 
portion to the period of the intermediate state 
structure.* In all specimens investigated, the 
temperature variation of the absolute magnitude 


*In all cases the change in phonon resistivity in the inter- 
mediate state departed from the relation aAW,; = const by 


less than 10% with the proportion of normal phase varying from 


20 to 80%. 
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FIG. 3. The thermal conductivity of speci- 
mens in the superconducting state. The dot- 
dash curve is for specimens 3G-c, the dashed 
curve represents the lattice conductivity of 
specimens 3G-c according to the data of Zava- 
ritskii.* 


of AW,g; was close to T~°. As the temperature 
was reduced from 1 to 0.15°K, the change in the 
value of T’AWg: was not more than 20 or 30% 
(see Fig. 4). 

At temperatures so much lower than Tg, the 
thermal resistivity of the normal domains is neg- 
ligibly small compared with that of the supercon- 
ducting domains.* The extra resistance AWgi 
can therefore only relate to a change in conduc- 
tivity of the superconducting phase, which is de- 
termined by phonon heat transport. The phonon 
heat conductivity Ky can be expressed in terms 
of the phonon mean free path Le, the velocity 
u, and the lattice heat capacity per unit volume 
C, by the relation 


Kg~41,uC . (3) 
or, on substituting numerical values, 


K,~ Gl,T? W / cm-deg, (3a) 


*For tin at 0.3°K, W,/Ws is -10-°; for lead at 1° and 0.3°K . 
this ratio is -5 x 10-? and 5 x 107°. 
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FIG. 4. The de- 
pendence of W,T® on 
temperature: 0,@—Sn 
Specimens; A, a— Pb-1; 
V —Pb-2. 


where Gpp = 4," Gg, = 1,4 and Gq, = 0.5.2 From 
expression (38a), AW gi can be related to the change 
in the inverse of the phonon mean free path, pro- 
duced by extra scattering in the intermediate state. 
We obtain 


(4) 


(lgj and Igg are the phonon mean free paths in the 
intermediate and superconducting states). The 
magnitude of l’g; changes little in the temperature 
range studied, as can be seen from Fig. 4, but 
possibly increases slightly with decreasing T. 
Since the dimensions of the superconducting do- 
mains in the intermediate state ag =a(1-— 7), it 
follows from the proportionality of AWgj and i/a 
and relation (4) that ?’gj varies in the entire inter- 
mediate range in the same way as the dimensions 
of the superconducting layers. A calculation of the 
absolute value of /’,; from relation (4) indicates 
(cf. Table I) that U gi is close to the dimensions 
of the superconducting layers. 

Let us compare our results with the mechanism 
for extra scattering of phonons, proposed inde- 
pendently by Abrikosov and Zavaritskil? and by 
Laredo and Pippard.'? The essentials of this 
mechanism are as follows: because of the pres- 
ence of conduction electrons, the phonon free path 
in the normal domains, lon, is small* (see Table 
I) and therefore the transition of a phonon from a 
Superconducting to a normal region is accom- 
panied by its immediate scattering. If the phonon 
mean free path in the superconducting state is 
limited only by scattering at lattice defects and at 
the specimen boundaries, then in the intermediate 
state the dimensions of the superconducting do- 
mains will also limit it, leading to a considerable 

*The variation of lattice thermal conductivity in the normal 
state Kg, is at sufficiently low temperatures, Kgn = BT? where 
Bpp = 1.3 x 107°W cm™ deg™, Bgn = 3.5% 10-* W cm-" deg~*.*"* 
It follows from this relation and Eq. (3) that the phonon mean 
free path in the normal state /,, = //T, where lpp =:3.25 x 107 
em-deg and Is, = 3.5 x 10~* cm-deg. 


l/l = 1 [lg —1 [bys ~ GT? AWg: | (1 —) 


reduction of ly (see Table I). The direct pro- 
portionality between l’s; and ag and their close 
agreement are explained in this way. Some differ- 

ence between the absolute values of l’oi and ag in 

our Specimens may be due to the approximation in 

Eq. (4), since the real structure of the intermediate 

state in a cylindrical specimen!® must differ some- 

what from the assumed structure consisting of al- 
ternating layers crossing the whole specimen. An 
increase in l’,; can also be produced by phonons 
‘‘jumping’’ through the normal domains without i 
being scattered; this becomes especially probable ( 
if lgn is comparable with the width of the normal ( 
domains. The slight increase in l’,; with decreas- 

ing temperature may be connected with this effect. 

The mechanism described above can, in this 
way, explain at least qualitatively the whole range 
of phenomena observed for phonon heat transport 
in the intermediate state. 

2. THE ELECTRONIC HEAT CONDUCTIVITY 

We used the data obtained for gallium and tin 
to elucidate the behavior of the electron heat 
transport in the intermediate state. We discuss 
here only the properties of gallium specimens 
prepared from metal with less than ~ 0.01% im- 
purity, for which the lattice conductivity is neg- 
ligibly small compared with the electronic heat 
conductivity (Fig. 3) over the whole range of 
measurements (0.15 to 1°K). For tin we use the 
results obtained between 0.7 and ~3°K, witha 
correction applied below 1°K for the contribution 
Kg of the lattice heat conductivity .* 

Let us first consider the results of measure- 
ments on the thermal resistivity of gallium speci- 
mens with their length along the crystallographic 
c axis. The large number of specimens studied 
enabled us in this case to find the main features 
of the phenomenon of interest. The transition to 
the intermediate state for all specimens is ac- 
companied by the appearance of an increase in 
thermal resistance. There is apparently no direct 
proportionality between the change in AWei and 
the inverse of the period of the structure 1/at, 
as a result of which a maximum of AWej is usu- 
ally found at n ~0.5 — 0.7 (see Fig. 2). In what 
follows we shall consider just (AWei ) max: 

*In calculating the lattice conductivity it is assumed that 
for tin between 0.7 and 1°K in the superconducting state 
Kgs = 0.135T°, and in the intermediate state Kgi = 0.025T°. 
The correction for the lattice conductivity is ~10% at 1°K and 
~50% at 0.7°K. 

tIn all the curves of the change of electronic thermal re- 
sistance in the intermediate state, both for gallium and for tin 
specimens, a systematic increase in the value of aAW,; is ob- 
served, reaching 300% when the fraction of normal phase varies 
from 20 to 80%. 
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AW: / Ws, relative units 


45 
FIG. 5. The dependence of 

AWe;/Wes on temperature in 

gallium along the c axis. 

AWei/Wes was taken as 1 at 

T = 0.38°K (see Table II for 

values of AWe;/Wes). 
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The relative value of the change in thermal re- 
sistance AWei/Weg depends on the impurity con- 
centration. As the amount of impurity is decreased 
from 1072% (specimen c-6) to 5 x 1074% (speci- 
men c-10) the magnitude of AWej /Weg increases 
(at T ~0.1°K) from 0.8 to 6. In the temperature 
range studied AWgi/Wes is not constant, but con- 
tinously decreases with increasing temperatures, 
most sharply in the temperature region above 
~0.4°K. This temperature dependence of the ratio 
AWei/Weg appears to be universal for all speci- 
mens (see Fig. 5). The temperature dependence of 
the absolute value of AWej — the change of thermal 
resistance in the intermediate state (Fig. 6) — like- 
wise agrees for all specimens. The impurity con- 
tent has only little influence on the value of AW}. 
As the impurity concentration is reduced almost 
15-fold, AWg; is only reduced to one half (see 
Fig. 2). 


-/ 
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FIG. 6. The variation in 
the absolute value of the re- 
sistance AW,; with tempera- 
ture in gallium specimens. 
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FIG. 7. The dependence of thermal resistance change in 
gallium and tin specimens in the intermediate state on reduced 
temperature. AWe;/Wes was taken as 1 at T/T, = 0.35. The 
broken curves correspond to the dependence for gallium speci- 
mens along the c axis (according to Figs. 6 and 7). 


Gallium specimens of different orientation dif- 
fer both in the absolute value of AWej and in the 
law of its temperature variation (see Fig. 7A). 

The anisotropy of AW,; to some extent reflects 
the anisotropy in the thermal conductivity of 
gallium in the superconducting state.? The largest 
value of AW,; is found along the c axis, corre- 
sponding to the minimum thermal conductivity 

Keg and in this direction the temperature varia- 
tion of both Keg and AWg; is more gradual than 
in the other directions. There is not, actually, a 
complete correspondence between the anisotropies 
in Keg and AWej. This is seen most clearly in 
the character of the temperature dependence of 
the relative change of thermal resistance AWe;/ 
Wes. This dependence for gallium agrees over 
the whole temperature range studied only along 
the a and b axes (see Fig. 7). Along the c axis 
the dependence of AWej/Wes on T is consider- 
ably different at temperatures below ~ 0.35Te¢. We 
should remark that the c direction is also differ- 
entiated from the other two in the anisotropy of the 
energy spectrum of the superconductor excitations.° 

The results for tin, in which there is a con- 
siderably more rapid variation of AWeg; than for 
gallium (Fig. 7), confirm the absence of a general 
relation between AWej and T/Te for all super- 
conductors. It is therefore all the more interesting 
that these metals display a similar dependence of 
the relative change in thermal resistance AWe;/ 
Wes on the reduced temperature. At temperatures 
T = 0.35T, this dependence is the same, within 
the experimental accuracy, for all the specimens 
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FIG. 8. The field dependence of resistance of gallium 
specimen c-9, with the magnetic field perpendicular to its axis, 
for two values of the current through the specimen. 
studied, and below ~0.35T¢ only gallium along the 
c axis shows a departure from the general rela- 
tion. It appears that the variation of the relative 
change in thermal resistance with reduced tem- 
perature is one of the main features of heat trans- 
port by electrons across alternate regions of nor- 
mal and superconducting phases. 

We suggest, unlike, for example, Hulm,'® that 
the increase in resistance in the intermediate state 
is determined mainly by the change in electronic 
heat transport in the superconducting domains 
(we are concerned here with the so-called ‘‘nor- 
mal’’ electrons of the superconductor ). Both the 
occurrence of an appreciable effect at tempera- 
tures much below the critical, where the resist- 
ivity of the normal phase is negligibly small com- 
pared with that of the superconducting, and the 
results of the following additional experiments 
bear out this suggestion. 

a) The electrical resistivity of the specimens 
R was measured in the intermediate state. We 
found that R = 7Rn, where Ry is the resistivity 
of the specimen and 7 is the concentration of 
normal phase, No additional increase in resistivity 
of the normal phase was found in the intermediate 
state (Fig. 8) which might be expected if there 
were an increase in the thermal resistivity of the 
normal domains. 

b) The thermal resistivity W ofa tin single 
crystal of high purity with the length along the 
four-fold axis was measured. Measurements 
were made with the directions of a magnetic field 
along the directions of maximum and minimum 
variation of thermal conductivity in the normal 
state (the angle between these directions is 22.5°). 
Although the thermal resistivity in these two di- 
rections differs by a factor of 1.5 in the normal 
domains, the difference in the absolute value of 
AWej did not exceed 5 — 10% (see Fig. 9). 


OF SUPERCONDUCTORS IN THE INTERMEDIATE STATE 
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FIG. 9. The varia- q 
tion of thermal resist- 
ance of a high purity 
tin specimen (impurity a 
~5 x 10°%, Ws =~ 9 
x 107% cm-deg-W-’) in 
the intermediate state 2 
(at 2.2°K), for the 
field directed: e— 
along the minimum of 
conductivity change, 


0 —along the maximum. Pirate AH 
a 46 Ur U {2 


By analogy with the case of phonon heat trans- 
port, it seems natural to connect the reduction in 
electronic thermal conductivity in a structure 
consisting of alternate layers of normal and su- 
perconducting phases, with the existence of an 
additional ‘‘scattering’’ of electrons. Since the 
change in the absolute value of AWej with im- 
purity content is insignificant, we can assume that 
this mechanism and the scattering of electrons by 
impurities are additive to a first approximation. 
Assuming, in line with present theory,'’~-” that the 
electron mean free path in a superconductor, due 
to scattering by impurities, is independent of 
temperature ,* then the reciprocal free path for 
the extra scattering mechanism is 

LT,o/1 
Hot =n) © 


where Kr, is the thermal conductivity at the criti- 


cal temperature, L is the Lorenz number and oa/1 
is the ratio of the conductivity of the specimen to 
the mean free path, measured in the normal state. 
Using the value o/l ~ 5 x 10° derived from ex- 
periments on the size effect on electrical resist- 
ance,”%! we find that for T < 0.4T, the free path 
I’; is close to the dimensions of the superconduc- 
ting domains.f Thus, at least qualitatively, the re- 
duction in the electronic heat conductivity in the 
intermediate state is explained by the assumption 
that the electron mean free path is limited by the 
phase boundaries. We should note that this reduc- 
tion in mean free path can, in fact, be produced 
either by an extra scattering of the electrons or by 
their elastic reflection at the phase boundaries. In 
the present case it only makes sense to talk of re- 
flection according to classical laws since the width 


*Except for the tin specimen used in the additional experi- 


ments, all the specimens were studied in the temperature region 
where the electron mean free path is mainly determined by im- 
purity scattering. 

t For a change in concentration of normal phase from 0.2 to 
0.8 the ratio 1Z;/as in tin decreases from 1.2 to 0.5. 
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of the transition layer between the phases (~ 1075 
cm) is many times greater than the electron wave- 
length (~10-'cm). A qualitative calculation of the 
resistance produced by reflection shows that it is 
sufficient to assume that ~50% of the electrons 
are elastically reflected at the phase boundaries in 
order to explain the results obtained on tin for 
TA 0.4T¢. 

The mean free path l1’g; is only close to the di- 
mensions of the superconducting domains ag at 
the lowest temperatures. It follows from relation 
(5) and from the dependence AWegj/Weg on T that 
the ratio l' oj/as increases with increasing tem- 
perature. This may be taken as an indication that 
the additional scattering (or reflection) of electrons 
at a phase boundary disappears as the critical tem- 
perature is approached.* From the data of Fig. 7 
it follows that the decrease in scattering (or reflec- 
tion) of electrons is almost the same for all the 
superconductors. 

While we could relate the reduction in mean 
free path for phonon heat transport to scattering 
of phonons by conduction electrons in the nor- 
mal domains, in the case of electronic thermal 
conductivity the effect of scattering of elec- 
trons by electrons is too small to explain the ob- 
served effect. It is not impossible that the appear- 
ance of an extra thermal resistivity in this case 
is connected with the different energy spectra of 
electrons in the superconducting and normal phases 
of the metal. If, in fact, the energy-momentum re- 
lations are different for electrons in the two phases, 
then there will be additional scattering when the 
phase boundary is crossed. We should mention that 
we are concerned here with the so-called ‘‘normal’’ 
electrons of a superconductor, which do not show 
superconducting properties. This difference in the 
energy spectra, together with the decrease in this 
difference as the temperature approaches Tg, as 
follows from the form of the AWej/Wes - T/Te 
relation, agrees qualitatively with the present 
theory. We can ascertain whether all the results 
obtained can be explained quantitatively only after 
making the appropriate calculations. 


*The change in the period of the intermediate state structure 
is small, over the temperature range studied, compared with the 
the change in AWe;/Wes. Thus, while AWgji/Wes decreases 
nearly 30-fold between 0.5 and 0.9 T., the increase in the 
period of the structure, a, amounts to only ~40%.° 


N. Vi. ZAVARITSEII 
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Protons with energies of 16 Mev and above are studied. Data relating to the excitation func- 
tions, angular distributions, and n-p coincidences suggest a rather high probability for the 
formation of highly excited states in He® and Li® nuclei as a result of a single-particle re- 


action with the Li® nucleus. 


W: have investigated photodisintegrations of the 
Li® nucleus, leading to the formation of protons 
with energies above 16 Mev, with the synchrotron 
of the U.S.S.R. Academy of Sciences Physico- 
Technical Institute operating at 100 Mev. A 100- 
mg/cm? target consisting of 90% Li® and 10% Li’ 
was employed. The protons were registered with 
the aid of the previously described! scintillation- 
counter telescopes. 

1. We obtained curves of the photoproton yield 
as a function of the gamma-ray energy for the 
energy interval E = 35 to 87 Mev, and simulta- 
neously for five proton groups with mean energies 
Ep of 16, 20, 25, 30, and 35 Mev. The width of the 
energy interval for each group was 20 - 25% of the 
mean energy of the corresponding group. The ex- 
citation function for protons with a mean energy 
Ep= 20 Mev, obtained from the experimental yield 
curve by the method of Penhold and Leiss,? is 
shown in Fig. 1. For the other proton groups the 
yield and cross-section curves have the same gen- 
eral outlines but are displaced on the energy scale 
in accordance with the change in the proton energy. 
The measurements were carried out for angles 
6 = 57.5 and 102.5°, but no substantial difference in 
the yield curves was noted. 

£0 -30 


A characteristic feature of the cross-section 
curves, practically in the whole of the investigated 
interval, is the comparatively slow change of the 
cross section with the gamma-ray energy. If it is 
assumed that the protons are the product of the 
Lic (y,p) He® reaction, then on the basis of the level 
scheme of the He® nucleus? it is possible to say 
that, for instance, for Ep = 20 Mev, quanta with a 
mean energy of 29 - 34 Mev should take part in the 
process if the He® nucleus remains in the ground 
or first excited state at an energy of about 3—6 
Mev, or quanta with anenergy 245 Mev if the ex- 
citation energy of the final He° nucleus is 16.7 
Mev or higher. The excitation function would de- 
pend much more strongly on the energy of the 
quanta, if (as was found for C!, reference 4) the 
probabilities for the formation of highly excited 
states of He° and (or) for the simultaneous 
breakup of Li® into three particles were not com- 
parable with the probability for the formation of a 
He® nucleus in the ground or in a weakly excited 
state. The decay into three particles would explain 
naturally the fact that protons belonging to a nar- 
row energy interval are produced by quanta of ar- 
bitrary energy with an insignificant change in 
cross section. 


a 
@ ® 
FIG. 1. Yield curve (a) and cross section ‘ 407-20 = Beet 
curve (b) for protons with ES = 20 Mev from the =~ => 
Li® nucleus.at an angle of 57.5°. The left-hand S 8 
ordinate scale is for curve b, and the right-hand 5 20 E 


for curve a. The errors are statistical. 
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2. For the purpose of obtaining additional infor- 
mation, measurements of n-p coincidences were 
undertaken for the bremsstrahlung of gamma 
quanta with a maximum energy of 87 Mev. A scin- 
tillation counter with a volume of 6.3 X 10° em?, 
filled with a 5 g/l solution of p-terphenyl in xylene 
was employed to register the neutrons. The proton 
telescope was set at an angle of 78° and the neutron 
telescope at an angle of 90° to the direction of the 
gamma-ray beam. The counting efficiency of n-p 
coincidences, determined by the D,O — H,O method, 
that is under conditions of 100-percent correlation 
of the emission angles of the neutron and the pro- 
ton in the photodisintegration of deuterium, was 
0.104 + 0.039. 

It can be shown, from the energy balance of the 
reaction, that the contribution of the reactions 


Li8 (xp) Hes, 
Bie (yn) Lis, 


He® — Het + n; 
Li>—> He*+ p 


to the n-p coincidences should be small, on ac- 
count of the quite high thresholds for proton 

(Ep = 16 Mev) and neutron (En = 9 Mev) regis- 
tration; this can, however, only be shown for cases 
when the He® and Li® nuclei remain in the ground 
or first excited states. The contribution from 
these reactions is possible if the second (Eexc 

= 16.7 Mev) or even higher levels of the He° and 
Li® are excited; the Li®(ypn)He* reaction should 
also make a definite contribution. If in addition the 
quantum interacts with quasideuteron formations 
in the Li® nucleus, then a correlation between the 
emission angle of the neutron and proton can be ex- 
pected. Experimentally the following results were 
obtained: 


The observed ratio of coincidences 


and the number of registered protons 0.0102 + 0.0035 


The same, assuming a 100-percent correla- 
tion between the emission angles of the 


neutron and proton 0.098 + 0.074 
The same, assuming an isotropic distribu- 
tion of the emitted neutrons 0.3 - 0.4 


(the calculated efficiency of the neutron counter, 
assuming an isotropic neutron distribution, is 2.5 
- 3.5%). 

Taking into account the large dimensions of the 
neutron counter, it seems improbable that the con- 
tribution of correlated n-p coincidences exceeded 
substantially 10% of the total number of registered 
protons. The fact that 30 - 40% of these protons 
can be accompanied by neutrons speaks in favor of 
the assumption of a considerable probability for the 
formation of He® and Li® nuclei in strongly excited 
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FIG. 2. Angular proton distribution for ES = 25 Mev. The 
ordinate scale is given for the experimental points and for 
curve b. The errors are statistical. 


states. A considerable contribution of these states 
could explain the observed shape of the cross- 
section curves. The possibility that strongly 
excited He® and Li° nuclei are produced was pre- 
viously expressed by Komar and Yavor® in connec- 
tion with the photodisintegration of Ne?’, At 
present we are making attempts to measure the 
angular correlation of emitted neutrons and protons. 

3. The investigations of the angular photoproton 
distributions for Eymax = 87 Mev are in better 
qualitative agreement with the concepts of a single- 
nucleon interaction mechanism between the gamma 
quanta and the Li® nucleus. Figure 2 shows the 
angular distribution of 20- to 31-Mev protons. 
Curve a is calculated from Shklyarevskii’s formu- 
las, obtained on the basis of the shell model for the 
single-nucleon interaction mechanism and nor- 
malized according to the experimental data for 
6 = 60°. However, the quantitative agreement with 
theory (curve b) is unsatisfactory. Curve c is 
obtained from ideas about the quasideuteron inter- 
action mechanism, as previously, ! and is also nor- 
malized for @ = 60°. It is obvious that at small 
angles (smaller than 60°) curve c lies consider- 
ably above the experimental points, while the shape 
of the angular proton distribution for a single- 
nucleon interaction mechanism (curve a) is in 
better agreement with the experimental data. 

In conclusion, the authors wish to express their 
gratitude to Prof. A. P. Komar and the laboratory 
co-workers for their attention and interest in the 
work, and also to the synchrotron crew headed by 
N. N. Chernov. 

Note added in proof (May 3, 1960 ): The results 
of the investigation of the correlation of the emis- 
Sion angles of neutrons and protons show that while 
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a weakly expressed correlation apparently exists 
for the C” nucleus, no such correlation for Li® is 
observed. The isotropic yield of neutrons, regis- 
tered in coincidence with protons, confirms the 
assumption of a single-nucleon mechanism in the 
photodisintegration of bit, 
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Magnetic oscillations of the absorption coefficient of sound in zinc for several directions of the 
wave vector k relative to the crystallographic axes of a single crystal are studied under the 
conditions when I > dA (1 is the electron mean free path and A is the wavelength of the 
sound). The magnetic field rotated in a plane perpendicular to the vector k. In accordance 
with the theory, the oscillation period (in 1/H) is found to be constant. It was found to be 
possible to measure the extreme diameters of Fermi surfaces for a number of crystallo- 
graphic directions, on the basis of the magnitude of the period. From the anisotropy of the 
absorption coefficient in a strong field, it was found that the Fermi surface of zinc is open 
in the direction of the six-fold symmetry axis. A new method is proposed for estimatin 

the electron mean free path. It is shown that for the metal under investigation the mean free 
path is anisotropic and varies between 0.2 and 0.6 mm. 


1. INTRODUCTION 


As was shown in a number of researches,!~° the 
ultrasonic absorption coefficient in metals @ os- 
cillates upon change of the magnetic field intensity. 
The theory of this phenomenon has been constructed 
by V. L. Gurevich® for different mutual orienta- 
tions of the wave vector of the sound kK and the 
field H. Calculations have been carried out under 
the assumption of an arbitrary dispersion law for 
the energy of the electrons, on the basis of a model 
proposed by Pippard.! 

The chief consequence of the theory is the con- 
stancy of the period of oscillation of the absorption 
coefficient as a function of the reciprocal of the 
field intensity. The period of (AH!) is connected 
with the value of the extreme (relative to the direc- 
tion of H) diameter Dox; of the Fermi surface 
(perpendicular to the vectors k and H) by the 
relation 


Dext = | Pi Pe lext = er/cAH, (1) 


Thus, measurement of the oscillation period for 
different directions of the vectors k and H rela- 
tive to the crystallographic axes in single crystals 
of metallic samples makes it possible to obtain 
valuable information on the characteristics of the 
Fermi surface. 

Two researches on the absorption coefficient of 
ultrasound in zinc at low temperatures have been 
reported. In the work of Morse and Bohm,° no os- 


cillations of the absorption coefficient were ob- 
served in this metal. Our own first measurements,’ 
carried out at an ultrasonic frequency of 70 Mcs, 


have shown that oscillations are observed in zinc, but 


in a number insufficient for measurement of the 

period. As is well known, the number and ampli- 
tude of the oscillations depend on the ratio of the 
length of the mean free path of the electron to the 


sound wavelength, 1/A, and increase with increase of | 


this ratio. 

Since the path length is determined by the purity 
of the metal, it was necessary to increase the fre- 
quency of the ultrasonic vibrations for trustworthy 
measurements. In the present communication, ex- 
periments are described which were carried out 
with a variation of frequency from 60 to 220 Mcs 
on single crystals of zine at temperatures 1.65 — 
4,.2°K in a magnetic field perpendicular to k, with 
intensities up to 7000 oe. The arrangement k 1 H 
was chosen in order to simplify the interpretation 
of the oscillograms, inasmuch as in this case 
there are no periodic increases in the absorption 
coefficient connected with the longitudinal com- 
ponent of the vector k in the direction of H.® 

In addition to the study of oscillations, great 
interest attaches to the investigation of the absorp- 
tion coefficient of ultrasound in a strong magnetic 
field, when 1 >) > r, where r is the radius of 
the Larmor orbit, r = cp/eH. As shown pre- 
viously, 1,2 the behavior of the absorption coef- 
ficient under these conditions is connected in a 
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definite fashion with the asymptotic conductivity 
tensor. The absorption coefficient in a strong 
field has been considered theoretically in the 
papers of Kaner® and Gurevich,® where it was 
shown that one can obtain information on the topol- 
ogy of the Fermi surface from a study of the ani- 
sotropy of the absorption coefficient in the mag- 
netic field. 


2. TECHNIQUE OF OBTAINING SPECIMENS AND 
METHOD OF MEASUREMENT 


Single crystals of zinc, produced by the method 
of Obreimov-Shubnikov, served as specimens for 
measurements of the absorption coefficient. The 
initial metal had a purity of 99.9998 percent and 
was characterized by the following ratio of resist- 
ances at helium and room temperatures: Ry, .»/Rgo9 
=2x 10-4. 
For a more accurate determination of the orien- 
tation of the axes in the crystal, the latter was 
grown in the form of a sphere of diameter 15 mm. 
The direction of the axes was determined from the 
reflection of the crystallographic planes on a dou- 
ble-curve goniometer, after which plane parallel 
plates 4 —6 mm thick were cut off by an electro- 
erosion method. 
An X-cut quartz disc of diameter 5—6 mm with 
a fundamental resonant frequency of 20 Mcs was 
attached to each plane face of the specimen. Good 
acoustic contact with the specimen was obtained 
over a wide range of temperatures by employing 
as an adhesive a low-temperature vacuum putty. 
One of the quartz plates mentioned served as the 
source of ultrasonic vibration, and the second as 

a receiver. The direction of propagation of sound 
coincided with the direction normal to the plane 
surface of the specimen. 

To obtain ultrasonic frequencies above 20 Mcs, 
the quartz plates were excited in the odd harmon- 
ics: third, fifth, ninth and eleventh (which corre- 
spond to frequencies of 60, 100, 180 and 200 Mcs). 
The generator driving the quartz worked in a pulse 
system with pulse length of 0.5—0.6 microsecond. 


The pulse was passed through the specimen, am- 


plified in the receiving circuit, and detected by a 
peak detector. A voltage proportional to the ampli- 
tude of the input signal was applied to a recorder 
which plotted it as a function of the magnetic field. 
Since the absorption coefficient is proportional to 


the logarithm of the intensity of the signal, one could 


determine the change of the coefficient in the mag- 
netic field by this recording. 

The necessity of the comparatively short-length 
pulses produced by the generator arose because of 
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the fact that the time of flight of the ultrasonic sig- 
nal from the generating crystal to the receiver 
through the specimen amounted to ~1 microsecond, 
while the normal operation of the receiver was 
possible only in the absence of the powerful initial 
pulse of the generator, which produced great para- 
sitic signals. 

The small thickness of the specimen was con- 
nected with the difficulty of ‘‘sounding’’ through it: 
with increase in the number of the harmonic in 
which the quartz generator operated, the power of 
the radiated sound decreased and the sensitivity of 
the detecting crystal also decreased. Furthermore, 
with increase in frequency, the coefficient of sound 
absorption in the metal increased. All this led to 
the result that, in thick specimens, the signal is 
lost in the noise of the detector circuit. 

The construction of the low-temperature equip- 
ment allowed the possibility of rotating the speci- 
men relative to the direction of the magnetic field 
while maintaining the perpendicularity of the vec- 
tors k and H. The oscillation curves were re- 
corded for a change in the direction of the field 
through each 3°. 


3. RESULTS OF MEASUREMENTS 


The periods of the oscillation of the ultrasonic 
absorption coefficient were measured for different 
orientations of the magnetic field, which rotated in 
a plane perpendicular to the sound wave vector. 

Figure 1 illustrates one of the oscillation curves, 
recorded on the recorder for a frequency of the 
ultrasound of 220 Mcs. The wave vector was di- 
rected along [1010] (the axes OX, OY and OU 
passed through the centers of the prism faces), 
and the H vector along the [1120] direction. 

Figure 2 shows the dependence of the number 
of oscillations (plotted along the ordinate ) on the 
reciprocal of the magnetic field for a number of 
directions of the vector H in the (1010) plane. As 
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FIG. 1. Record of the amplitude of an ultrasonic pulse 


transmitted through the specimen as a function of the magnetic 
field. T = 1.65° K, v = 220 Mcs. 
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is seen from the drawing, the experimental points, 
which correspond to maximum absorption, fall on 
a straight line, which testifies to the constancy of 
the period in the reciprocal field. 

In the work of Gurevich,® the oscillating part of 
the absorption coefficient is described by the 
equation 


Aa = a sin [(ck/eH) | ps — po| + /4). (2) 


From the extrapolation of the curves of Fig. 2 
to H — ©, one can obtain a value of the constant 
phase which, according to theory, is equal to —7/4; 
the negative sign of the phase shows that the cor- 
responding diameter of the surface responsible for 
the oscillations is a maximum.° 

The measured periods of oscillation of AH™! 
were used to calculate the extreme diameters of 
the Fermi surface according to Eq. (1). The angu- 
lar dependencies of the extreme diameter of the 
Fermi surface perpendicular to the vector H are 
shown in Fig. 3, a, b, c, for rotation of the mag- 
netic field in the planes (1120), (0001), and (1110) 
The less reliable values obtained from oscillation 
curves for a small number of oscillations are in- 
dicated by dashed lines. The accuracy of the meas- 
urement of the period of oscillation in the inverse 


field, according to which the diameter is calculated, 


was within 5—10 percent. 
In zinc, at liquid helium temperatures, there is 
a significant anisotropy of the absorption coeffi- 
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cient in the absence of the magnetic field, and when 
the wave vector k is directed along the [0001] axis | 
the absorption increases so much that it has not 
yet been possible to investigate the crystal along 
this axis at 220 Mcs. i 

The periods of oscillation in the (0001) and (1120) 
planes were measured at 100 and 180 Mcs, respec- 
tively, ata temperature of 1.65°K. Simultaneously wit 
the measurement of the period of oscillations, the 
dependence of the absorption coefficient on the di- 
rection of the magnetic field was studied ata fre- | 
quency of 60 Mcs. The vector k in these measure- 1 
ments was also perpendicular to the direction of I 
the field, the value of which was 7000 oe. 

The diagrams of the change of the quantities 
a(H)—ap, where a(H) is the absorption coeffi- 
cient in the field and ay in the absence of the field 
are represented in Fig. 4a, b and c for directions 
of the wave vector k: a—along [0001], b—along 
[1010] and c—along [1120]. The angle @=0 corre- 
sponds to the direction of the magnetic field in 
planes perpendicular to the vector k: for the case | 
a—along [1120], b—along [0001] and c—along [0001]. 

As is seen from the drawing, for the direction 
of the vector k along the [0001] axis, the value of 
the absorption coefficient lies entirely outside the 
circle a@ = ay. For other directions of the line, 
a@(H) is located inside the circle mentioned, 
having a strongly anisotropic character. 


i 


4, ESTIMATE OF THE FREE PATH OF THE 
ELECTRON 


In accord with the theory,® to each oscillation 
of the absorption coefficient of sound in the mag- 
netic field there corresponds a change in the di- 
ameter of the electronic orbit by a value of the 
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FIG, 3, Angular dependence of the extreme diameter of the Fermi surface. Diameter is perpendicular to H and lies in the 
plane: a—(1120), b~—(0001), c—(1010). The angle @ = 0° corresponds to the direction of the field for a— along [1120], for b and 


c—along [0001]. 


ABSORPTION OF ULTRASOUND IN 
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sound wavelength. If we assume that the form of 
the trajectory of the electron differs little from a 
circle, one can estimate the length of its free path 
lL by taking into account the number of oscillations 
and determining from them the maximum diameter 
of orbit in a weak field: 


L=ri(n+1). (3) 


The factor n+ 1 is obtained by virtue of the fact 
that the oscillations from the side of the strong 
field can begin for a minimum diameter of the 
electronic orbit, equal to A at least. 

Another method of estimating the path length 
consists in the following. If we measure the com- 
ponent (p;) of the momentum of the electron 
perpendicular to the vectors k and H, and also 
the minimum magnetic field for which oscillations 
cease, then we can estimate the path length from 
the relation 


paler = CH nin | C- 


Since the quantity p| = Dext/2 is measured from 
the period of oscillations of AH™~!, it becomes pos- 
sible to use this relation for determination of l. 

The path lengths determined by the two methods 
for different directions of k in the crystal are 
shown in the table. 


Path /, mm 
Direction | From no. Tempera- 
of k of oscil- Fromp ture, °K 
lations 
[0001] | 0.5 0.6 4.65 
[1010] | 0.22 0.2 4,2 
[4120] | 0.27 0.24 1.65 


5, DISCUSSION OF RESULTS 


The values obtained for the extreme diameters 
of the Fermi surface testify to the sharp departure 


of the law of energy dispersion of the electrons from 


the quadratic. 
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10° 
FIG. 4. Dependence of the difference of the absorption coefficients in a field of 7000 oe and without the field (in db/cm) on 


the direction of the magnetic field. a~k directed along [0001], b~k directed along [1010], c—k along [1120]. T = 4.2°K, 
v = 60 Mcs. 


It is not yet possible to establish the complete 
form of the Fermi surface from the momentum val- 
ues obtained. The difficulties are connected with 
the fact that it is not known to what value of p, 
correponds the particular value of p, obtained in 
the experiment (the z axis is directed along the 
field, the x axis along the wave vector). If we as- 
sume that the oscillations are cqnnected with the 
central.cross section of the surface, then the val- 
ues of the diameters for certain directions do not 
‘*join’’ one another. This points to the result that 
the oscillations are possibly connected not only with 
the central but with other cross sections, that is, 
the Fermi surface for zinc has a complicated con- 
figuration. On the other hand, investigation of the 
oscillations of the absorption along the six-fold 
axis was carried out at comparatively low fre- 
quency, but this did not permit a sufficiently ac- 
curate measurement of the extreme value of the 
momentum. It is possible that carrying out investi- 
gations at much higher frequencies would permit 
the construction of the Fermi surface. 

Analysis of the diagrams of rotation of the ab- 
sorption coefficient, carried out on the basis of 
theory,®” shows that there are directions in zinc 
of open trajectories of the electrons. The experi- 
ments are best explained if one assumes that the 
Fermi surface for zinc contains a ‘‘corrugated cy- 
linder’’ in it, with axis in the direction [0001]. In 
fact, since the fundamental contribution to the co- 
efficient @ is made by electrons moving perpen- 
dicular to the wave vector of the sound over a 
range of the wavelength A, while the quantity of 
such electrons in the case in which k is directed 
along the axis of the corrugated cylinder increases 
in a strong field (for k 1H), then the absorption 
coefficient in the field must increase, and for an 
arbitrary direction of H must be larger than a. 

The same situation occurs if the vector k is di- 
rected along the axis [0001]. Small maxima along 
the binary axes indicate the presence of closed 
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electronic trajectories in the case of direction of 
the field along these axes. Rotation diagrams for 
k along the axes [1010] and [1120] show that the 
Fermi surface is closed along these directions. 

It is interesting to note that the position of the 
maxima of the sound absorption coefficient on the 
rotation diagram in planes (1010) and (1120) co- 
incides with the position of the minima of the re- 
sistance AR/R on similar diagrams in galvano- 
magnetic measurements eas 

An estimate of the density of electrons made 
from the mean value of the momentum shows that 
the fundamental groups of current carriers are 
responsible for the oscillations of the absorption 
coefficient. Thus, the mean value of the momen- 
tum in the plane (1010), p =6 x 10 2° g-cm/sec, 
which gives an estimate of 0.6 x 10” electrons 
per cm? for the density. 

Thus measurements of the diameters in the 
principal crystallographic directions are not 
sufficient for construction of the complete Fermi 
surface in zinc: it is also necessary to obtain a 
more detailed diagram of rotation, to increase 
the purity of the metal in this case, and to carry 
out investigation at higher frequencies. 


In conclusion, we consider it our pleasant duty 
to thank E. A. Kaner and M. I. Kaganov for dis- 
cussion of the results and valuable advice, and 
also V. I. Bogatov for the steady supply of liquid 
helium. 
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Elastic yp scattering at 40 to 70 Mev is investigated and the differential cross sections at 45, 
75, 90, 120, 135, and 150° are determined. The results obtained are compared with the theory 
that takes into account the anomalous proton magnetic moment as well as the effect of mesic 
cloud polarization. The cross section of yp scattering at 90° corresponds to a proton electric 
polarizability az = (1144) x 10-* cm®. In addition to the experimental results, we use the 
dispersion relations with which the value of the sum of the electric (ag) and magnetic (ayy ) 
polarizabilities can be obtained from the 7-photoproduction data: Op + any = 11 x 10°“ cm*. 
With account of this value, the obtained experimental data correspond to the following values 


of the proton polarizabilities: 


tp =(94+2)-10-% em, ay = (2F2)-10-"%em?3 


Corresponding to the value obtained for the electric polarizability is an rms fluctuation of the 
proton electric dipole length (r?)! = (3.5 to 5) x 1074 cm. 


1. INTRODUCTION 


lis elastic scattering of y quanta by protons 
differs radically from the well-known Compton 

effect on electrons. The difference is due prima- 
rily to the anomalous magnetic moment of the pro- 
ton. The scattering of y quanta by spin-', parti- 
cles was considered in its general form by Pauli. 
The theory of such scattering was subsequently de- 
veloped by. Powell,! Gell-Mann and Goldberger,’ 
Low,® Klein, and Capps.° The scattering ampli- 
tude obtained in references 2 to 5 includes, along 
with the Thomson term, also additional terms 
linear in the frequency of the y quantum. 

The yp scattering cross section in the labora- 
tory system (1. s.), accurate to terms of order y’ 
(where y = hv/Mc? and M is the proton mass) is 
given by a formula similar to that of Powell: 


a) = stat} — 2y (1 -- cos 8) 
+ 372 (1 — cos )?] (1 + cos? 4) 
etal(l—cos 8)? +f (@))), (1) 


where ry = e2/Mc?, and the role of the anomalous 
magnetic moment is characterized by the term 


f (8) = a) + a, cos 8 + a, cos? 8. (2) 


The coefficients a), a, and a, are power func- 
tions of the anomalous part of the proton anomalous 


magnetic moment Ag = 1.7896. Their values are 


Ay = Qha + a + 3+ SG = 42.88, (3) 
Oye AN eG (4) 
A, = Qa t+ phe —M— SM =— 3,12. (5) 


It is obvious that the presence of the anomalous 
magnetic moment leads not only to an overall in- 
crease in the scattering cross section, but also to 
definite change in the type of angular distribution, 
viz: to an increase in the fraction scattered in the 
backward hemisphere. 

Effects due to the anomaly of the magnetic mo- 
ment are by far not the only feature of scattering of 
y quanta by protons. The presence of the meson 
cloud makes possible a direct interaction between 
the y quanta and this cloud. This manifests itself 
not only in the photoproduction of pions, but also in 
scattering. The Thomson cross section of y7* 
scattering is 45 times greater than that of yp scat- 
tering, and the meson effects should greatly influ- 
ence the yp scattering picture not only near the 
photoproduction threshold, but even at much lower 
energies. 

The absorption of y quanta leads to polarization 
of the meson cloud and induces in the proton elec- 
tric and magnetic dipoles which give rise to second- 
ary radiation. This, for example, is the cause of 
Rayleigh scattering, well known from optics, the 
role of which in the Compton effect on protons was 
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noted by Capps°® and considered in detail by A. M. 
Baldin,® who investigated the influence of proton 
polarizability on the yp scattering. 

The amplitude of the Rayleigh scattering is pro- 
portional to the square of the y -quantum frequency, 
the proportionality constants for the electric and 
magnetic dipole transitions being the electric and 
magnetic polarizability constants of the protons. 
These characterize both the ability of the meson 
clouds to become deformed under the influence of 
the external electric and magnetic fields, and the 
static distribution of the electric charge and the 
magnetic moment. The question of a possible de- 
lineation of the roles of these different phenomena 
will not be considered here. The term ‘polariza- 
bility’ used here is therefore not equivalent to the 
one normally employed for neutral particles, a fact 
that must be kept in mind throughout. 

Although the scattering-amplitude terms due to 
the proton polarizability are proportional to the 
square of the frequency, they interfere only with 
the constant Thomson term, and lead therefore to 
terms quadratic in the frequency in the formula for 
the scattering cross section. Confining ourselves 
to similar quadratic terms in the cross section for 
yp scattering, we arrive at the following expression 
for the differential cross section of the Rayleigh- 
Powell yp scattering, in the l.s., 
ds | dQ = = ro {{1 — 2x (1 — cos 9) 

+ 3y?(1 —cos 6)? — 2Ary%?] (1 + cos? 6) 

— 4Ayx? cos 9 + x? [(1 — cos 8)? + Ff (8)]}, (6) 
where f(0@) is defined by (2), and the dimensionless 
factors Ag and Ay represent the polarizabilities 
Q, and ay, expressed in units (e”/Ac) (f/Mc)? 
"6.3.x 10-“* om’, 

As shown by V. A. Petrun’kin (private commu- 
nication), Eq. (6) can be rigorously derived from 
the dispersion relations at low frequencies. In the 
interpretation of yp scattering experiments at 
energies much lower than the photomesic threshold 
(when y «< 1), use can be made of Eq. (6), in 
which two parameters, the electric and magnetic 
polarizabilities of the proton, must be determined 
experimentally. It is clear that at low energies 
the proton polarization causes only a slight differ- 
ence between (6) and (1), if the latter is limited to 
terms proportional to y’. Therefore, in spite of 
the relative simplicity of the theoretical interpret- 
ation of the results, the accuracy requirements 
imposed on the experiment will be more stringent 
than in investigations of harder y quanta. 

The purpose of the present investigation was to 
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ensure as high an experimental accuracy as possi- i 
ble, so that experiments on scattering of y quanta 
of energy 40 — 70 Mev by protons could yield data 
on the polarizability of protons. 


2, EXPERIMENTAL PROCEDURE 


The experiments were carried out with the 
265-Mev synchrotron of the Physics Institute of 
the Academy of Sciences, at a maximum brems- 
strahlung spectrum energy of 75 Mev, i.e., at 
energies much below the threshold of photoproduc- — 
tion of 7 mesons. Since only the scattered y | 
quanta need be recorded at these energies (with- 
out coincidence with the recoil protons), we used | 
a target large enough to ensure a yp -scattering | 
counting rate on the order of 0.5 or 1 pulse/minute. | 

Target. A diagram of the setup is shown in 
Fig. 1. The bremsstrahlung beam from the syn- 
chrotron was collimated and made to strike a 
liquid-hydrogen target. The working part of the 
target was a cylindrical vessel, elongated in the 
direction of the beam axis (12 cm dia., 30 cm 
long), approximately 3.5 1 in capacity, filled with 
liquid hydrogen. Double walls of foamed poly- 
styrene (PS-4) of approximate density 40 mg/ cm? 
made up a cavity 1 cm deep in the unexposed part 
of the target. This cavity was filled with liquid 
nitrogen. The total capacity of the target vessel 
(~ 8.5 1 of liquid hydrogen) ensured, at an average 
rate of evaporation of ~ 0.6 / hr, continuous oper- 
ation for approximately eight hours without refill- 
ing. The chosen working length of the target kept 
its exposed walls from entering the ‘‘field of view’’ 
of the detecting telescopes (except in the experi- 
ments at 150°), thus reducing considerably the 
background due to the unfilled target. 

Detector. The high-threshold (~ 35 Mev) 

y -quantum detectors used were two telescopes, 
consisting of three scintillation counters 
(terphenyl in toluol, 3 g/l), with a lead converter 
past the first counter and an aluminum absorber 
ahead of the last one (Fig. 1). Each counter was 
provided with a FEU-33 photomultiplier. The 
photomultipliers operated in a specially selected 
mode (Effy = 3 to 4 kv), producing output pulses 
of 30 —40 v amplitude from a Co® source when 
operating directly into an RK-50 cable. It was thus 
possible to dispense with further amplification of 
the pulses from the photomultipliers. 

Paraffin absorbers 5 or 7 cm thick were placed 
at the inputs of the telescope channels, to reduce 
the loading of the first counter, A, by soft electrons 
and y quanta. f 
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Electronic Circuitry. A block diagram of the 
electronic apparatus used in the experiment is 
shown in Fig. 2. A few additional explanations are 
in order. Two fast coincidence circuits of the par- 
allel type with D2V germanium diodes were used. 
The first discriminator (D,), used to reduce the 
load of the slow circuits, was temperature- 
compensated for threshold drift. The second dis- 
criminator (D,) is the one developed by Park’, 
so that a low-gain amplifier can be used. The 
shaped pulses from both coincidence circuits were 
fed to a slow anticoincidence circuit, which ex- 
cluded the count due to charged particles. The pos- 
sibility of simultaneous registration of the readings 
in all three channels made for convenient monitor- 
ing of the individual circuit elements. 

The outputs of the two coincidence circuits and 
of the anticoincidence circuit were fed to trans- 
mission circuits controlled by the accelerator. 

The readings were registered only during a time 
interval somewhat longer than the duration of the 
intensity pulse from the synchrotron, thereby re- 
ducing the cosmic-ray background (by about 50). 
It was also possible to apply a signal to prevent 
registration of the readings whenever the charac- 
ter of the synchrotron pulses changed. 
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FIG, 1. Diagram of experimental setup: 1 —synchro- 
tron target, 2—monitor, 3 —liquid-hydrogen target, 4— 
polystyrol walls, 5—liquid nitrogen, C,, C,, C, —scin- 
tillation counters connected for coincidence, A — anti- 
coincidence counter. 


Monitors. The intermediate monitor used was a 
thin-wall ionization chamber, placed ahead of the 
first collimator. All the measurements were re- 
duced to a definite number of counts in this cham- 
ber. The absolute value of the energy flux passing 
through the collimator for a given number of 
monitor counts was regularly determined from the 
activity of standardized carbon detectors in the 
reaction C!*(y, n)C!!, the cross section of which 
is known.®’? The detectors were placed at the 
center of the target. To make the absolute cali- 
bration of the monitor more precise, data on the 
activation of the carbon were periodically compared 
with the readings of a thick-walled graphite cham- 
ber with a known absolute sensitivity (so-called 
Lax chamber). The values of the y -quantum flux 
obtained by the two methods coincided within ap- 
proximately 3%. 

Experimental Conditions. The electron pulses 


from the synchrotron were stretched to approxi- 
mately 300 psec, corresponding to a change in 
maximum energy of the bremsstrahlung spectrum 
from 62 to 75 Mev. The shape of the pulse (ap- 
proximately rectangular) was monitored visually 
with the aid of an IO-4 oscillograph synchronized 
with the accelerator. 


To second 
telescope 


FIG. 2. Block diagram of the electronic apparatus: C,,C,,C;,A—scintillation counters, 
S—pulse shaping, CSE —coincidence selection element, D,,D,—discriminators, Amp — ampli- 
fier, ASE —anticoincidence selection element, TS — transmission system, Sc— scalar, N — cor- 
responding mechanical counters, IP — transmission pulses, CA—anticoincidence circuit, CF — 


cathode follower. 
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The detecting telescopes were placed at 45, 75, 
90, 120, 135, and 150° to the direction of the 
bremsstrahlung beam, and measurements were 
made simultaneously at two angles. Since the ef- 
ficiencies of the two telescopes differed somewhat, 
the positions of the telescopes were interchanged 
at fixed time intervals, and the average readings 
of the two telescopes were used for each angle. 

Cycles of measurements with hydrogen were al- 
ternated with measurements of the background. In 
experiments with the target empty, the average 
background for all angles was approximately 40% 
of the counting rate in the main experiments. 

To check the stability of the operation of the 
entire setup, daily control measurements were 
made of the counting rate from a thick carbon 
target, both under the operating conditions and at 
the maximum bremsstrahlung energy, 265 Mev. 


3. DETERMINATION OF THE TELESCOPE 
EFFICIENCY 


To determine the differential cross sections 
from the measured yields of yp scattering, itis 
necessary to know the energy dependence of the 
efficiency of the telescopes employed for counting 
scattered y quanta. We used in this investigation 
a method which we developed especially! to deter- 
mine this dependence in the energy range from 35 
to 150 Mev. This method is based on registration 
of the Compton scattering of the bremsstrahlung 
beam by electrons at a small angle (3°), for 
different maximum bremsstrahlung energies. The 
results of such a calibration are shown in Fig. 3. 
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The energy threshold of the telescope, Ethr 
= 35 Mev, calculated from the totality of the mean 
energy losses of the electrons leaving the con- 
verter, agreed with the experimentally obtained 
value. 

An important factor was that in the calibration 
experiments, as in the main experiments, the 
entire working surface of the telescope was irra- 
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diated at once, since the telescope was located in 
these calibration experiments sufficiently far 

(11 m) from the carbon target (1.5 cm thick). 
In addition, the absolute bremsstrahlung flux was 
determined by the same methods as in the main 
experiments. The different errors in the deter- 
mination of the absolute results of the main and 
calibration experiments were thus eliminated and 
our experiments yielded essentially a direct com- 
parison of the differential angular cross sections 
for Compton scattering, known for the electrons 
and unknown for the protons. 


4. REDUCTION OF THE EXPERIMENTAL DATA 


The number of counts produced by a telescope 
located at an angle 6 to the direction of the inci- 
dent photon beam, referred to a definite number of © 
counts of the monitor chamber, can be represented 
in the form 


B=\\\anee, Emax) (E’ (E, 9)) 5<-(E,8) nod VdQ.dE, (7) | 
where 


aE [\nté, Emax) EdE 


is the y-quantum flux (per unit area) averaged 
over the irradiated area; n(E, Emax) is the 
bremsstrahlung spectrum, € (E’) is the efficiency 
for registration of y quanta of energy E’ (which 
corresponds to the initial energy E) scattered at 
an angle 9, ng is the number of hydrogen nuclei 
per unit volume, dV is the element of working 
volume in the target; and dQ is the solid angle 
**seen’’ by the telescope, corresponding to this 
volume. 

The integral Jg = if ih nd VdQ is practically inde- | 
pendent of the energy of a primary y quanta.* This | 
integral was calculated for each angle in accord- 
ance with the specific geometry of the experiment. 
To test the calculations, the ratio Jg/Jgq° was 
compared with the data obtained in an auxiliary : 
experiment, in which the number of counts from a 
“‘point target’’ of PS-4 foamed polystyrol (a small 
cube 2 cm on each side) was compared with the 
number of counts from a cylinder of the same ma- 
terial, simulating the working volume of the liquid- 
hydrogen target. 

Taking the cross section d0/dQ, averaged over 
the angles and energies, outside the integral sign, 
we obtain 


ds /dQ=B/aleJe, (8) 


*The calculation of the absorption of y quanta in the tar 
get will be discussed later on. 
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where 
Emax 

\ M(E, Emax) e(E’ (E, 6)) dE. 
thr 


Je 


The bremsstrahlung spectrum of the synchrotron 
is given for a thick target by the Eyges formula, 
and a plot of « (E’) is shown in Fig. 3, where it is 
obvious that the integral J varies with the scat- 
tering angle @ because of the change in the energy 
of the scattered quantum. Figure 4 shows the 
products of the efficiency € of registration of the 
scattered y quanta and the distribution function 7 
in the spectrum of the primary bremsstrahlung, for 
different scattering angles, as a function of the 
energy of the incident y quanta. It is seen that the 
curves are approximately symmetrical and have a 
maximum near 56 Mev with an average half-width 
of approximately 25 Mev. The absolute value of 
JE for 90° was computed graphically. The correc- 
tions for the change in the registration efficiency 
at different angles were also calculated graphically, 


GH 0 6 5 & C0 0 MW 
fy, Mev 


FIG. 4. The product of the registration efficiency of the 
scattered y quantum and the distribution function in the spec- 
trum of the primary bremsstrahlung (for different scattering 


angles). 
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from the ratio of the areas under the corresponding 
curves. They range from + 5% for 75° to - 15.4% 
fors1502. 

The experimentally obtained differential cross 
sections for yp scattering at 45, 75, 90, 120, 135, 
and 150° are listed in the table (column 2). These 
results must be corrected for absorption in the 
target and for the contribution of the background 
processes. 

Corrections for Absorption in the Target. Under 
the working conditions, some of the incident brems- 
strahlung is absorbed in the walls and in the hydro- 
gen of the target (~ 1.5%). The scattered radia- 
tion is also absorbed in amounts that vary with the 
angle, from 2.2% at 90° to 4.7% at 150°. The cal- 
culated corrections for the absorption of incident, 
scattered, and background y quanta in the target 
are listed in column 3 of the table. Corrections 
for absorption in the paraffin filter and in the walls 
of the telescope were obviated by the fact that 
€(E) was also measured in the presence of these 
absorbers. 

Calculation of the Background. Since we did not 
separate the Compton yp scattering by registering 
the coincidence of the scattered y quanta with the 
recoil protons, it was very important to allow for 
all possible background sources capable of making 
a noticeable contribution to the registration of y 
quanta by a telescope with an approximate threshold 
of 35 Mev. 

When a high registration threshold is obtained 
for both the telescope as a whole and for each indi- 
vidual counter (several Mev), it becomes impossi- 
ble to register the Compton scattering of the y 
quanta by the target electrons at large angles. 

The single processes that produce high-energy 
quanta at the angles of interest to us are Delbruck 
scattering and radiative pair production. The 
cross section of Delbruck scattering’ on hydrogen 
is small (%ot ~ 10-°4cem?), and this scattering 
has a strong forward orientation (~ 1/0*), so that 
it can be neglected completely even at 45°. Ac- 
cording to estimates made by Feinman and Gomez, 


13 


! Correction for extraneous processes 
(in units of 107* cm?/sr) 
Correction | F do 
i i P 32 
Angle | 49s: 27 (), for absorption| Ruther- prt we Riccio 10% —7- (8), 
6, ioe ot atiaee fore ects at large | of brems- | Total em?/sr 
deg. cm?/ or Tie Bractrone angles | strahlung Cor- (final 
(without t with sub-| with sub-|radiation | jection values) 
correction) phat sequent | sequent | at large 
| Aoc/e, % | radiation radiation! angles 
J 4 28 
45 4.6640. 28 +6.5 —127 —14.1 —5.4 —146 3.40-+0. 
75 etn Ge | +3,5 —10.7 —1,4 —0.47 | —12,6 4.12+0.08 
90 1,14+0.05 +3,5 —6.7 —0.7 —0.3 —7.7 Le 
20 1,30-+0.08 +4.5 —1.4 —0.18 —0.06 —1.6 as 
435 | 1.48+0,08 H-645 —0.89 | —0.09 | —0.04] —1.0 1-56-50,08 
150 1.82-+-0.07 +6.5 —0.36 —0.04 } —0.01 | —0.4 4,93-40. 
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the cross section for radiative pair production 
(production of a pair in the field of the nucleus 
with subsequent bremsstrahlung of one of the elec- 
trons in the same field) is approximately equal to 
the cross section %p of the Compton yp scatter- 
ing at a laboratory angle of 50° and E, = 40 Mev, 
but amounts to only (%,) Oyp at E,, = 50 Mev. In 
view of the strong energy and angular (~ 1/0*) 
variations of the cross sections of this process, 

its total contribution at Ey * 56 Mev and i5ois 
merely ~ 3% of the yp scattering. Since only a 
small part of the y quanta emitted in radiative 
pair production has an energy greater than 35 

Mey (threshold of our telescope), this process can 
be neglected at all angles except 45°. No correc- 
tions were therefore introduced for 75 — 150°, 
while the data for 45° were not used at all for fur- 
ther calculations of the polarizability of the proton, 
in view of the uncertainty in the value of the cor- 
rection. 

A background was produced also by multiple 
processes in the matter ahead of the target, in the 
target itself, and finally between the target and the 
first counter of the telescope, causing y quanta of 
energies greater than 35 Mev to enter the tele- 
scope. To estimate the contribution of such proc- 
esses, we calculated the number of high-energy 
electrons generated at small angles by Compton 
scattering and by pair production in the target and 
in the matter ahead of the target. We then consid- 
ered a) the bremsstrahlung of these electrons at 
large angles in the direction of the counting chan- 
nels (using Hough’s data’), and b) their Ruther- 
ford scattering (using Mott’s formula) in the di- 
rection of the counter channels with subsequent 
forward emission of bremsstrahlung in the matter 
ahead of the telescope. In addition, pair production 
at large angles in the hydrogen of the target!® and 
the subsequent bremsstrahlung were considered. 
The results of the calculations are also listed in 
the table (columns 4—7). 

The last column of the table gives the final 
values of the differential cross sections of yp 
scattering after making the corrections for the 
background processes and for absorption in the 
target. These final values are shown in Fig. 5 
together with the data of other experimental inves- 
tigations '®8 for y quanta of like energies 
(~ 60 Mev). 

Systematic Errors. The tabulated errors in the 
determination of the yp scattering cross sections 
are due only to statistical errors of the main meas- 
urements. The principal possible source of sys- 
tematic errors, namely the inaccuracy in the de- 
termination of the flux of the bremsstrahlung 
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FIG. 5. Experimental data on yp scattering with ~60-Mev 
y quanta. Curves—calculated: 1—for Ag = Ay =0; 2—for 
A, = 0, Ay = 16; 3—for A, = 16 and Ay =0. The yp scat- 
tering cross sections compatible with the value A; + Ay 
= 16 (Ag, Ay > 0) lies between curves 2 and 3 (6 —angle in 
the laboratory system). 


quanta, is excluded because a direct comparison is 
used between the cross section of Compton scat- 
tering by protons and by electrons. Nevertheless, 
an error due to two inaccuracies in the determina- 
tion of the product of the effective working volume 
of the target by the solid angle ‘‘seen’’ by the tele- 
scope, in the calibration and in the main (integral 
Jg) experiments, does remain. We estimate this 
error to be + 4%. In comparing the results of the 
calculation and the main experiments, additional 
errors of statistical origin arise, connected with 
the determination of the flux of y quanta from the 
monitor counts in the two types of experiments 
and the summation of the dispersions of many 
points on the curve of the efficiency of registration 
of the y quanta by the telescopes. The systematic 
errors due to the possible inaccuracy in the shape 
of the bremsstrahlung spectrum used in the calcu- 
lations are of opposite signs in the calibration and 
in the main experiments, and are almost com- 
pletely cancelled. The total value of the possible 
systematic error in the determination of the 
yp -Sscattering cross sections at angles from 75 to 
150° is estimated at +6%. 

Returning now to the statistical errors listed in 


the table, we note that the errors for five experimental | 


points range from +3.6 to+7.2%. The square root 
of the sum of dispersions for all five points equals 
11.7%. Thus, when using the experimental points © 
for comparison with the calculated curves (see 
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Fig. 5 curves 1-3), the mean statistical error cal- 
culated for an individual point is approximately 
2.4%, while the total mean error (statistical plus 
Systematic) is approximately 8%. 


5. DETERMINATION OF PROTON 
POLARIZABILITY 


To determine the electric and magnetic polari- 
zability of the proton, we compare the results of 
Eq. (6) with those in the table and in Fig. 5. Even 
if we disregard the obviously excessive value of 
the yp -scattering cross section at 45°, we have 
five experimental values for the two parameters 
Ak and Am of Eq. (6). It must be borne in mind, 
however that by far not all measurements of the angu- 
lar distribution are equally sensitive to the values 
of Ak and Amy. As can be seen from (6), the for- 
ward-scattering (0°) cross section is a function 
of the sum of Arf and Ay, but not of each of these 
quantities individually: 


& (0%) = 3 {2 [1 —2 (Ae + An) I+ 5.137). 9) 
On the other hand, the backward scattering, at 
180°, depends only on the difference 
be 
2 
— 2 (Ag — Am) x7] + 78.39 47}. 


& (180°) = 43 {2 [1 —4y + 124? 


(10) 


Our experiment yielded a yp -scattering pattern 
essentially only in the rear hemisphere, at labora- 
tory angles from 75 to 150°. Using these experi- 
mental values only, we can obtain only Ag witha 
sufficient degree of determinacy, since yp -scat- 
tering cross sections at angles close to 90° are 
very insensitive to Ajj. Using only the value 


42 (90°) == (1.10 + 0,05) - 10° cm?/sr 
we obtain 


We can make use of the dispersion relation as 
an additional source of information to account for 
the forward yp scattering, which was not measured 
experimentally, and thus obtain a better value of 
ag and and estimate of the magnetic polarizability 
OM. 

Cini and Stroffolini!? have shown that the cross 
sections of forward yp scattering (do/dQ) (0°) 
are completely determined at energies below the 
photomeson threshold by the total cross sections, 
obtained directly by experiment, of the photopro- 
duction of pions induced by unpolarized y quanta, 
and that separate meson photoproduction cross 
sections for y quanta polarized parallel and anti- 
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parallel to the proton spin need be known for the 
calculation of (do/dQ) (0°) only at higher ener- 
gies. Using the relations given by Bernardini”? 


we obtain 
aes 2 Av spr’) +e, (1) . 7? 
im (0 )=[ 8 ia oe \ ~ ar ay 
0 
r 2 2 h “10 6 Giaiarcen cra) , 
cite Me rele \ ae ay’ | 
0 


1 h =2 2 
PN Soe an) [95 (1) + 02 (11, 


(11) 


where % (vy) and 0, (7) are the total cross sec- 
tions for the photoproduction of pions on protons for 
y quanta of energy yMc? (laboratory system ), 
polarized parallel and antiparallel to the proton 
spin, respectively. The sum 9p (vy) + 9 (vy) 
= 0¢(y) is the total photoproduction cross section 
for an unpolarized beam of y quanta. 

The last term vanishes below the photoproduc- 
tion threshold and we have, accurate to terms of 
order y’, 


tLe Gee) | “Spear 


0 (1 2) 


Comparing (12) and (9) (bearing in mind that 
the very definition of polarizability applies to 
quanta of zero energy) and going from Ay and 
AE to ay and ag, we obtain 


1 At or) 
t 
tg + Oy = Tat Me \ GEM 
0 


(13) 


It is obvious that as long as af and ayy are posi- 
tive, (13) characterizes the upper limit of the val- 
ues of each of the two proton polarizabilities. 

Using the latest data on the photoproduction of 
mesons” and 7° mesons?!’ (see Fig. 6), we 
obtain dp +a, = 11x 10°“cm’, i.e., Ag + Ayy = 16. 

Inasmuch as (13) is obtained from the most 
general properties of the scattering matrix, there 
are no reasons to cast any doubts on it at all. 
Therefore, provided (6) is correct, i.e., provided 
the scattering theory used here is valid with suffi- 
cient accuracy there is no need for taking into ac- 
count higher powers of the y-quantum frequency, 
we can readily establish the limits of the yp 
-scattering cross sections for all angles. If Ap 
and Aj are positive, and if Ap + Ay, = 16, these 
limits are the curves obtained from (6) at Ap 
= 0, Am = 16 and Apr=16, Ay = 0. It is seen 
from Fig. 5, where the values of (do/dQ) (@) com- 
patible with Ag + Aj = 16 lie in the region between 
curves 2 and 3, that all our experimental data for 
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FIG. 6. Data on the total production cross sections of 7* 
and 7° mesons on protons, employed in determining the sum of 
electric and magnetic polarizability of the proton. Curve 1— 
the value of 0,0 + 0,,+ (left-hand scale); curve 2—the value 
of (070 + o7+)y (right-hand scale). 
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75 —150° fall in this region, while the values ob- 
tained in references 16 — 18 for the yp -scattering 
cross sections in the backward hemisphere are 
somewhat too low. 

Using Ag + Ayy = 16 and calculating the value of 
Ag by the method of least squares to give best 
agreement with our results, we obtain Ap = 13 
+3 and Ay =3 + 3, while the sum of the weighted 
squares of the errors is D=1.8 x 10°°°cm*-sr*: 

We thus conclude that 


oe =(9+2)-10%em3 ay = (2 F 2)- 10cm? 


6. DISCUSSION OF THE RESULTS 


The magnetic polarizability of the proton, as 
already indicated by Baldin,®? is thus much less 
than the electric polarizability. A determination 
of the magnetic polarizability of the proton is 
more sensitive to a possible contribution to the 
yp -scattering cross section from terms propor- 
tional to higher powers of the y-quantum frequen- 
cy (greater than y*), and therefore a detailed 
analysis of the role of these terms is of interest if 
amore refined value of Aj is desired. As re- 
gards the electric polarizability, we see not only 
that the sum Ag + Ay agrees with our experi- 
mental data, but the optimal value Ap = 13 + 3 
agrees within the limits of errors with the value 
obtained above from the cross section for scatter- 
ing at 90° (Ap = 16 + 5.8). 

A direct comparison of the experimental results 
with the curve obtained from (1) (without allow- 
ance of the polarizability of the proton) gives a 
much larger sum of weighted squares of errors, 

D = 10.3 x 10°**cm‘sr~’, than obtained with (6). 
The best agreement with (1) is obtained by in- 
creasing all the experimental cross sections by 
8%; this, however, is at the border of possible sys- 
tematic errors. 
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The question of electric polarizability of nu- 
cleons has been extensively discussed in the liter- 
ature of late in connection with the development of 
theoretical ideas”*’*4 on the role of polarizability 
of neutrons electrically scattered by small angles 
in the Coulomb field of heavy nuclei. The elec- 
trical polarizability of the neutron (aQ@)n= (8 
+ 3.5) x 107‘tcm’, calculated by Aleksandrov 
from an analysis of the data on neutron scattering, 
certainly contradicts the totality of data on the 
scattering of y quanta and photoproduction of 7 
mesons, a fact noted in the theoretical papers’ ?26- 30 
and now again confirmed in our experiments. 

The last analysis of the new experiments on 
neutron scattering”® has led, to be sure, to a re- 
duction in the limiting value of og, namely 
0< (ag)p < 2x 107 41cm, but does not give any 
more definite results. As long as af ~ 10° ‘Xem*, 
neutron experiments can hardly establish quanti- 
tatively the contribution of the electric polarizabil- 
ity. The main path towards determining the elec- 
tric and magnetic polarizability of the nucleon — 
properties due to the change in the structure of the 
meson cloud in the nucleon — lies therefore in a 
study of the meson processes and primarily the 
photoproduction of pions and the nucleon Compton 
effect. 

Rough estimates of the electric polarizability of 
the neutron based on meson theories, yield a quan- 
tity on the order of?6?8 


(ce? / he) (f2/ hc) (h/ uc)? = 1,6-10-42cem?, 


where (f°/fic ) = 0.08. A result close to this esti- | 
mate (Qf )n = (1.6to1.8) x 10°“cm? was obtained”? | 
by calculating the polarizability of the meson 
cloud in a nucleon, with the aid of the Chew theory 
for functions with Gaussian and exponential forms, 
with a cutoff parameter 5.6 puc/fi. 

In analyzing the data on pion photoproduction 
and yp scattering, Baldin® obtained for the lower 
limit of nucleon polarizability (assuming single- 
meson exchange only) a value (ap Jp, = 42105 = 
em*®. The upper limit of (ORF )p» derived by him by 
assuming nearly equal values for the yp -scattering 
cross section at 90° and the Thompson cross sec- 
tion (x2 /2 ), is estimated at 1.4 x 10°“ cem?. From 
the data on pion photoproduction, Breit and Rustgi?? 
obtained a similar estimate, (ag), <2 x 10° cm?. 

It must be borne in mind that, because the 
cross section 0 of the process y+n—7 +p 
exceeds near the threshold the cross section o* of 
the process y + p— 7* +n, and because of the 
considerable contribution of the threshold region . 
to the dispersion integral (13), the electric polar- 
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izability of the neutron should be 20 or 30% greater 
than the corresponding value for the proton.° a8 
As is clear from our caiculations with Eq. (13), 
the upper limit for the electric polarizability of 
the proton can be reduced = 

E saa ced to (Cf )p a Res 

To arrive at our final conclusions regarding 
the value of (ap \p we used also the calculated 
limiting value of the sum (Qp + ay )p = 1.1 
x 107* cm; however, even the direct results of the 
experiments confirm in general our various theo- 
retical estimates of (Qg )p. 

In conclusion, let us consider the problem of the 
mean-square fluctuation (r2)12 of the displace- 
ment of the center of distribution of the electric 
charge in the polarized proton about its center of 
gravity, associated with af. 

According to references 6 and 29, this value is 
connected with the electric polarizability of the 
proton by the usual relation 


(72) = [4 ag (ce? fic) AE / tc]”, (14) 


where AE is the energy difference between the 
ground and the polarized states of the proton. 
Since the polarization is due to the excitation of 
the meson cloud or to the occurrence of a resonant 
isobar state, a suitable choice of AE lies between 
uc? and 2yc?. 

For Qp = 9 x 10°“ cm? we obtain from (14), for 
the proton, the mean-squared fluctuation of the 
length of the induced electric dipole 


(r?)* =3.5 to5-10-4cem. 


It is undoubtedly desirable to develop a more de- 
tailed theory of magnetic polarizability of the 
proton, so as to relate the values of ag and ay 
with the contributions from different mechanisms 
of pion photoproduction, to obtain theoretical limits 
for Qy, and to compare them with experiment, and 
also to compare the fluctuations of the lengths of 
electric and magnetic nucleon dipoles. 
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Note added in proof (May 20, 1960). V.N. 
Gribov has advised us that the roles of the differ- 
ent factors in the quadratic (in the frequency ) 
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terms of the amplitude of Rayleigh (E1) scattering 
(see Introduction) are made clear by the following 
expression for this amplitude (in units e’/Mc?): 

2 
R=(t—Agrtyeo)= [t—[ 5 (Gt) +44 24 Az | flee 
where e and e’ are unit vectors in the direction of 
polarization of the incident and scattered protons, 
Ye is the electric radius of the proton, Ab is a 
measure of polarizability analogous to our Ap 
but now in its usual sense. 
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The total ™ -p interaction cross sections (9) were measured with an accuracy of 1.5 — 2% 
for about 50 pion energies between 140 and 360 Mev. The pion energy was known to within 
+1%. No anomalies in the energy dependence of 9f were found which could indicate the exist- 
ence of a p’meson with a mass in the range of 270 to 410 Mev/c?. 

The data are inconsistent with the energy value E, = 650 Mev for the second maximum of 
of found by Frisch et al.” but agree with the conclusion drawn by Brisson et al.® that it 
Should be located at a lower energy (E, *610 Mev). The data are in agreement with the 
dispersion relations for ™-p scattering. It is thus demonstrated that the Puppi- 

Stanghellini problem as such no longer exists and that it arose only as a result of an inaccu- 
rate knowledge of the total ™ -p interaction cross section. 


INTRODUCTION 


Tue energy dependence of the total cross section 
of the ™ -p interaction of has already been in- 
vestigated in a wide energy interval several years 
ago. For energies up to 360 Mev, where the most 
precise data were obtained, the cross section was 
measured with a precision not exceeding ~ 5%, 
while the energy for which the cross section was 
being determined was known only within +6 Mev. 
At the same time the precise measurement of this 
cross section with good energy resolution is of un- 
doubted interest for several reasons. 

First, as was already communicated earlier, 
by determining the energy dependence of the total 
cross section of very precisely it is possible in 
principle to observe a definite type of “threshold 
anomalies” which could furnish information on 
m-m interaction, or would indicate the existence of 
the still unknown 0° particle. 

Secondly, it is of definite interest to express the 
energy dependence of the total ™-N cross section 
in the state with an isotopic spin T = %[7(%)] 
with the aid of a small number of Breit-Wigner 
type of “resonance” curves. This requires exper- 
imental data of great precision. 

Thirdly, some authors’ doubt the validity of the 
dispersion relations for ™-N scattering. From 
this point of view a more careful measurement of 
the of than has been carried out to date ina suf- 
ficiently wide energy interval is essential for the 
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precise calculation of the real part of the ™ -p 
scattering amplitude. 

In the present work we present the experimental 
investigations which we have undertaken in con- 
nection with the above. 

Preliminary results were communicated at the 
Conference on the Physics of High-Energy Parti- 
cles in Kiev in 1959, 


THE EXPERIMENTS 


a) The geometry of the experiment. The total 
interaction cross sections of negative pions with 
hydrogen were measured by the weakening of the 
meson beam passing through a hydrogen scatterer. 
The general setup for the experiment is shown in 
Fig. 1. The meson beam incident on the hydrogen 
target was formed by a rectangular collimator 3 
cm wide (in the yoke of the synchrocyclotron 
magnet), by the deflecting magnet, and by counters 
1 and 2 connected in coincidence. The mesons 
after passing through the scatterer were regis- 
tered by counter 3, connected in coincidence with 
counters 1 and 2. The counters were made of 
scintillating plastic and were of the following di- 
mensions: counter 1 — 0.8 X 3 X 6 cm; counter 
2—0.5 X 3 X 6 cm; counter 3—1%x 10x 10cm 
(the last value for each counter gives the vertical 
dimension). The mean angle of registration by 
counter 3 was 10.5°. Liquid hydrogen in a foamed 
polysterol container (wall thickness 0.8 g/cm’) 
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FIG. 1. Experimental setup (schematic): 1, 2,3 —scintilla- 
tion counters, 4—deflecting magnet, 5—hydrogen scatterer, 
6 — yoke of the synchrocyclotron magnet, 7—beryllium target 
inside the synchrocyclotron chamber, 8— pion collimator. 


served as the target.? The density of the hydrogen 
was taken as 0.0708 g/cm’; the mean number of 
hydrogen nuclei in the path of the beam corre- 
sponding to this density amounted to (0.4607 

+ 0.0023) x 10% nuclei/cm?. 

b) Electronic apparatus. The apparatus used 
in this experiment was essentially the same as in 
reference 3. FEU-33 photomultipliers were used 
for the scintillation counters. To increase the 
counting efficiency and to decrease the role of 
the apparatus “drift,” the resolving time of the 
coincidence circuits used was increased to 
2x 1078 sec. Two scaling devices of the “Kalina” 
type, each preceded by an additional scale-of-4 
scaler with a dead time of 0.1 usec, were used 
for counting the transmitted mesons. 

For the precision required of the total cross 
sections (2%) it was essential that the operating 
stability of the apparatus amount to about several 
hundredths of a percent. It was, therefore, desir- 
able to have an objective criterion for the satis- 
factory quality of the operation of the apparatus. 
Such a criterion can be the reproducibility of the 
results over long periods of time (tens of hours). 
If we take, for example, the coincidence count of 
counters 1, 2, and 3 (the count of 1 and 2 is the 
monitor) and measure it a sufficient number of 
times then, in the absence of errors due to the 
apparatus “drift,” the deviations of each measure- 
ment from the mean will obey a Gaussian distribu- 
tion with a calculable dispersion. However, sucha 
control consumes almost as much time as all the 
measurements. The information already accumu- 
lated in the course of measuring the total cross 
section was, therefore, employed for the control. 
The measurements were repeated 5 — 6 times for 
each energy. The deviations of the coincidence 
count Nj 3 from its mean value with the hydrogen 
were summed for various energies. The result of 
this summation (Fig. 2) shows that the distribu- 
tion of the deviations is in very good agreement 
with the Gaussian distribution (solid curve in Fig. 
2) with a dispersion calculated on the assumption 
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FIG. 2. The spread of the deviations of the normalized 
coincidence count N,,, (with hydrogen) from the mean value; 
n is the number of measurements having a given deviation; 
the solid curve is the distribution function calculated on the 
assumption that the deviations are due only to statistical 
fluctuations. 


of the absence of apparatus “drift” and other 
errors, except for the statistical fluctuations in 


the number of pion-interaction events after their 
registration by counters 1 and 2. 

c) Determination of the negative-pion momen- 
tum. In the investigated range where the cross — 
section depends rather strongly on the energy, the 
determination of the cross section with the above- 
mentioned precision makes sense only if the nega- 
tive-pion momentum is measured with a precision 
of about 1%. Such a precision in the momentum 
determination is also essential for the possible 
observation of a p® meson, since the expected 
width of the anomalous region is small, and conse- 
quently cross-section measurements for pion 
energies differing by less than 5 Mev are required. 
For this purpose, the field of the deflecting magnet 
was stabilized during measurements at a given 
energy with a precision of 0.1% (by utilizing the 
Hall effect in a germanium disc), and at times 
even more precisely (by making use of the nuclear- 
resonance effect). The value of the field was de- 
termined from the current appearing in the ger- 
manium crystal owing to the Hali effect. The Hall 
current was measured with an instrument of the 
0.5 class graduated with a precision of 0.5% di- 
rectly in values of the negative-pion momentum by 
the method of the current-carrying filament. The 
required pion energy was obtained as follows. 
First the necessary field of the deflecting magnet 
was established, and then the beryllium target was 
positioned within the synchrocyclotron by remote 
control for maximum intensity of the pion beam. 

Owing to the certain lack of precision entailed 
in the setting up of the meson target, the final pre- 
cision of the mean value of the negative-pion mo- 
mentum amounted to ~ 1%. 

The energy spread of the beam depended on the 
collimator width in the yoke of the synchrocyclo- 
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tron magnet, and according to graphically obtained 
estimates amounted to +0.5 Mev/em, i.e., +1.5 
Mev for a collimator 3 cm wide. The energy loss 
in the hydrogen was ~3 Mev. 


THE ENERGY VARIATION OF THE CROSS SEC- 
TIONS IN THE REGION OF MESON-PRODUC- 
TION THRESHOLDS (150 — 180 Mev) 


At an incident negative-pion energy of 150 Mev, 
three meson-production reactions by mesons are 
possible: 


l. w+ por +n*t+7n threshold 172 Mev, 
2. 7 + p—->n 4+-7°+ p threshold 165 Mev, 
3. 7 + p—>7n°+ 79+ 7 threshold 160 Mev. 


In principle, anomalies due to 7-7 interaction 
can be expected in the threshold regions. In so 
narrow an energy interval (~ 10 Mev), attention 
was chiefly paid only to the relative cross-section 
variation. 

The energy of the primary beam of negative 
pions was held constant, and mesons of required 
energy were obtained by lowering the primary- 
meson energy in a graphite absorber. The relative 
cross-section variation was measured in steps of 
~2 Mev. Figure 3 shows the results of two meas- 
urement series obtained on different days. It is 
seen that, within the precision of the experiment 
(~ 1.5%), no anomalies in the dependence of the 
cross sections on the energy were observed. It 
should be noted that the values of the ‘‘hydrogen 
difference’’ given are not proportional to the cross 
sections, since this method of energy ‘‘reduction”’ 
by means of a graphite absorber requires the 
introduction of strongly energy-dependent 
corrections. 

It must be emphasized that the interaction in 
reactions 1, 2, and 3 can only lead to anomalies 
when two negative pions form a bound system. 


TABLE I. 
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FIG. 3. The energy dependence of the effect of the hydro- 
gen (€) in relative units in the region of the thresholds of 
meson production (the results of two series of measurements 
made on different days). 


Phenomenologically such a system is in itself a 
new particle. Therefore it is clear that the inves- 
tigations must be conducted in a wider energy 
region, since the neutral boson, differing from the 
m meson, can in principle have an arbitrary mass. 


THE ENERGY VARIATION OF CROSS SECTIONS 
IN THE 160 —360 Mev REGION 


In this section we give not only experimental 
relative cross-section variations, but also the 
absolute values of the cross sections. The final 
results of the absolute measurements of the total 
cross sections are listed in Table I. It is not 
essential that we list the corrections made for all 
the energies. We merely state their nature: 

1. A correction for the 1» -meson admixture in 
the negative-pion beam, determined as usual from 
the negative-pion absorption curve in copper. 

2. Account of the number of scattered negative 
pions and recoil protons incident on counter 3, on 
the basis of the known angular distributions. 

3. The contribution of the Coulomb- and nuclear- 
scattering interference of negative pions, calculated 
from the formulas of Solmitz* and from the known 
phase shifts of ™ -p scattering. 


Total 7 -p-interaction cross sections 
for different energies* 


158.2 | 56.4+2.0 | 220.2 | 52.244.0 
471.7 | 67,244.41 || 225.0 | 50.20.9 
178.4 | 67.24+1.1 || 228.3 | 48.2+0.9 
185.2 | 67.7-+1.0 || 231.6 | 49.040.9 
489.9 | 67,840:8 || 234.9 | 44.5+0.9 
196.2 | 64.044.4 || 238.2 | 44,9+0:9 
201.0 | 63.8+4.0 | 244.5 | 42.70.9 
205.8 | 59.3--1.0 || 244.8 | 43.1-£0.9 
240.6 | 58:7--4.4 || 248.1 | 441.040.9 
245.4 | 55.6--1.0 | 251.4 | 39.3+0.9 


254.7 | 39.8+0,8 302.5 | 28.9-0.8 
258.0 | 38.8+0.8 || 307.7 | 28.4--0.8 
261.4 | 36.8-+0-8 | 343.0 | 28.70.7 
266.5 | 35.6-40,8 || 348.2 | 27.040.6 
271.6 | 33.440.8 | 323.5 | 26.2+0,6 
276.7 | 31.1-40.8 || 328.2 | 26.4+0.6 
281.8 | 32.40.8 || 334.2 | 26:0-0.6 
286,9 | 34.6-40.8 || 345.0 | 24.941.0 
292.0 | 30.5+0.8 | 361.0 | 25,2+1.0 
| 297.2 | 29.30.8 | 


*The indicated errors do not include those connected with the imprecise de- 
termination of the mean number of hydrogen nuclei in the path of the beam (+0.5%), 
and with the admi:.ture of muons. in the beam (+1.5%). These errors are statistical. 
See ee ee ee 
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4, Account of the multiple Coulomb scattering 
of the pions in the hydrogen (its contribution is 
considerable when the beam diverges, which it 
always does, if only on account of the scattering in 
counter 2). 

5. Control measurements of the difference be- 
tween the target and the dummy, due to the fact 
that the experiments with the hydrogen and without 
it were conducted with different containers. 

In Table II we have listed only the corrections 
corresponding to two energy values, in order to 
give some idea of their magnitude. 


DISCUSSION OF RESULTS 


a) Search for the p? meson. Here the p? is 
defined as a pseudoscalar meson with zero charge 
and isotopic spin. In the experiment whose results 
were cited in the preceding section we proposed to 
search for a relatively narrow anomaly in the en- 
ergy dependence of the total cross section 9%, in- 
asmuch as such an anomaly can in principle indi- 
cate the existence of a p° meson. The idea* con- 
sists of the fact that in one or both of the 7 +p 
— m+n and 1 +p— 7 +p reactions an anomaly can 
appear near the threshold of the hypothetical 7™ +p 
— p’tn reaction. The width of this anomaly can be 
obtained from the condition kR « 1, where k is the 
momentum of the emitted Fo meson in the c.m.s., 
and R is the interaction radius. If it is assumed 
that R ~ i/mmc, then the maximum peak width in 
the energy dependence turns out to be about 40 Mev 
in the laboratory system Mp0 ~ 400 Mev/c?. Ac- 
tually the width can be considerably smaller than 
this, and therefore a good energy resolution was 
employed in the experiments. The amplitude of the 
anomaly 9(7™p— pn \k=1/R/Ot( ™ p) can, in prin- 
ciple, approach several percent. 

The obtained data indicate that in the 140- to 
360-Mev energy region there exist no cross- 
section anomalies with an amplitude of, say, 

3— 4%. This means that we have not found a p® 
meson with a mass in the interval of 270 — 410 
Mev/c?. Of course this does not mean that such a 
meson does not exist. At the Kiev Conference on 
the Physics of High-Energy Particles in 1959 in- 
vestigations® were reported in which different 
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methods of searching for the p’ meson also did 
not offer indications of its existence. 

b) The total cross section in the state with 
T = %. Klepikov, Meshcheryakov, and Sokolov® 
analyzed in 1959 the body of information on the 
total cross sections of the ™-N interaction on the 
basis of all the published data, and also on the 
basis of the data of this work. The ‘‘total’’ cross 
sections in states with an isotopic spin of T 
= y, [o(%)] and: T= ¥[o(%)] were approxi- 
mated by resonance formulas of the Breit-Wigner 
type; the method of maximum likelihood was used. 
Thus all the curve parameters and the corre- 
sponding error ranges were found. It should be 
noted that in the energy region of 250 — 1500 Mev 
it was impossible to describe the energy depend- 
ence of o(¥,) in terms of Breit-Wigner curves, if 
simultaneous use was made of the data of this 
work and of the data of reference 7, where two 
maxima in the energy dependence of the cross 
section Of had been observed at E, ~ 650 Mev and 
E3 ~ 950 Mev. Apparently this difficulty was con- 
nected with an error in the determination of the 
pion energy in the experiments of the American 
authors and confirms the conclusion of the French 
group® that the maxima are at E,* 610 Mev and 
E; © 880 Mev. 

c) Pion-nucleon scattering and the dispersion 
relations. At the Conference on the Physics of _ | 
High-Energy particles in 1958 the position con- | 
cerning the application of the dispersion relations | 
to the ™*-p and ™-p processes was summed up 
as follows: 

1. The body of information on the 7*-p and 
m -p scattering processes is fully compatible with 
the dispersion relations and makes it possible to 
determine the coupling constant of meson-nucleon 
interaction f*, which turns out to be 0.08, within a 
precision of 10%. 

2. Data relating only to ™*-p scattering allow a 
sufficiently precise determination of f*. 

3. The information relating only to ™-p scat- 
tering was less satisfactory in the sense that it 
turned out difficult to reconcile with the value of 
f? obtained from ™*-p -scattering experiments 
(the so-called Puppi-Stanghelli problem ). 

One can say that it had always been natural to 


TABLE II. Corrections introduced in the determination 
of the total cross sections (in percent) 


Z Forward- Diff 
E x e ifference 
Jen. Le scattered| Interference of | Coulomb multiple | between 
ease ete Daan as Coulomb and scattering in the | the dummy 
ae Este Sree nuclear scattering hydrogen ye oe 
204 .04-2 6544 8 aides —0.3 —1.2+0.3 —0.3+1.0 
297,243 3 °5of SSS 0 2 +0.3 —0.8+0.2 —0.2+-103 
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regard with caution the possibility of the ‘‘revo- 
lutionary’’ inference of Puppi and Stanghellini 
(which has been particularly emphasized by a 
number of other authors ) not only in view of its 
far-reaching theoretical consequences, but partic- 
ularly in view of certain logical contradictions in- 
herent in it. These contradictions consisted of the 
following: experimentally nothing was known about 
the interaction of states with T = ¥%, and it is 
therefore incomprehensible how in the absence of 
such information a real contradiction of the dis- 
persion relations could arise. 

In 1959 there appeared some theoretical work 
which indicated the lack of serious difficulties in 
the application of the dispersion relations to ™-N 
seattering.!° The most convincing results were 
cited in reference 6, where the data of the present 
work together with other published data had been 
used. On the basis of the total cross-section 
curves, obtained as indicated in the preceding sec- 
tion, the authors of reference 6 calculated the real 
part of the ™ -p forward-scattering amplitude and 
obtained the corresponding range of errors. Fig- 
ure 4 shows the calculated curve of the real part 
of the forward-scattering amplitude, obtained from 
the ‘‘dispersion integral,’’ and its particular values 
obtained for certain energies from the angular dis- 
tribution of the ™ -p scattering and from the total 
cross sections. It must be emphasized that in 
plotting the points given in Fig. 4, values of the 
total cross sections obtained from ‘‘calculated 
curves’’ (reference 6) were employed. The use 
of a calculated 9€(E) curve leads to a smaller 
error than the use of a separate total cross- 
section measurement, since the width of the error 
region of %{(E) is small. 


Of 


0 100 200 
Oy Mev 

FIG. 4. The real part of the 7 -p forward-scattering ampli- 
tude D? in ti/m,,c units. The solid curve was calculated by 
Klepikov et al.° on the basis of all the total cross-section 
measurements: 1— Barnes et al. (Rochester),*? 2—Edwards et 
al. (Liverpool),'? 3—Budagov et al. (Dubna),** 4—Kruse and 
Amold (Chicago),’* 5—Ashkin et al. (Carnegie).** All points 
in the figure are plotted with account of the latest data on 
total cross sections. 


1237 


As can be seen, it is difficult to expect better 
agreement of the calculated DP curve and the 
values obtained from angular distributions and total 
cross sections. Inasmuch as the Puppi-Stanghellini 
problem has been widely discussed, albeit, in our 
opinion, not quite thoroughly, it is appropriate to 
pose the question why it arose. It is at present 
perfectly clear that the Puppi-Stanghellini ‘‘dis- 
crepancy’’ was simply due to an inexact knowledge 
of the total ™ -p cross sections which entered both 
in the ‘‘dispersion integral,’’ and also in the ‘‘ex- 
perimental’’ values of the real part of the forward- 
scattering amplitude. More precise measurements 
of Of and better methods of processing the experi- 
mental data for the calculation of the dispersion 
integral remove this discrepancy. This is obvious 
if only from the fact that the 7 -p interaction data 
of Ashkin et al.!° for energies of 150 and 170 Mev, 
which were in 1956 the main source of the dis- 
crepancy, fit the present D» curves excellently 
(cf. Fig. 4) if use is made of the latest data on 
total cross sections. 

The authors are indebted to S. N. Sokolov, A. I. 
Mukhin, V. A. Meshcheryakov, and N, P. Klepikov 
for very useful and numerous discussions, and 
also to Yu. N. Denisov for considerable help in 
stabilizing and measuring the magnetic field. 
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The spectra of mesic x-ray photons emitted by u-mesic atoms of uranium and lead are studied 
with the aid of a scintillation spectrometer. It is shown that the 2P 1S radiative transition 
rate per stopped muon is appreciably smaller in mesic uranium than in lead. Thus it is ex- 
perimentally demonstrated that there exists a hitherto unobserved nonradiative transition 
mechanism in which the transition energy is transferred directly to the nucleus. 


1. INTRODUCTION 


Two mechanisms for the fission of heavy nuclei 
by # mesons were predicted by Wheeler!: ‘‘inter- 
nal’’ fission, in which the energy necessary for 
fission is released when the nucleus captures a 
muon from a lower level of a mesic atom, and 
‘‘external’’ fission, in which the muon does not 
disappear and the energy necessary for fission 

is released in a nonradiative mesic-atom transi- 
tion to the 18 level. 

Zaretskii’ calculated the nonradiative transi- 
tion probability in mesic atoms of heavy nuclei, 
or more precisely the probability that the energy 
of the 2P — 1S transition is not released in the 
form of x rays, but is transferred directly tc the 
nucleus. 

In the work of Belovitskii et al.? carried out 
with the aid of photographic film the conclusion 
was reached that the » -meson stoppages in User 
lead only to ‘‘internal’’ fission with a probability 
of 0.07 (nonradiative fission was not observed by 
these authors and has a probability of less than 
1%). In the work of Diaz et al.4* carried out by 
means of electronic particle-counting methods, 
the conclusion is also reached that nonradiative 
fission, if it takes place, only amounts to a small 
fraction of the number of fission events. 

Except for these experiments, which gave nega- 
tive results the 1P > 1S nonradiative transition 
mechanism for mesic atoms proposed by Zaretskii 
was not studied experimentally. Thus, until re- 
cently, only two 2P — 1S transition mechanisms 
were known in a mesic atom: (1) the emission of a 
mesic x-ray quantum, and (2) the Auger effect, 
which does not play a substantial part in heavy 
nuclei. 

*We are grateful to Dr. Moyer who acquainted us with these 
results during the Kiev Conference. 


This paper is devoted to the study of nonradia- 
tive transitions.* The study of this phenomenon 
is not only of independent interest but could also 
provide valuable information on the properties of 
heavy nuclei. 


2. EXPERIMENTAL SETUP 


As was shown by Zaretskil,” the probability of 
nonradiative transitions in the u-mesic atom of 
uranium, in which the nuclear-level density is 
large, should be considerable. In the p-mesic 
atom of lead, in which the nuclear-level density is 
small, this probability is practically zero. The 
fraction of nonradiative 2P — 1S transitions in 
mesic uranium was, therefore, determined by 
measuring the yield differences of the correspond- 
ing radiative x-ray transitions in uranium and lead. 
The fact that the transition energies of mesic uran- 
ium and mesic lead are similar (~6 Mev) facili- 
tated the comparison of the photon yields, inasmuch 
as practically no corrections of the experimental 
spectra were required. 

A beam of negative pions with a momentum of 
270 Mev/c from the cyclotron of the Joint Institute 
for Nuclear Research was employed in our work. 
The schematic setup of the experiment is shown 
on Fig. 1. The muons which were stopped in the 
target were separated by a ‘‘telescope’’ consisting 
of three scintillation counters, connected according 
to a 1+ 2 — 3 scheme (coincidences of counters 1 
and 2, in anticoincidence with counter 3). 

The range curve obtained with a thin (4g/ cm? Pb) 
target is shown in Fig. 2. The measurements of the 
mesic x-ray photon emission spectra were carried 
out with thicker targets; the uranium (100 x 100 mm 


* Preliminary results were published at the 9th International 
Conference on the Physics of High-Energy Particles in Kiev, 
1959 (cf. paper by A. I. Alikhanov). 
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yu mesons stopped in the target. In the lead spec- 
trum we see clearly the peak with an energy of 
~5.3 Mev. In view of the small dimensions of the 
Nal(T1) crystal this peak is due to three values of 
‘\ energy lost by the photons in the crystal: (1) E,, 
(2) E,, — 0.51 Mev, and (3) E,, — 1.02 Mev, where 
E,, = 6.02 Mev (reference 5) is the photon energy 
of the 2P — 1S transition in mesic lead. Uranium 


“il ‘on gives fewer counts in the 5- to 5.5-Mev energy re- | 

Yy gion, and practically the same number as lead in 

regions sufficiently far from 5.5 Mev. The mean 
FIG. 1. Experimental setup (schematic): I—concrete shield, energy of the peak, corresponding to the 2P —1S | 
Il— collimator (100 mm diameter), Il—deflecting magnet, IV- transition is larger in uranium than in lead by about | 
negative-pion beam, V—absorber (75 g/cm? Cu + 32 g/cm’ B,C), 200 kev. | 
Vi-target, VII —shielding of counter 4 (20 cm Pb); 1,2— plas: The difference in the intensity of the photons with | 


tic scintillators, 100 mm diameter and 10 mm thickness; 3—the 
same, 125 mm diameter and 12 mm thickness; 4—Nal(T1) crys- 
tal, 30 mm diameter and 10 mm thickness, 


an energy of ~6 Mev in mesic uranium and mesic 
lead for identical geometries and close emission 
energies indicates that here the effect of the non- 


x 10.7 g/cm?) and lead (100 x 100 mm x 10.3g/em?) radiative 4” meson transition to the 15 level of 
targets were equivalent with regard to the ionization ™esic uranium has indeed been observed. A quan- 
losses. titative estimate of the probability of this process 
A scintillation counter 4, consisting of an Nal(Tl) Seems to us to be difficult. In order to determine 
crystal of 30 mm diameter and 35 mm high, and of the ratio of intensities of the radiative 2P —~ 18 
a FEU-33 photomultiplier, was used to detect the transitions in mesic uranium and mesic lead, it 
gamma rays. The gamma-counter pulse was fedto iS necessary to know the number of counts in each 
a 64-channel pulse-height analyzer which was moni- @nalyzer channel which are really due to photons 
tored by the signal of the coincidence scheme (1 +2 from the 2P ~ 1S transition. In other words, it 


— 3) + (2 +4). The background of accidental coin- is necessary to know the contribution of ‘‘back- 

cidences amounted to about 1/20 of the total count. ground’ counts, that is of counts which are not | 
A Na” source with y-ray energies of 1.38 and connected with the 2P — 1S transition. The ‘‘back- | 

2.76 Mev was employed for energy calibration and ground’’ counts are due to other transitions in the | 

to check the linearity of the whole system. mesic atom, and also to the presence of electrons 
During the measurements the uranium and lead _in the primary beam. 

targets were periodically exchanged. All the ob- The determination of the background is a rather 

tained spectra had the same shape and were shifted Complex problem, and new studies will be de- 

relative to each other. voted to its solution. At present, we can only in- 

dicate rather rough limits for this background. 

3. MEASUREMENT RESULTS AND THER We know, from measurements with a Cerenkov 

DISCUSSION gas counter, that the ‘‘background’’ counts in the 


photon energy region E,, > 4 Mev are both for 


Figure 3 shows the photon spectra for mesic uranium and for lead mainly due to the electron 


uranium and lead in the 3- to 8-Mev energy region. i 
. ackground. This back d y 
The spectra are normalized for equal numbers of 5 paibuwamie en 


the target material and on the channel number of 
ee Bas the analyzer. Clearly, the counting rates in uran- 

ium and lead at ~8 Mev are the lower limits of the 

background levels in uranium and lead in the energy 


5000 region ~5 Mev of interest to us (Fig. 3). The upper 


FiGao. Rance eurredR ic the limit of the background will obviously be the curve 
2000 f absorber thickness, N—the number Obtained by smooth interpolation of the uranium and 
of coincidences in arbitrary units). lead spectra for energy ranges with Ey < 5 Mev 
1000 and Ey > 5 Mev (Fig. 3). 


Assuming that the probability for nonradiative 
a Gh transition in lead Wy is negligibly small by com- 
fiction parison with the probability of photon emission 


NONRADIATIVE TRANSITIONS IN HEAVY p-MESIC ATOMS 


1500 


1000 


500 


No. of channel 
FIG. 3. Photon spectra from mesic lead and mesic uranium: 
I—the upper limit of the background, II— the lower limit of the 
background in lead, III —the lower limit of the background in 
uranium (n is the number of counts per analyzer channel). 


Wy, and taking into consideration the above-men- 
tioned background limits, we obtain 


One (We W Von 1: (1) 


Another, also rough, estimate of the background 
can be obtained from the condition that the width of 
the uranium and lead peaks must be equal. From 
this estimate we obtain (Wp/W,);y233 ~ 0.2, that is 
a value close to the lower limit of inequality (1). 

On the above grounds it is possible to conclude 
that the probabilities of radiative and nonradiative 
transitions in U?"8 are comparable* while radia- 
tive transitions apparently predominate. 

Preliminary experiments indicate that nonradia- 
tive transitions take place in phe, 

*Our preliminary communication at the Kiev Conference (in 
1959) that the radiative and nonradiative 2P> 1S transition 
probabilities in U***® are ‘‘approximately equal’”’ was not suf- 
ficiently grounded. 
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A value of ~5 to 20 was predicted in Zaretskii’s 
work for the ratio (Wp/Whyp)y238. This result con- 
tradicts inequality (1). However, in Zaretskii’s es- 
timate it was assumed that in the uranium nucleus 
Pl'nuc > 1, where p is the mean density of uran- 
ium levels excited by 2P 1S transitions and 
Tnuc is their mean nuclear width. In this case it 
is possible to neglect processes in which the ex- 
cited nucleus with the muon in the 18S state returns 
to the ground state with the muon in the 2P state. 
As was noted by Zaretskil during the discussion 
of our results, the hypothesis that p'ynye > 1 is 
actually unfounded. If pI’, «1, then the os- 
cillation processes of the muon between the 2P 
and 18 state with the simultaneous oscillation 
of the nucleus between the excited and ground level 
cannot be neglected, and therefore the ratio Wp/ Wy 
decreases considerably.® 

At present, more precise measurements of the 
Wy/ Wy ratio for various mesic atoms are being 
carried out. 

The authors sincerely thank A. I. Alikhanov for 
his continuous interest in their work, and D. F. 
Zaretskii who acquainted them with his work be- 
fore its publication. 
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The anisotropy of the electrical resistance of Mg and Pt single crystals located in a magnetic 
field is investigated. The dependences found are characteristic of metals with open Fermi 


surfaces. 


Ir has been reported previously!” that the galvano- 


magnetic properties of single crystals of a number 
of metals are extremely anisotropic. As is well 
known," strong anisotropy of the galvanomagnetic 
properties should be observed in metals with open 
Fermi surfaces. 

In connection with the fact that the electric re- 
sistance of polycrystalline specimens of Mg and Pt 
located in a magnetic field increases without lim- 
it,>»® it could be assumed that the Fermi surfaces 
of these metals were either closed with nj = ng (ny, 
and ny are the number of electrons and holes, re- 
spectively ) or open. The resistance in large mag- 
netic fields should be practically isotropic in the 
first case, and strongly anisotropic in the second. 

Inasmuch as the galvanomagnetic properties of 
Mg and Pt were investigated only in polycrystalline 
specimens, there was interest in carrying out 
measurements on single crystals of these metals 
also. For this purpose we grew single crystals of 
Mg and Pt with different orientations. The ratio 
of resistance at room temperature and tempera- 
ture of 4.2°K ranged from 230 to 610 for the Mg 
samples and from 1900 to 2400 for Pt. 


FIG. 1. Polar 
plot of the resistance 
of an Mg sample; 

P s00°k/P 4.2 x= 230, 
H = 23500 oe. 


A polar plot is shown in Fig. 1 of the change of 
the transverse resistance in a magnetic field 


4 
x 
y! 
FIG. 2. Dependence a iy 
of the resistance on the i} 
magnetic field for an Mg ¥; 
specimen (see Fig. 1). 0 As 


o 10 20 WO H koe 


Apy (+)/p5 = pH (+)/pH = —1 for a single crystal 
of Mg, the axis of which formed an angle of 65° 
with the [0001] axis. For this specimen, as for the 
other specimens, the minimum resistance in the 
diagram is observed for a magnetic field direction 
coinciding with the direction of the projection of 
the [0001] axis on the plane of rotation of the mag- 
netic field. 

For investigation of the dependence of the re- 
sistance on the magnetic field in the direction of 
the maxima of the polar diagrams, an unlimited 
increase was observed, according to a law that 
was nearly quadratic. (Fig. 2). 


FIG. 3. Polar plot 
of the resistance of 
of a Pt specimen; x 

0° 
P s00°K/ Ps, » x = 1900. 
H = 23500 oe. 
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THE ELECTRICAL RESISTANCE OF Mg AND Pt SINGLE CRYSTALS 


For specimens whose axis was parallel to the 
[0001] direction, the anisotropy of the resistance 
is practically nonexistent; in this case, the resist- 
ance increases without limit for an arbitrary di- 
rection of the magnetic direction of the magnetic 
field according to a square law. It is known that 
the other metals of hexagonal structure (Zn and Cd) 
behave in similar fashion.? 


i Bags? 
/ 
x 
/ FIG. 4. Dependence of 
the resistance on the mag- 


netic field for a Pt speci- 
men (see Fig. 3). 


44/2) 


DS 


=H? 


0 0 20 3 Hkoe 

Investigation of single crystals of Pt has shown 
that the latter also posesses a strong anisotropy of 
electrical resistance in a magnetic field. The re- 
sults of measurements for one of the Pt samples 
are shown in Figs. 3 and 4. The axis of the sample 
departs from the [001] axis by about 10°. It is 
seen from the drawings that the behavior of the re- 
sistance of Pt in a magnetic field is similar to the 
behavior of the other metals previously studied 
_ with a strong anisotropy in the resistance.!” 
Measurements carried out on some specimens 
showed that the minimum in the polar diagrams in 
the direction of a fourth order axis is observed for 
any orientation of the current relative to the axes 
of the crystal. 

Saturation and unlimited growth of resistance, 
observed for different crystalline directions, give 
grounds for assuming that magnesium and platinum 
have Fermi surfaces of the open type. 

If we attempt to represent the form of the Fermi 
surface, then, just as we noted for T1,! such a sur- 
face could be a ‘‘corrugated plane.’’ However, for 
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such a type of Fermi surface, for a specimen of Mg 
with axis parallel to the direction [0001], one 
should have expected saturation of the resistance 

in the magnetic field, and not a quadratic increase 
observed experimentally. The results we obtained 
for platinum are very similar to the results for the 
non-transition metals (for example, for Pb’). Boro- 
vik and Volotskaya, carrying out measurements on 
polycrystalline platinum,® came to very similar 
conclusions. 

At best, the experimental results for platinum 
describe a Fermi surface of the ‘‘spatial grid of 
cylinders”’ type, with cylinder directed along the 
fourfold axes order of the platinum reciprocal 
lattice. 

In conclusion, we consider it our pleasant duty 
to thank Academician P. L. Kapitza for his great 
attention to the present work. We also thank G. E. 
Karstens for help in the determination of the orien- 
tation of the specimens. 
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The range distribution of U2*? fission fragments (Sr°!-*, y??-%, zr’, Ba'4?, and Ce!4%) in 
various gases is studied. The dependence of the range dispersion on the nature of the gas is 
established. From the range dispersion the kinetic energy due exclusively to fission proc- 

esses is determined. The results are compared with available experimental data and Fong’s 


statistical theory. 
INTRODUCTION 


From the data on the distributions of the fragment 
energies and velocities, obtained with the aid of 
ionization chambers and by the time-of-flight 
method, it is only possible to determine the dis- 
persion of the total kinetic energy for a given mass 
ratio of the fragments indirectly. 

A direct determination of the kinetic energy dis- 
persion of fragments of given mass and charge in 
the fission of U?*? and U*3> was carried out by 
Good and Wollan.! From the range distribution of 
fragments which emitted delayed neutrons the au- 
thors obtained the value AE/E = 5% for 1'3" and 8% 
for Br®", In reference 2 the energy distribution of 
Zr*’ in the fission of U??> by thermal neutrons was 
obtained with the aid of a magnetic spectrometer. 
The half-width of the distribution was 11.4%. 

In connection with the fact that no exhaustive 
data on the kinetic-energy dispersion of U?*? fis- 
sion fragments is available, it is of interest to de- 
termine its value for a series of fragments of dif- 
ferent masses, 

It is known that the measurement of the disper- 
sion of fission-fragment ranges makes it possible 
to determine the kinetic-energy dispersion of the 
fragments with given M and Z. To determine the 
kinetic-energy dispersion of U?** fission fragments, 
we therefore used in this paper fission-fragment 
ranges in various gases obtained by collecting the 
fragments on thin films and subsequently analyzing 
these radiochemically. 


EXPERIMENTAL METHOD 


The apparatus (Fig. 1) consisted of an air- 
tight aluminum container, in which a holder for 
rings with collodion films and a uranium target 
were placed. The films were inserted behind 


LLL LLLTECE Uy 
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FIG. 1. Section of the 
container in which the irradia- 
tion was carried out. 1—U2%3 
target, 2—holder for rings 
with films, 3 — aluminum air- 
tight container, R, — the dis- 
tance between the target and 
the first film. 


each other within a space of 2.5 mm: the distance 
Ro between the first film and the target was 136 
mm. In all there were thirty films, each ~ 6 

pg/ em’ thick. The container was filled with var- 
ious gases: hydrogen, helium, nitrogen, air, neon, 
and argon. The gas pressure was chosen such that 
the range of the heaviest fragment group should 
retain the same value in all the gases and that it 
should be within the first ten films. U?* targets 
of 76, 110, 145, 228, 284 ug/cm? with a spot diam- 
eter of 22 mm, obtained by plating piatinum in an 
alcohol solution of uranyl nitrate, were employed 
in the experiments. The container was irradiated 
in the reactor of the U.S.S.R. Academy of Sciences 
during 1—2 hours at a constant temperature with 
a neutron flux of 10” neutrons/cm?-sec. The ac- 
tivity of each film was then measured with a tor- 
sion 8 counter. In order to get rid of the activity — 
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10 ing to a Gaussian distribution with a half-width 
equal to the experimental one are plotted in the 

8 figure. As is evident from the figure, good agree- 
> ment between the experimental and Gaussian curve 
3 a6 FIG, 2. Range distribution of is observed. Such agreement was also obtained for 
® Ba’® nuclei in hydrogen. O—ex- —_ different fragments in other gases. 
av aes ate points, @— Gaussian These results differ from those of reference 5, 
3 < isteibution. where the differential curves are steeper on the 


§44 =708 765 &i7 


Range, cm 


induced in the aluminum rings by the irradiation, 
the films were transferred into new rings. The 
two-hump curve of the activity distribution as the 
function of the film position obtained from these 
measurements made it possible to ascertain the 
reproducability of the experimental results, and to 
choose the necessary group of films for subsequent 
radiochemical analysis for this or that element. 
The chemical analysis was carried out by the 
usual methods, ? except for such simplifications as 
the preliminary separation of the fragments with 
the aid of films‘ permits. The elements Sr, Y, 

Zr, Ba, and Ce were separated, and the identifica- 
tion of the isotopes by mass number was carried 
out by measuring their half-lives. 

As a result of the radiochemical analysis of the 
films, range-distribution curves were obtained for 
the U7*8 fission fragments Sr®!~%, y!3) 79", 
Ba'*?, and Ce!** in hydrogen, helium, nitrogen, air, 
neon, and argon. From these data we determined 
the mean ranges and the range dispersion. 


EXPERIMENTAL RESULTS 


Figure 2 shows the experimental range-distri- 
bution curve of Ba‘? nuclei in hydrogen. The 
Ba!” activity of different films, reduced to the 
solid angle of the first film relative to the target, 
is plotted in relative units along the ordinate axis; 
the fragment range in centimeters for a hydrogen 
pressure of 760 mm Hg and t = 15°C is plotted on 
the abscissa. For comparison, points correspond- 


far side from the source. The authors of reference 
5 assume that the deviation of these curves from 
the Gaussian curves can be explained either by the 
nonuniform thickness of the uranium layer, or by 
the imperfect collimation of the fragments. 

The observed range spread of fragments of a 
given mass can be due to a number of reasons: 

1) the kinetic-energy fluctuation of the fragment, 
caused by the diversity of the nuclear deformation 
at the instant of fragment separation; 2) the change 
in the kinetic energy resulting from the nuclear- 
charge fluctuation during the formation of a frag- 
ment of given mass; 3) the statistical fluctuation 
of the number of collisions with electrons and 
nuclei during the slowing down of the fragments in 
the gas; 4) the change in the kinetic energy when a 
neutron is emitted by the fragment; 5) the slowing 
down in the target material; 6) the geometry of the 
apparatus. 

To determine the effect of the target, we re- 
corded the dependence of the magnitude of the 
range dispersion of Ba'*? in helium on the source 
thickness. Extrapolation of the curve to zero 
thickness made it possible to exclude the disper- 
sion ASsource due to the slowing down of the 
fragments in the uranium layer. The contribution 
of the source to the dispersion for fragments of 
different mass was determined from the relation 


[ASsource ]y = [AS coucce JpaRBa/S ys (1) 


The correction for the geometry, ASgeom: due 
to the fact that the beam is not parallel, amounted 
according to calculations to 1.3% for the group of 
light fragments, and 1.6% for the group of heavy 
fragments. The magnitudes of the range disper- 
sions with account of the effect of the source thick- 


TABLE I. The ranges and the range dispersion 
of U*83 fission fragments 


Sr 9-92 Y 92-93 Zr®? Balto Cei48 
Gi ——_—__-|—— - 

a R. cm | S, % | R,cm| S, % | &, cm| SY R,cm| Sy Wan PR cm | 33% 
Hydrogen 10.05| 7.37 |10.05| 6.66 | 9.64] 7.92 | 7.58 | 6.13 | 7,68 | 5.42 
Helium 45.75| 7.09 115,68] 6:84 | 15.64] 6.99 |44.93 | 7.03 |12.02 | 5. 86 
Nitrogen 2.581} 9.51 | 2.52] 9.44 | 2.50|10.27 — — 4.86 | 9. 26 
Air 2.541 8,04 | 2.51] 7.64 | 2.44] 8.20 | 1.85 GES Hie tt. 84 8,71 
Neon 4.80] 9.86 | 4.84] 8.69 | 4.66} 9.60 — —_— — — 
Argon 2,40 |10.59 | 2.58] 9.88 2.49} 9.38 } 1.85 44.38 | 1.84 |10,34 
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ness and corrected for the geometry, i.e., the 
values 


S = [(Sexp — AS source )” — ASgeon! 


are listed in Table I (R is the mean fragment 
range in centimeters in the investigated gas for p 
= 760 mm Hg and t= 15°C, S is the relative range 
dispersion in percents). 

The experimental range values listed in the 
table are corrected for absorption in the collodion 
films and in the target material. 

After correcting for the source thickness and 
the geometry of the apparatus, the range dispersion 
can be represented by the sum: 


ore 2 ail 2 
SPs Sfiss1 Steakinag 


(2) 
where the first term is determined only by proc- 
esses connected with the fission and does not de- 
pend on the subsequent interaction of the fragment 
with the material, while the second term is a func- 
tion of the mass and charge of the stopping gas. 
This was indeed the basis for the division of these 
quantities. 

The fragment-range spread of fragments pass- 
ing through a substance is due to the statistical 
fluctuation of the number of collisions with elec- 
trons and nuclei. The relative spread due to elec- 
tron collisions is 0.1%, which is negligibly small 
by comparison with the fraction of the spread due 
to nuclear collisions. 

The dispersion due to nuclear collisions can be 
calculated from the formula:° 


S) = const (R,/R)? M,M, /(M, + M2)’, 


where R,, is the end part of the range where 
braking is exclusively due to nuclear collisions, 

R is the total fragment range, M, and My are the 
nuclear masses of the fragment and of the stopping 
gas. The ratio R,/R was calculated after Bohr.’ 
It turned out that it is approximately equal for 
heavy and light fragments and varies within 10%, 
depending on the nature of the gas. Owing to this, 
by substituting (3) in (2), the latter can be written 
in the form 


S? = Si, + const-M,M./(M, + M.)?. (4) 
From this it is evident that S? is a linear function 
of the parameter M,M,/ (M, + M,)?. 

The dependence of S? on M,M,/ (M,+ Mp ie 
was plotted from the experimental data for all in- 
vestigated fragments. As an example, Fig. 3 
shows the results for Sr°!~* and Ba‘*°. The inter- 
section of the straight lines with the ordinate axis 
determines the value of Sree for each fragment. 


PETRZHAK, PETROV, 
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FIG. 3. The graph P 
of the S*[M,M,/(M, + M,)7] 
function for Sr°*-*? and 
Ba?*°, 


According to Bohr,°® the fragment range varies 
as VE. The range dispersion is, therefore, con- 
nected with the dispersion of the kinetic energy by 
the relation 

2ZAR/R = AE/E. 


Consequently, in Fig. 3 the intercepts with the 
ordinate axis characterize the kinetic-energy dis- 
persion of fragments with a given mass. 

To obtain the dispersion of the kinetic energy 
connected with the diversity of the deformations at 
the instant of fragment separation, it is necessary 
to exclude the dispersion caused by the recoil dur- 
ing the emission of a prompt neutron, and the fluc- 
tuation of the kinetic energy of the fragments due 
to the charge distribution during the fission into 
fragments of a given mass. 

Assuming that the neutrons are emitted by the 
moving fragment isotropically in the c.m.s., we 
obtain a value of 3% for (AE/E),, for the groups 
of heavy and light fragments. Account of the charge 
distribution during the formation of fragments of a 
given mass add to the dispersion a contribution 
(AE/E )z amounting to between 1 and 2% for all 
fragments. The final values of (AE/E )o» listed in 
Table IJ, are found from the relation 


[AE/E]? = [AE/E]§ + (AE/E\, + [AE/E]z. 


From the equality of the fragment momenta at 
the instant of fission, it is possible to assume that 
the kinetic energy of the complementary fragment 
and the total kinetic energy of the two fragments 
will have the same relative dispersion, i.e. 


[AE/E], = (AE/Eln= (AE/Ele 


for a given M),/M] ratio. 

In Fig. 4 the dependence of AEt (Mh/MI1 ) has | 
been plotted from the data of Table I; the values of 
the total kinetic energy were taken from the work of 
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TABLE I. Dispersion of the kinetic energy 
of U?* fission fragments 


Fragment | Srei— 92 | Ye2—03 Zr*? | Bao | Cels3 
AE/E, % 12.9 | 12.4 13,2 | (aceite 2 
TAE/E]o, % 123 11,8 28 | 412 | 87 
AEt , Mev 19.7 | 19.0 26.3° | 47;7 13,6 
Mn/M1 1.54 1.48 1.37 4.55 1.64 


Fraser and Milton.® For comparison, we have 


given the dependence of the total kinetic-energy 
dispersion of the two particles on the mode of fis- 
sion, obtained from the topological plots of that 
work. We note that these topological plots do not 
take into account the recoil due to prompt-neutron 
emission. 


i] 13 5 17 


FIG. 4. The dependence of the total kinetic energy and of 
the dispersion of the kinetic energy on the mode of fission: 
1—total kinetic energy, 2—dispersion of the total kinetic 
energy, calculated according to the contour diagrams of Fraser 
and Milton,® 3—dispersion of the total kinetic energy accord- 
ing to the data of this paper. 


DISCUSSION OF RESULTS 


The precision of the range determination is 2%. 
The main part of this error is connected with the 
unequal thickness of the collodion films. The film 
thickness was determined by allowing a collodion 
drop of constant weight to spread over a surface of 
known area. Thus the equal thickness of the films 
depended on the uniform spreading out of the collo- 
dion and on the constancy of the weight of the drop. 

The indeterminacy in fixing the end of the range, 
due to the sagging of the films during irradiation, 
was 0.5%. The fragment range was determined 
from a curve plotted on the average with ten points, 
each of which was the result of a separate radio- 
chemical analysis. In this connection, the contri- 
bution of the radiochemical-analysis error to the 
precision estimates of the range determination did 
not exceed 0.5%. The small temperature variations 
during the irradiation did not affect the value of the 
mean range but caused an increase in the disper- 
sion of the ranges. 


The error in the determination of the range dis- 
persion with account of all the enumerated factors 
amounted to 10%. 

The values of the kinetic-energy dispersion ob- 
tained in the present paper are in good agreement 
with the data of reference 2 and with the results 
obtained from the contour diagrams of reference 
8. As is evident from Fig. 4, the calculated de- 
pendence of the total kinetic-energy dispersion on 
the mode of fission has a maximum for My yh M7 
= 1.3, that is in the region of the twice closed shell 
with Z = 50 and N = 82 for the heavy fragment. 
The obtained results do not confirm Fong’s theory, 
according to which the dispersion of the total ki- 
netic energy has a maximum for the most probable 
mode of fission, and is about 10 Mev. 

In conclusion, the authors express their grati- 
tude to E. B. Nikol’skaya for her help in carrying 
out the radiochamical analysis. 
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THE DENSITY OF LIQUID OXYGEN ON THE SATURATION CURVE 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1729-1732 (June, 1960) 


The results of density measurements of liquid oxygen on the saturation curve are presented and 


compared with data in the literature. 


sis density of liquid oxygen on the saturation 
curve at different temperatures has been insuf- 
ficiently studied. In the existing literature!” ° 
the maximum discrepancies among the values of 
density amount to 5% (at —210°C). The discrep- 
ancy between the results of the most reliable 
studies®’® is 1.2%. 

We have studied the temperature and pressure 
dependence of the density of liquid oxygen along 
the isochores, in a constant-volume piezometer. 
What one obtains directly from an experiment 
are quasi-isochores, because of the presence of 
the stray volume involved in the communication 
system. A correction for the stray volume was ap- 
plied by the ‘‘sealed capillary’? method!’ and did 
not exceed 0.2%. 

When changing from one isochore to another, 
some oxygen was liberated from the piezometer. 
The quantity of oxygen liberated was measured 
(in the gaseous state) in a dry gasometer. The 
saturation curve was determined in p — t coordi- 
nates from the kink in the quasi-isochores. (The 
pressure p is given below in kg/ cm? throughout, 
and the temperature t in degrees C.) 

The density on an isochore was calculated from 
the formula p = Gj/Vp, where Gj is the quantity 
of oxygen in the piezometer, determined by in- 
verse Summation of the amounts liberated, cor- 
rected for the stray volume of the piezometer, 
and Vp is the piezometer volume. 

The heavy-walled piezometer and gasometer 
(Fig, 1) were placed in a cryostat and a thermo- 
static bath,respectively. The basic elements of 
the apparatus were made of stainless steel. The 
piezometer volume (in cm?) was determined from 
the formula 


(1) 


V p= Voll + Sat 8 (p— A), 


where Vy = 541.65 em® and B= 7.29:x:107° em?/kg. 
The mean coefficient of linear expansion 0; for the 


material of the piezometer, which we obtained ex- 
perimentally over the temperature interval t = 0° 
to —200°C, is given by the formula 


(2) 


10°. 30, = 51,03 +.0.66 (in) 3.18 (7%) - 


The coefficient of isothermal compressibility B in 
(1) was obtained numerically from the geometric 
dimensions of the piezometer, using the theory of 
thick-walled shells.? 

The oxygen pressure in the piezometer was 
measured witha piston manometer. The gasometer 
pressure was measured with a precision open mer- 


cury manometer with a mirror indicator. The tem- | 


perature of the oxygen in the cryostat and thermo- 


static bath were measured with standard resistance | 


thermometers made of spectrally pure platinum. 
Liquid nitrogen and Freon-12 were used in turn as 
thermostatic liquids in the cryostat. The tempera- 
ture field within the cryostat was monitored with 
copper-constantan thermocouples — three in the 
upper portion and a movable one inside the volume. 


A total of 184 experimental points were obtained, | 


spaced uniformly on 10 quasi-isochores and the 
saturation curve, and 57 liberations of oxygen were 
made into the gasometer. 

The density of the gaseous oxygen within the 
gasometer, at room temperature and a pressure 
not exceeding 3.5 kg/ em’, was determined from 
Meyer’s tables.® In this region of the parameters 
of state, oxygen differs little from a perfect gas 


ia? © P, kg/cm? e, g/cms 
—194.03 0.27 14,1879 
—153.50 40,20 0,97412 
—151°73 11,28 0,9589 
—147,03 14.66 0.9272 
— 141,50 19,44 0.8847 
—132,04 29,44 0.7972 
—129.48 33,34 0, 7673 
—125.24 39.72 0.7086 
—121.06 46.72 0.6227 
—119.70 49,14 0.5795 


ee a 
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) 


| 
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FIG. 1. Diagram of experimental arrangement. 1 —piezometer with attached capillary; 2—stirrer with cooling element and 
heater; 3—open mercury manometer with flexible tube; 4— glass Dewar vessel; 5—oxygen cylinder; 6—thermomultiplier; 7— 
thermostat; 8— gasometer; 9—standard platinum resistance thermometer; 10—nitrogen cylinder; 11— metal Dewar flask con- 
taining liquid nitrogen; 12—cylinder of Freon-12; 13 —intermediate volume; 14—open mercury manometer; 15 —nitrogen-Freon 
heat exchanger; 16~reducing valve; 17 —standard platinum resistance thermometer; I—left leg of differential mercury manom- 
eter, with small magnet; II— measuring scale of differential manometer; II] — measuring follower-indicator; IV—right leg of dif- 
ferential mercury manometer, with large magnet; V— standard Bourdon spring manometer; VI— piston manometer; VII— oil-water 
separator; VIII — weights for the piston manometer; IX — technical Bourdon spring manometer; X — oil screw-press; Bl—main 
throttle valve; B2—safety shut-off valve for gasometer; B3— oxygen filling valve; B4—thermo-multiplier valve; B5 — valve from 
gasometer to vacuum pump; B6 — oxygen vent to atmosphere; B7— Freon supply valve; B8—heat exchanger valve; B9 — pressure 
relief valve; B10 —cooling element valve; BI—oil supply valve; BII—piezometer system valve; BIII— piston manometer valve; 
BIV — oil press valve; v —locations of sealed-in thermocouples. 


and has been quite well studied experimentally. of the inaccuracies of the experiment showed that 
The error in the determination of its density is the maximum relative error of our measurements 
therefore negligibly small. amounts to +0.15%. 

Of the experimental values of oxygen density Figure 2 gives a comparison of our data with 
which we obtained, the ones which refer to the the results of other workers. Of all these, the val- 


saturation line are given in the table. An analysis ues obtained by Biltz et al.® by the pycnometer 


42% 
Uf 
o e Our data 
-2 | ©Data of Ref.6, 
4 Data of Ref.5|9 
FIG. 2. Discrepancies between experimental data of 


various authors and the results of the present work: 
O—first series of experiments; e—second series of ex- 
periments. 


®@ Data of Ref.2 
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0 Data of Ref.4 


-180 “N30 140 -150 -160 -I70 -I60 -190 ~20n Ae 


1250 D. LA TIMROD andy ser BORISOGLEBSKII 


method agree the best with our data. The discrep- 
ancy in this case does not exceed 0.25%. The re- 
sults of Mathias and Kamerlingh-Onnes are some- 
times lower and sometimes higher than our density 
values. The greatest discrepancy occurs at low 
pressures and at pressures ~30 kg/cm’, amount- 
ing to 1.7% at t ~ -200°C. The discrepancies with 
the data of other investigators! 4 appear to be 

quite chaotic over the entire extent of the satura- 
tion curve, and vary between +2 and —3%. 


3; Dewar, Proc. Roy. Soc. 73, 251 (1904). 

2&.C.C. Baly and F. G. Donnan, J. Chem. Soc. 
81, 911 (1902). 

3. E. Germann, Physik. Z. 14, 857 (1913). 

4 J. Inglis and J. Coates, J. Chem. Soc. 89, 886 
(1906). 


5&. Mathias and H. Kamerlingh-Onnes, Comm. 
Phys. Lab. Leiden 117 (1911). 

6 Biltz, Fischer, and Wiimnenberg, Z. anorg. 
allg. Chem. 193, 351 (1930). 

Tp. L. Timrot, Mss. Bcec. rennoTexH. MH-Ta, 
(News, All-Union Heat-Eng. Inst.) No. 1 (1949). 

8C. H. Meyers, J. Res. N.B.S. 40, 457 (1948). 

9 Ponomarev, Biderman, Likharev, Makushin, 
Malinin, and Fedos’ev, OcnoBbl COBpeMeHHbIX 
MeTOJOB pacueTa Ha mpouHocTh, (Fundamentals of 
Modern Methods of Stress Analysis) Mashgiz, M. 
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Neutron spectra from the reactions H(d, n) 2p with Eg = 18.6 Mev and D(p, n) 2p with Ey 
= 8.6 Mev have been measured at an angle of 0° by the time-of-flight method. The spectrum 
shapes can be satisfactorily explained by pair interaction between the nucleons in the final 


state. 


In fast-deuteron collisions with light nuclei there 
is a large probability for the breakup of the deu- 
terons with emission of nucleons which have a con- 
tinuous spectrum.!’ The spectra have a complex 
shape which depends considerably on the form of 
the target nucleus. This indicates the large role 
played by the interaction of the reaction products 
in their final state. A simpler case isthe breakup 
of a deuteron by a proton. In this reaction only 
free nucleons are produced, whose pair interaction 
can be taken into account on the basis of data on 
nucleon-nucleon scattering. 

In this paper the neutron spectra from the reac- 
tions H(d, n)2p with 18.6-Mev deuterons and 
D(p, n) 2p with 8.6-Mev protons are investigated 
by the time-of-flight method (the total c.m.s. 
energy of the three nucleons is 4 and 3.5 Mev, re- 
spectively), and it is shown that the spectrum shape 
is basically determined by the pair interaction of 
the nucleons in the singlet S state, produced in the 
reaction. 

The first results of the study of neutron spectra 
from the D(p, n) 2p reaction, obtained in our lab- 
oratory, were reported at the Paris Conference in 
the summer of 1958. Analogous results for this 
reaction were obtained by other authors.3~> 


MEASUREMENT METHOD 


The work was carried out on the 1.5-m cyclo- 
tron of the Atomic Energy Institute of the U.S.S.R. 
Academy of Sciences. Gas targets 3.5 cm thick 
with a window of thin nickel or platinum foil were 
filled with hydrogen up to a pressure of 5 atm, and 
with deuterium up to a pressure of 2 atm. The bot- 
tom of the target was made of lead. The neutron 
spectra were measured at 0° to the cyclotron 
beam. The neutrons were registered by a scintil- 
lation counter with a stilbene crystal (3 cm in di- 
ameter and 2 cm high) for flight distances up to 
3 m, and with a tolane crystal (8 cm in diameter 


and 3 cm high) for larger distances. The counter 
was connected to the circuit of a multi-channel 
neutron time-of-flight spectrometer.°” 

The spectrometer operates by utilizing the nat- 
ural modulation of the cyclotron beam. The time 
analyzer operates on the ‘‘vernier’’ principle. The 
time resolution of the spectrometer is 2.5 myusec. 
The channel width of the time analyzer is about 0.8 
mpsec. The recording system has 256 channels 
with a capacity of 2'* pulses per channel, and a 
digital printing device for data extraction. 

The time distribution of the scintillation- 
counter pulses is measured within an interval 
equal to two cyclotron periods. The presence of 
two analogous peaks (two y-ray peaks, for in- 
stance ) in this spectrum makes it possible to mon- 
itor the time scale. 

As an illustration of the experimental conditions, 
Fig. 1 shows the time-of-flight distribution of neu- 
trons emitted at 0° in bombarding hydrogen with 
deuterons. The measurements were conducted in 
turn in a gas-filled and in an empty target. The 
figure shows the difference between the results of 
these measurements (filled circles) and the back- 
ground from the empty target. For the case of 
bombarding deuterium with protons the background 
was considerably smaller. 


MEASUREMENT RESULTS 


Figures 2 and 3 show the obtained energy spec- 
tra of the neutrons. The apparatus ‘‘width’’ (de- 
fined as the y-peak width at half the height) corre- 
sponds to three intervals between the points. The 
statistical precision of the measurements is fully 
characterized by the observed spread of the points. 

The cross section for neutron production (the 
area under the experimental points) at an angle of 
0° is (150 + 15) mb/sr for the H(d, n) 2p, and 
(47 +5) mb/sr for the d(p, n) 2p reaction. 

In the center-of-mass system of the three nu- 
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FIG. 2. The spectrum of neutrons produced at 0° by bom- 
barding hydrogen with 18.6-Mev deuterons. The filled circles 
correspond to a flight distance of 7 m, and the open ones to a 
flight distance of 1.58 m. 
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3. The spectrum of neutrons produced at 0° by bom- 
deuterium with 8.6-Mev protons. The filled circles 


correspond to a flight distance of 5.15 m, and the open ones 
to a flight distance of 1.58 m. 


cleons, the cross sections for neutron production 
are (20+2) mb/sr, and (11 +1) mb/sr at 0° 
and 180° to the incident deuterons, respectively. 


y peak 
of FIG. 1. Time-of-flight distribution of neu- | 
trons from the H(d,n)2p reaction at 0° to the 
. directions of 18.6-Mev deuterons. The dis- 
"80 tance between the target and the counter was || 
ri 2.8 m. The channel width of the time asalyal 


was 0.836 myusec. The counter threshold was 
3.2 Mev. 


DISCUSSION OF RESULTS 


Figures 4 and 5 show the obtained neutron spec~_ 
tra in the c.m.s. In the spectrum observed at 0° te 
the direction of the incident deuterons only the 
maximum at the upper bound is distinct; this maxi- 
mum corresponds to the production of two protons 
with a small relative velocity. In the spectrum ob- 
served at 180°, in addition to the peak at the bound, 
there is also a maximum for a neutron energy of 
0.6 Mev, which by its position corresponds to a 
velocity of the neutron relative to one of the proton 
in its final state. 

Thus, it is evident from the obtained spectra 
that as a result of the d+ p— 2p +n reaction theres 
is a large probability for the production of nucleon 
pairs with a small energy of relative motion; this 
can be explained by their attractive interaction in 
the final state. 

In reference 8 it was shown that in the collision 
of a fast deuteron with a nucleon the probability of 
obtaining in the final state two nucleons with a 
small relative momentum P, within an interval 
dP, is proportional to |y(r) /’dP, where g(r) is 
the wave function of the relative motion of two nu- 
cleons in the S state (outside the range of nuclear | 
forces) known from the data on nucleon-nucleon | 
scattering. If we consider only a small range of 
relative-energy values of the two nucleons (E 
<« Eo, where Ej is the total energy of the three 
nucleons produced in the reaction) then we can 
neglect the dependence of the remaining factors 
which determine this probability on the relative 
nucleon energy. Watson? obtained an analogous 
result. 

The relative-energy distribution of a proton 
and a neutron is given by the expression 


ds = const-V EdE/(E +s), 
where € = 2.23 for the triplet, and € = 0.07 Mev © 


NEUTRON SPECTRA FROM THE d+p REACTION 
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FIG. 4, Neutron spectrum from the d+ p-+ 2p+n reaction 
in the c.m.s., observed at an angle of 0° to the direction of 
the deuterons (E, = 4.0 Mev). 
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FIG. 5. Neutron spectrum from the d+ p> 2p+n reaction 
in the c.m.s., observed at 180° to the direction of the deuter- 
ons (E, = 3.5 Mev). 


for the singlet state. The distribution has a maxi- 
mum when E is on the order of €. For our ener- 
gies (E,) = 4 and 3.5 Mev) the condition E « Eg 
is satisfactorily fulfilled for the singlet state in 
the region of the maximum. 

The neutron-spectrum curve for €'= 0.07 Mev 
thus obtained is plotted in Fig. 5 in the neutron- 
energy region of about 0.6 Mev. The apparent 
larger width of the maximum in the c.m.s. of the 
three nucleons is due to the superposition of the 
c.m.s. velocities of the two nucleons on their rela- 
tive velocity. The theoretical curve is in excellent 
agreement with the experimental points. Curves 
with € from 0.03 to 0.15 Mev fit within the experi- 
mental errors. The proton-neutron interaction in 
the triplet state (€ = 2.23 Mev) would have yielded 
a considerably broader maximum. 

In the case of two protons with small relative 
energies only the interaction in the singlet S state 
need be taken into account. The relative-energy 
distribution has in this case a more complicated 
form® on account of the Coulomb interaction. The 
theoretical neutron spectra corresponding to the 
interaction of protons in the final state are shown 
in Figs. 4 and 5 (near the upper bound of the 
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Spectra). They are in qualitative agreement with 
the experimental curves but have a somewhat 
larger ‘‘width’’ of the maximum (especially for 
§n,d = 180° where the precision of the measure- 
ments is higher and Ey) is smaller). No better 
agreement is to be expected, apparently, for the 
Coulomb repulsion makes the width of the two- 
proton relative-energy distribution considerably 
larger than for a neutron and proton in the singlet 
state, and the condition that the relative energy be 
small in the region of the maximum is fulfilled to 
a considerably lesser extent. 

Komarov and Popova’? carried out a detailed 
neutron-spectrum calculation for the d+ p 
— 2p + n interaction with account of nucleon pair 
interaction on the basis of data on nucleon-nucleon 
scattering. The Born approximation was employed 
to account for the interaction of the pair with a 
third nucleon. The obtained curves are in good 
agreement with the experimental results in the en- 
tire neutron-energy region. The calculations also 
explain the variation of the relative height of the 
maxima with angle. The calculated ratio of the 
cross section for neutron production at 0° and 180° 
is in good agreement with the experimental value. 

The authors are grateful to the staff of the Cy- 
clotron Laboratory of the Atomic Energy Institute 
of the U.S.S.R. Academy of Sciences who assisted 
in the work, and also to A. M. Popova who took 
part in discussing the results. 
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An analysis is made of the Cerenkov radiation of electric dipoles and magnetic dipoles in an 
isotropic non-gyrotropic medium with spatial dispersion. The Cerenkov radiation of a cur- 


rent loop in such a medium is also considered. 


‘Tae Cerenkov radiation of a charged particle ina 
medium with spatial dispersion has been consid- 
ered by a number of authors.' In the present 
paper we consider the Cerenkov energy losses of 
particle bunches for particles with dipole moments 
(electric and magnetic) in an isotropic non-gyro- 
tropic medium with spatial dispersion. It is as- 
sumed that the bunch radiates as a point particle 
with dipole moment corresponding to the entire 
bunch. We also consider the Cerenkov radiation of 
a closed current ring in a medium of this kind. 
These analyses are desirable for investigating the 
possibility of excitation of new kinds of waves 
(which arise when spatial dispersion is considered ) 
by means of the Cerenkov effect.! 

1. In frequency regions which lie close to one of 
the natural resonant frequencies of the medium, we 
can use the well-known reciprocal dispersion ex- 
pansion* 


E =(1/s,-+8n?)D. (1) 


Then, the Cerenkov radiation loss for an electric 
dipole with arbitrary orientation is given by 


dt =e Diet SG — II 


sat pals 
(2) 


nie= —1/e8+V (1/28)? + 1/8. 


Cerenkov radiation is excited at a frequency w 


only when 
v > c/n; (o) (4) 


and is distributed over two cones which are defined 
by the condition 
(5) 


(3; is the angle between the direction of motion of 
the dipolet and the radiation direction). 


cos 9; = c/ tn; () 


*In the present paper we use the notation of references 1 
and 3. 
+The direction of motion is taken along the z axis. 
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| 
| 
| 
Ginzburg has shown! that when 6 > 0 one of the | 
roots of Eq. (3) is always smaller than unity and 
the radiation condition (4) is not satisfied for it. 
In this case the Cerenkov radiation is distributed 
over the surface of one (ordinary) cone. When 
B < 0 the radiation condition (4) is satisfied for 
both roots and the radiation is distributed over the | 
surfaces of two cones. 
It is of interest to consider the intensity distri-_ 
bution of the Cerenkov radiation over these cones. 
Let I, be the intensity of the radiation for the | 
‘‘ordinary’’ cone and I, the intensity for the ‘‘new’’ 
cone; then we have 
Ig (Le /v®nd) (pF + Map? (v2ngic? — 1)} 14 + Bat | 


hh (1 — cP/o?ni) (pz + Map, (v?ny/o? — 1)} | 4 + Br | 


(6) | 


When ¢€2|8| <« 1 and n} > nj, for a dipole which is | 
oriented along the direction of motion we find 
I,/1,; « 1, that is, the Cerenkov radiation is almost | 
completely concentrated in the ‘‘ordinary’’ cone. 
For a dipole which is perpendicular to the direc- 
tion of motion we have I,/I, ~ 1. 

2. In considering the Cerenkov radiation of mag-: 
netic dipoles we will distinguish between current 
dipoles and ‘‘true’’ dipoles;* ‘*‘true’’? magnetic di- 
poles are dipoles formed from magnetic poles. 

For the frequency region in which the expansion 
in (1) applies, we have for a current magnetic | 


dipoles 
w8dw 1.2 4 c2 | 
= 2 | y2 pee EE ER —— 
Oa an [( nz } 2 (! vn? | 


i of 


v2 Cone ‘* | 
(np ) | TOR Tee neal aoe 
while for a true magnetic dipole 
w?do ee 
se c’u ( a on? 
ue v2 P 
x ne [ue (nt —1)] | +p. (8) 
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CERENKOV RADIATION 


The intensity distribution of the Cerenkov radiation 
over the cones is different for the current and true 
dipoles. If €§|8|« 1 we have I,/I, ~ 1 for any 
orientation of a current dipole. For true magnetic 
dipoles if; ~ 1 for a moment oriented along the 
direction of motion and I,/I, > 1 for a moment 
oriented perpendicularly to the direction of motion. 
This difference in the radiation distribution over 
the cones for current and true magnetic dipoles is 
due to the fact that moving true dipoles are not 
equivalent to moving current magnetic moments if 
eh ast 

We now give the expression for the Cerenkov 
radiation loss of a current loop which moves 
through a medium of this kind where it is assumed 
that the plane of the current loop is perpendicular 
to the direction of motion. If (1) applies we have 


8x2a2J?> wd no er S 
Ce [a ; / lens J 1 088, 
L L (9) 

where a is the radius of the loop, Ip is the cur- 

rent strength in the loop, and I, is a Bessel func- 
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tion. It is apparent that for a point current loop 
(a— 0) Eq. (9) becomes the formula for the 
Cerenkov radiation of a magnetic dipole. 

In frequency regions of the Cerenkov radiation 
which are remote from resonance frequencies of 
the medium it is not necessary to take spatial dis- 


- persion into account. 


The authors are indebted to N. M. Polievktova- 
Nikoladze for her interest in this work. 
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RECURRENT CONSTRUCTION OF ANGULAR OPERATORS 
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The purpose of the authors was to give a practical recursion method for constructing the an- 
gular operators characterizing the angular and spin dependence of the S matrix. Only differ - 
ential operations are used in the method, and the use of Racah transformations and calculations 
with Clebsch-Gordan coefficients can be avoided. Using this method, the angular operators for 
a given process can be found if the angular operators for a simpler process are known. In the 
present paper we solve the problem of how the system of angular operators changes when one 


initial and one final scalar particle are replaced by particles with spin Yi 


and example are given. 
INTRODUCTION 


Tee purpose of S-matrix theory is to obtain the 
cross sections for elementary processes as a func- 
tion of the energies, charges, angles and spins in 
the reaction. This can be done either directly, by 
starting from some theory (perturbation theory, 
Tamm-Dancoff method, Chew-Low theory, or the 
theory of dispersion relations ), or phenomenolog- 
ically, by using some semiempirical postulates 
concerning the dynamical character of the process, 
such as, for example, the assumption of the exist- 
ence of resonant (isobar) states. 

However, in both cases, irrespective of the par- 
ticular dynamical features of the process, it is ad- 
vantageous to expand the S matrix in series in the 
eigenfunctions of the angular momentum and iso- 
topic spin operators for the initial and final states 
of the process. The form of this expansion can be 
found using only general conservation laws which 
follow from the symmetry of the process with re- 
spect to well-known transformation groups. 

Using this expansion, one can extract the angu- 
lar, spin and isotopic spin dependence by substi- 
tuting the expressions in the dynamical equations. 
In general this gives a system of equations for the 
expansion coefficients which depend only on the 
energy. In the case of phenomenological theories, 
one can write the amplitude for the resonant state 
as a function of the angle and isotopic spin vari- 
ables. Finally, the expansion in such an orthonor- 
mal set can be used for the phase analysis of ex- 
perimental data. 
~ *Associate of the Physics Institute of the Czechoslovak 
Academy of Sciences, Prague. 


tAssociate of the Institute for Atomic Physics, Bucharest, 
Rumania. 


Practical formulas 


The S matrix for any reaction can be written 
in the form 


S= Ja(JM (f); PM? (a) | JM (f)> <M? (i) |, 


where |J°9M%(i)> and |JM(f)> are the state 
vectors of the initial and final states; |a|? is the 
intensity of the corresponding transition; J°, M® and 
J, M are the quantum numbers of the total angu- 
lar momentum and its z component in the initial 
and final states, respectively; (i) and (f) are 
quantum numbers which, together with J°, M?, 

or J, M, respectively, form a complete set for the 
initial and final state; the summation is extended 
over all quantum numbers. We shall be interested 
only in the angular parts of (i) and (f) and will 
not write the other indices explicitly, so that the 
dependence on other variables, such as the energy, 
isotopic spin, parity, etc. must be included in the 
coefficients a. The invariance of the S matrix 
under space transformations requires, in addition 
to conservation of total angular momentum J = J°, 
M = MY, that the coefficients a be independent 

of M. Thus, 


S= >) a(energies, ... J(f)(i))y (angles and spins, 
JAM) 
J(()), (1) 


where the “angular operators” y are defined by 
di 


gV(p@)= > 


M=—J 


| JM (f)> <JM (i) | (2) 
and are normalized to 2J +1 (cf. references 1 
and 2). 

The angular operators are completely defined 
by (2) and can, in principle, be found for any proc- 
ess. However, practical computations are simple 
for processes of the type a+b—a’ +b’ 
erence 1). Each new particle seriously compli- 
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1960 


4, 


(cf. ref-_ 
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cates the computations, introducing one or two 
summations over Clebsch-Gordan coefficients, 
and thus, with increasing number of particles, the 
number of terms to be summed increases very 
rapidly. 

Our purpose is to give a recursion method for 
constructing the angular operators for reactions 
involving many particles, which enables one to ex- 
press them in terms of the angular operators de- 
scribing simpler reactions. (Unlike the method 
of Biedenharn, Blatt and Rose,® our method avoids 
the complicated summations associated with re- 
peated Racah transformations.) This method is 
especially simple for practical computations, since 
it uses only differential operations (cf. also ref- 
erence 4). 

In the present paper we shall consider the 
method for constructing the angular operators 
for reactions of the type f+a—f’+aj+... 
+ ay, where f and f’ are fermions and a, at 
are any particles, from the angular operators 
of the reaction 


Sth a a a al 


where s, s’ are bosons with spin 0. In other 
words, we shall find the operator =, which trans- 


forms #(s+a—s’+aj,+...+ a7) into F(f+a 


=f aye it an): 
BINS aS Oe oa) 
=¥(fta-f'+a+...+¢'). (3) 


In later papers we shall develop the method for 
constructing the operator & defined by the rela- 
tion 
OF (a, a,—>a, +... «+'a,) 


= # (a, +a,->0,+...+4,+5,.,); (3’) 


and the operator =’ which enables one to obtain 
the angular operators for the reaction f, + f, 
—aj+...+ah or aytag—~fy+ f+... ap 
from the angular operators of the reactions s; 
+So—ajt...+ ap or ay+ ag —~S{+ Sit... an. 
In addition to =, Q and 4%’, the operators Qy, 
which transform a particle with spin 0 into a par- 


ticle with spin 1, are of great practical importance: 


QyF (a, + ag 8’ 4 a, + vse G@,) 
= ¥ (a, +a,—>0' +4,+...+4a)). 


It is known (cf. for example, references 1, 2, and 


4) that the operators Qy have the following form: 


l 1 0 PER 2s 
V wart renee aes * 50 | 


ere 1 roy (4) 
—V wei9+ VapHerH 720" 
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where Q is the momentum vector of the particle 
and q=Q/Q. 

Knowing the explicit form of the operators 3%, 
Q, =’ and Qy, and applying them the necessary 
number of times (and in definite succession) to 
the complete set of the simplest angular operators 


Lye , , 21 4 

F (8, + S,—>S,-+ 8,) = ait P;(cos 9) 
[where Pj(cos 3) is the Legendre polynomial of 
degree 1], one can obtain the angular operators 
for a reaction with an arbitrary number of par- 
ticles having any spin values. 


1, NOTATION 


Our problem is to find the operator =, which, 
according to (3), adds a spin Wb to the initial and 
final states. Let us use £ and # to denote the 
angular operators before and after this introduc- 
tion. We call the corresponding processes the 
£ process andthe ¥ process. For example, if 
1, + T, > 1, + 74 is an L& process, then the # 
process will be 1+ N—7’ +N’. On the other 
hand, if 7+N—7’+N’ isthe £& process, the 
¥ process will be Ny + Ny — Nj + Nj. 

Let us assume that the final state of the £ 
process is characterized by a set of quantum 
numbers J, (f) for the angular momenta. Then 
among the quantum numbers describing the final 
state of the ¥ process there will appear an addi- 
tional quantum number ie corresponding to the 
spin, which must be combined with the angular 
momenta in the set J, (f). This latter angular 
momentum may be an orbital angular momentum, 
or a spin, or, finally, a sum of several orbital 
angular momenta and several spins. In the follow- 
ing we shall denote it, irrespective of its nature, 
by the symbol 1,; we denote the total angular mo- 
mentum 1,+ %o by jj. By 1, we denote, again 
independent of its nature, the angular momentum 
which is added to 1;. We denote the sum J, + 1, 
by 1,,, and the corresponding quantum number 
by Uj.. Similarly, 1j3 =Uy.+ 13 and Uy 444 = Ui 
+1;,,. After combining the angular momenta 
%o and 1,, the values of the angular momenta 


lios Uy3,---lin, unlike 1,, l,,...t), are no longer 
good quantum numbers. In place of ly), 143,..- Jin, 
there appear numbers jj, ji3,---jin. Correspond- 


ing to the angular momenta 
jig = hig eS, wes ju =lIu+ 4/29, .--, 
jan = lin ae 1s SG. 


Thus the final state of the £ process will be char- 
acterized by the set of quantum numbers 1];, l,, 
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weely, Lyg,.--ljn (together with numbers charac- 
terizing the angular momenta which make up Jj, 
...ly), and the final state of the ¥ process by 
thecaétad.s Uienlit ehsclipliven - Jine (Aeaisor 
course, together with numbers characterizing the 
angular momenta which make up 1,,...ly)). The 
angular momenta of the initial states of the £& 
process and % process will be denoted by the 
same symbols with an additional null superscript 
(for example, ae bs etc), 


2. PROJECTION OPERATORS 


Our problem is to find the complete set of op- 
erators # if we know the complete set of opera- 
tors £. The operators # differ from £ in having 
one additional spinor in both the initial and final 
state. Consequently, if we multiply any Z by the 
direct product of two spinors, we obtain a quantity 
which can be expanded in the complete set *;: 


£ (os) = eke, | (5) 
where the index k’ denotes a complete set of an- 
gular momentum quantum numbers.* The unit 
matrix was chosen because it is a scalar combina- 
tion of the new spinors; then the c,, are also 
scalars. 

In the relation (5), ¥¢ is assumed to be known 
and ¥ unknown. If we now find a projection opera- 
tor P,, which, acting on 2c, H#., leaves only 
the term c;,,#, and annihilates all the others, we 
will be able to use (5) for finding any 4, for which 
Ck = 0. Let us write P, as a product of the fol- 
lowing projection operators: 
and Pio wre Bek 


-O° 
m /1 


Peele PePi Pyaar 


Ji2 + Pio ’ 
1m 


lim 
where the first acts from the lefton £ or # 
(final state operators), while the second operates 


from the right (initial state operators). Then* 


0 0 : A) 
Ch, oa jam ty. SM |e ae ee Pim (0 1) P,0P 0, re ye 
(6) 
Here we have used the relation 
Pye 2 
il, oD tae ole Lees Loon eee (7) 


The operators P have the following property: 


fine hy = PuPins if ADi. 

*The proof of relation (5) is given in reference 5. 

tThe method given in Sec. 2 and 3 can be used to calculate 
only those # operators for which there exist & operators char- 
acterized by the same values of /,.../,, 1°, ... Im. AS we 
shall see later, there are comparatively few ¥ operators for 
which this condition is not fulfilled. These cases are treated 
in Sec, 4. 


J.APISC HE Rand) SeociIu anil 


*The operators R* were used by Lepore’ in studying the 


h 


In fact, since jyp=4yit Qo 
k=i+1 


I+ *o, 


[fe diel = (hes fel = 2 1 ba (9) | 
: . 
where the indices r, s, and t label the Cartesian 
components of the vectors, and e®St is the com- 
pletely antisymmetric unit tensor. Because of (9), if 
I?; and j?, commute (cf. reference 6, Chap. III) 
(i.e., they can be brought simultaneously to diag- 
onal form), from which (8) follows directly. 
Using (8), we can write the right side of (6) in | 
the form | 


A at 


Py, Biber. fin eis. LORS. 


1m ‘im 


Here we have also made use of (7). Now we prove 


the relation* 
Pj Pry; ae Rae 


Mi hu = hy a "le, (11) |! 
Riz, = (2b + 1)" (ie + 4/2 + lu). (2)am 
In fact, Pie can be expressed as a sum of two 


terms 


Pr Pu ppl upae f yah ige (11’) °& 
The operator o-1,; = j?} — i - re acting on the | 
first term on the right, gives jxj (j4; + 1) 
— 14; (4i+1)-%4=1,3, and on the second term 
gives —(l,;+1). Therefore applying (11’) on the 
left to Rjyi or Rj, i> we get (11) with the upper 
and lower signs, respectively. By using (11), the 
operator #” can be represented in the formt 
F=OR,-. Ry (5 4)Ro --- Rio. (13) 

if c #0. 

We emphasize that the operators Rj rai, R; \n 
do not commute with one another, but that the cor- 
responding operators ss ious Pjin do. Neverthe- 
less the order Pj, ae Pjin chosen in formula (6) 
(and similarly the order P;%,... Pj?) is necessary 
for the derivation of (13), since only in this case, 
by using relation (7), can we form groups of the 


polarization of nucleons after scattering. 

tBecause of the hermiticity of li and %o, the initial R 
operators have the same form as the final operators (cf. Appen- 
dix 1). However, the only cases which have physical meaning 
in practical computations are those with m= 1 or 2, since no 
more than two particles collide in elementary processes, i.e., 
in the initial state, after adding the spin, there can be no more 
than one orbital angular momentum and two spins. In addition, 
it can be shown (cf. Appendix 1) that the first operation on the 
right is superfluous, so that in the majority of cases one can - 
proceed without the initial R operators. 
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type Pi iP Li (and similarly Pdi P ji) and use 
formula (11). 


3. CALCULATION OF THE COEFFICIENT c 

We use the normalization condition for the an- 
gular operators: 
Io}? (Qin + 1) = (0)? Sp | #9 

, 

= Sp\ PP" (5) PLPsPsPr& (8 9) PLP, 


where Sp is the trace over only the new spin 
variable, and contains, in addition to an inte- 
gral, the trace over the variables for the old spins. 
Py, is the product of all the final projection oper- 
ators for the £ process, while Py, Py and Py 
are constructed similarly. Using the property of 
the trace of a product of operators and the relation 
Py = Pj, we have 


La 4/10 
[cP Rint I)=Spl £* (5 4, Pe Ps Pu £(5 1) Pur Pp Pur (14) 
By using (12), PpPsPy can be written as 
Pleats Pree’ Pr Rjc 3 Rj) Py, 

Se ht, Pi eRe 
This product can be calculated by applying the re- 
lation 

Priya Rie Pls Rit = Phi Rags 

(the proof of which is given in Appendix 2) suc- 
cessively for i=1, 2,3...n-—1. Here we make 
use of the fact that P],i commutes with all the 
P] ih for h=i, and, consequently, with all the 
Rj,h with h=i [cf. Eq. (12)]. The numerical 
coefficients x; have the following values: 
juz — Li = = ? 
xy a (fiz + ly + 2) (lye the + 1) 

ety itat1)1/2 (eta +1) (20; + 1); 
ju =lu +}; - 


fia hae 
ee [(lae44 = L,:) (lista we Li = 1) 


Z 


+ bits (legs + WY) 2bas-4 (Zhe + 1s 


° hess 
jut =lua ts: 


ju = lye — ~, fia =f +S : 


“et = — [(l a — 4) (eta — Le + 1) 
+ bigs (ligt + 11/2 (Leta + 1) (24 + 15 


; 1 é ie) 
ju=li—z> -juts=lupa— yz: 


H, =[(l 41+) Une ee fee) 
— Liga (lita + NY) / beg (242 + 1). 
We have thus eliminated from the final state all 
the R operators except for the last, Rjn, and 


from the initial state all the R operators except 
for Rj¢m- Of these two operators, one of them, 


(15) 
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say Rjfm, is irrelevant (cf. Appendix 1), so that 
we have in place of (14), 

\cP(2jn + 1) 

%n—1 9 5 0 _, Sp \ Pu L°PL Ri, Pu k Pro. 


== Kei 


The term in R which is proportional to o:1,ny 
[cf. Eq. (12)] vanishes when we take the trace, 
and only (2jyn + 1)/(214, +1) remains. Thus, 
remembering that 


eee PE eer Rane Sere ae 


we get the final result 


lcl| =V. 0 0 
eal Hype - Mp_y XX m_y° 


The phase of the coefficient c remains undeter- 
mined, but it is unimportant for the finding of the 
complete set of ¥ operators. Equation (13) now 
becomes 

# 0 


Cy, ey hihi s+ shin elt, ie eee sp 
eR Riis eG Ried, . 10 0 10 0 
ILENTy9 Lee Nil cola seer Enlyors Lyni UB ee a Ona 
a 
x Ro oie Rio Ro (% X95 2 sy Mn] x? x0, OUCHC 5 a) - 
im—1 Py el 
(16) 


4, ANALYSIS OF THE RESULTS 


Formula (16) enables us to find the explicit form 
of the ¥ operators if a complete set of % oper- 
ators is known, under the condition, of course, that 
none of the coefficients k; or Ky are equal to 
zero. We note, however, that the case where any 
one of these numbers is zero is possible only when 
conditions are imposed on the angular momentum 
quantum numbers of the # process which cannot 
be fulfilled (cf. reference 5). 

There remains for us to treat the cases where 
the assumption made in deriving formula (6) is not 
satisfied (cf. footnote 3). The occurrence of such 
cases is related to the fact that the £ operators 
from which the #% operators are constructed, are 
subject to the condition of conservation of the total 
angular momentum [jy = I¢mn, which is not neces- 
sary for the ¥ operators. When the spin /, is 
added, frequently one or both of the numbers Jjy, 
in lose their meaning, but then the conservation 
law may manifest itself as a limitation on the pos- 
sible values of ly, lo,..-ly, Uf, i8,...Bn, which 
do not lose their meaning. The result is that not 
all the # operators can be constructed from the 
¢ operators by the procedure described in the 
preceding sections. 

Let us choose the case n=m=1, in which all 
the & operators are related by the condition J, 
= 1%. There are four possibilities for the ¥ op- 
erators: 
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2°? hehs tapers - 
The first two cases satisfy the condition 1; = nh, 
so that we can use formula (16), but in the other 
two cases formula (16) is not applicable since 
there is no & operator for which J, =I} ¥ 1. 

We proceed as follows (assuming, for example, 
fe ce at 1? is an orbital 
angular momentum, we multiply the ¥ operator 
for jj=1,+%,=j{=0+ , on the right by o*p, 
where p is the momentum corresponding to the 
angular momentum 1): The operator o-p will 
not change i. (since it is a scalar), but it will 
change the parity with respect to p, i.e., it will 
change 7? by unity, so that eS i= a Similarly 
we obtain the #% operator for jy = 1, - Y Stee /, 
from j,=%, - we = j= i= a by multiplying by 
o-p onthe right. If 1; is also an orbital angular 
momentum, we can achieve the same result by 
multiplying by o-q onthe left. Cases where both 
1, and J? are total angular momenta must be 
treated separately. Since every elementary reac- 
tion has no more than two particles in the initial 
state (m <2), i can occur only as the combina- 
tion of a simple orbital angular momentum with 
some spin of be 1 or greater. In such a case we 
can increase or decrease At by unity by applying 
the operator o* V+, where 


NVtH=hRAQ+N-RA+EYN+EGB+ I)—-BbaG +) 


+02 (2 +1) RR + 1) F(A F +) (leo IB] 
hole +15 (17) 
and N is a normalization constant. 

The method described here can also be used 
when n#1 or m #1. The only difference is 
that, for n=m=1, there are comparatively 
many operators (two out of four) for which for- 
mula (16) is not suitable, whereas for n, m # 1 
they occur quite rarely (cf. the detailed analysis 
in reference 5). 


5. EXAMPLES 


1. From the angular operators for the reaction 
1 + T. — 7, + 7, Which are equal to 


L£ = (4x) 7 (21 + 1) P; (pq), 


we can by this method construct the angular oper- 
ators for the reaction 7+ N— 7’ +N’. In this case, 
n=me=1, and formula (16) assumes the form 


ao 
Ft, 7,0, 9 = RF Li; w. 


(18) 


According to (11), we get for the upper sign, 


# = (4n)* (1 + 1 + ol) P; (pq). 


andy S 2 ciuuvil 


ee: iy 
This gives 


¥ = (Any? (1 + 1) Pr + io [pxq] Pr}. (19a) 


Similarly, for the lower sign on R, the calculation | 
gives | 4 
# = i (lP1 — is [pxa]P 1). (19b) | 


In addition, the conservation law for the total angu- |) 
lar momentum, j = j°, allows the angular operators} 
with j=1+¥%,=19+ % (we shall not take account 
of conservation of internal parity of the mesons), 
which can be found (according to the method de- 
scribed in the preceding Section) by multiplying 
(19a,b) by o*p onthe right or (equivalently) by 
o-q onthe left. The resulting expressions agree, 
except for sign, with the operators given by Ritus! 
[formulas (8) and (8’)]. 

2. The angular operators for the process 7 
+ 1) —> 1, + 17 + 73 have the form* 


OP > cig, M— Hs tat Y igM—» (r) Yi,» (q) Yai (p), 


M,u 


(20) 


where L=Ig+lg, lg +g —1,... lla — ipl. 
By using the methods of Sections 2 — 4, we can 
obtain from them the angular operators for the 
process 


r+N—>n +,+N’. 


If, in particular, 7g =0 or 1, we should get the 
operators given in Tables I, II and III of reference 
2. For example, for lq=1, L=1g, Eq. (20) 
takes the form 


£=iV3(4x)—* (209 + 1) (09 (°-+1)1-* q [pxr] Pig (pr). (21) 


We now show how we can obtain from £ the 
angular operator (II.8), which is defined by the 
quantum numbers J=L-%=19-%, 1, =1, 
L=1g, 1° =1g. According to formula (16), (II.8) 
must be equal to the expression RjZ%. In this 
case the spin of 4, is combined in the final state 
with the total orbital angular momentum L, ice., 
n=1, while L=lqg+lg and J=L+ Yo play 
the roles of the angular momenta 1, and j, re- 
spectively (cf. Sec. 1). Therefore, 


Ry = (2L + 1)71(L — cL) = (20° + 1)4 (09 — gL), 


*We use the notation introduced in reference 2: Pp, q andr 
are unit vectors parallel, respectively, to the initial and to the 
two final relative momenta. Unlike reference 2, we denote the 
corresponding angular momenta by l°, d, and lg respectively. The 
following abbreviations are also used: P = pxr, Py=r—p(p-r). 
The angular operators of reference 2 will be denoted by Roman 
numerals I, II or III (the numbers of the tables) and the number 
giving the location of the operator in the table. For example, 
(1.4) = (4m)74 {lgP) B -io-P,Pi,} , where P; B depends on p-r. 
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since in our case L= lg =i2°. Furthermore, 


L=— ifort org] 


and consequently, 
Ry £=V3 (40) (lp (lp +1)” {ile Pyq Pig + ((er) (pq) 
— (9q) (pr)) Pz, + (Py) (Pyq) Pi,}- (22) 


which coincides with (II.8). 

3. In this example we consider the case where 
the final angular momenta are coupled differently, 
so that jg (where jy=lg+4o) andnot L is 
defined. In this case the quantities lg, 1g, jq 
and J play the role of the angular momenta 1,, 
I,, J, and Jj). For example, according to formula 
(16), the operator (III.10), which is defined by the 
quantum numbers J=1g - '/,=1°- 4, lq =1, 

: = ¥, P=] + /.— 5-1/2 pt 
ja 2s B, Should be equal to (*x™ ) Rj 
a 
x Ry£, where 
wer etslt dasa th) 24 


a 2L (21, + 1) in tls 


We note that the projection operator Rj coincides 
with the operator Rj of the preceding example, so 
that to calculate (III.10) we need only apply the op- 
erator (*x7)71/? Rie to (II.8). We have 


Rja (Il. 8) = 1/V3 (42)? [lp (fp + I 
 {(i (2p — 1)Pyq — (lp — 2) (sr) (pa) — (24) (pr) 


+ Lg (sp) (qr) Pi, + 3 ((oPy) (Pyq)— #4 (1 — (pr)*) Fu) 
23 


= Ala we get 


Multiplying this expression by (*x™ ) 


the required angular operator in quite simple form. 


It is clear that these calculations are not very dif- 
ficult and can be carried out almost automatically. 
By using the properties of Legendre polynomials 
(cf. reference 8), one can verify that the result 
agrees with (III.10) within a sign. 

In conclusion, the authors express their thanks 
to S. M. Bilen’kii, V. I. Ritus and R. M. Ryndin for 
valuable comments. 


APPENDIX 1 


We prove that the operator Rjdm in (13) is ir- 
relevant, i.e., we prove the relation 


Roma.) Ryo = Rink ale (A1.1) 
First of all we must show that the projection oper- 
ators for the initial state have the same form as 
those for the final state. Since the final operators 
act from the left on vectors |>, while the initial 
ones act from the right on vectors <|, the initial 
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operators are obtained from the final ones by Her- 
mitian conjugation. Since the operators o and l 
are Hermitian, we have, for example, 
-_ (0— 91°) 
Re = Or ea 
We note that, in practical calculations, when 1° is 
expressed in terms of differential operators, it is 
necessary to express 1 in terms of 9/8x and not 
in terms of 90/dx. From the well-known identity 


(A1.2) 


<—_ —> 
0 /Ox= —0/0x 
we have 


We may therefore also write 


194+ i[(0/ ar) F] 


Ries (210 + 1) 


The same result applies for Rj?. 

To prove (Al1.1) independently of the specific 
form of £%, it is convenient to shift the operator 
Rim in (A1.1) to the left side of % and to com- 
pute the product Rj Rj’m. To do this we trans- 
form the initial state of the angular operator as 
follows:* 


jay =(<ajU*)’, (A1.3) 


where, inthe J, m representation, the matrix U 
has the form 
Um, m’ — (— yee Orr a 
U=U UIs UT =U, (A1.4) 


After the transformation (A1.3), the angular oper- 
ator 


Zl 
£= SIL, m><l, m| 


m 


~ 


assumes the form 


gr = 3 (— IL, my | — m> 
m 


28 ay ere Sick" Im) |, —m). (A1.5) 


TF 
In the space of the functions ie m>, the orbital 
angular momentum operator is —1°, where! 


*The properties of the transformation (A1.3) are investigated, 
for example, in references 9 and 10. 

TIn the general case, A =UA‘*'TU?. In fact, from |a> = Alb>, 
we get |a> = UA'TU™|b>. Thus, because of the Hermitian conju- 
gation, the operation ~ is nonlinear: aA+bB = a*A + b*B (x, 
oy, and gz are to be treated as complex coefficients). However, 
in the case of Rj, the nonlinear part of the transformation has 
already been carried out, since Rj, acts on the vector 
<a| =<b|R. From this and from (A1.5) it follows that 
|a> = UR°TU™|b>. For this reason we can treat the complex 
combinations /,, /_, J, in (A1.7). 


1262 
PoSeuiyyt Ue (A1.6) 
In fact, 
fia vee — U mr ade ya UD Vent — (— bye Om, —r (es )rs 
i (1 Sty San) = — Cann, 
(2 \mnss,m=— (le tip), m- (A1.7) 


We can therefore write (Al.1) in the form 


10\ = Se Suter 
Pest ene ona 
where 
Rx Cim + "/e -E oI ey) (es ot: /ae Sn) 
A 
iin (20°, + 1) (21°, +1) 


It is important to note that the operator -o-l)y 
acts on £~ inthe same way as O-l;y. In fact 
¢- is an eigenfunction of the operator L? 

= (lj, + Um)? with eigenvalue L(L+1) equal 
to zero. Using the formula 


Lidl =(—I) VEE EY Cinta, 


we have LZ~ =0, and consequently, 


hil Sel ae. 
Therefore 


Rin Ro. as Ri a Rie L, (A1.9) 
which was required. The last equality follows di- 
rectly from the definition of a projection operator. 


APPENDIX 2 


Let us prove the relation 


Liat Ri, lad ae Riviyy ea Pda Rivity (A2.1) 


and find the explicit form of x. Using formulas 
(7) and (12), and the fundamental property of pro- 
jection operators, 

2 
oie hety? 
we can bring the left side of (A2.1) step by step to 
the form 


Le Piyay Rp Pe ahi 


Jyi+1° 


For the proof of (A2.1) we must consider the ex- 
pression 


Ps 


yi41 


[Pye ol 


wit * "in Pry, ony Rites 


and determine how it acts on an arbitrary wave 
function. The projection operators Pi, i's and 
Peis , Preserve only that part of any wave func- 
tion which is an eigenfunction of the operators 
ji,ist Gis; and “0°, with eigenvalues equal to 


J; FISCHER Cand ys? «lu Siow 


3 = || 
jtjiet Gt,ier +1). Utyied Liet't 1) and %, respec- | 
tively. Thus our problem reduces to the calcula- 
tion of the matrix element 
Chi liay beta * Justa | oh | Lislita bisa = ju 4+1)- 

The explicit form of this matrix element is given 
in reference 6, formula (3.101): 
di Lay Lista + justi | oly; li: bisa Ly au > jut 
Li CF aF 4) re Ls4y(l +1 rer Ly +1 (hie +1 3 4) 

2h, 1 (hi ne Sar ade) 
X Chea (jute +) — he (ta + 1) — 4) 


Now, starting from formula (12), we can write the 
left side of (A2.1) as 
| hg ai Mo Li (L,; a 1) ha Liay (44 ae 1) =F Liddy (sta + 1) 


- 2he +4 - (2); + 1) tye 4y ye 4a + 1) 


x {Jié 4 (jie 4 = 1) ag haa (hye 44 at 1) a | Pris Riss i 


It is clear that, depending on the choice of jij 
= 14 + to ard jtiet = Ui,ie1 + % we get the four 
values Ky. given in the text. 
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The radiation of an optical source characterized by an arbitrary frequency which moves uni- 
formly in an optically anisotropic transparent medium is considered. The phase velocity, the 
velocity along the ray, and the group velocity of the radiation produced by such a source are 


investigated. 


likes theory of the Cerenkov effect in crystals was 
developed as far back as 1940.1! A number of inter- 
esting features of this radiation in optically aniso- 
tropic media (which have still not been investi- 
gated experimentally ) have been pointed out in 
theoretical papers.?*? In recent years the Doppler 
effect in optically anisotropic media has also been 
analyzed theoretically.4 The general features of 
radiation produced by various kinds of optical 
sources moving uniformly in refractory media 
have also been treated.° The critical velocity re- 
quired by such sources for the production of vari- 
ous forms of radiation (Cerenkov radiation, com- 
plex Doppler effect, etc.) has been studied in de- 
tail only for an isotropic medium;® the case of an 
anisotropic medium has received only brief treat- 
ment.® In the present paper this problem is con- 
sidered in greater detail. 

In an optically isotropic medium, Cerenkov ra- 
diation is produced at a frequency w when the ve- 
locity of the charge reaches the phase velocity of 
light u(w)=c/n(w) for this frequency. This 
familiar condition comes direcily from the rela- 
tion between the frequency of the Cerenkov radia- 
tion and the direction of the wave vector: 


(un (w) /c)cos 8 = 1. (1) 


The minimum value of the angle @ between the 
wave vector and the velocity is zero; consequently 
the minimum velocity is given by v =u(w). 

The phase velocity u(w) is just as important 
for the radiation of an arbitrary source moving in 
an optically isotropic medium. The radiation spec- 
trum of a uniformly moving system characterized 
by a frequency wy = wj/V1—8? is given by® 

k(w)cos8 = (w+ )/0, k(o)=on(w)/c=o/u. (2) 


Here k(w) is the magnitude of the wave vector 
for frequency w. In Eq. (2) the plus sign is taken 


for the so-called anomalous “superluminal” Dopp- 
ler frequencies, if they are possible; the minus 
sign corresponds to the usual case of radiation in 
the medium. The Cerenkov radiation spectrum is 
obtained from Eq. (2) if we take wy = 0. If both 
sides of Eq. (2) are divided by w, it becomes iden- 
tical with Eq. (1) when w = 0. 

Equation (2) contains the phase velocity only, 
and is thus independent of the group velocity. This 
is natural, since the propagation of spectrally de- 
composed light, i.e., light at a given frequency w, 
is determined completely by its phase velocity in 
an isotropic medium. Thus, the presence of a 
given frequency component in a spectrum (i.e., 
the conditions that must be satisfied for its pro- 
duction ) depends on the phase velocity and not the 
group velocity. However, it is reasonable that the 
appearance of the radiation itself, not a given fre- 
quency component in the radiation, is to be associ- 
ated with the group velocity.*® It is reasonable to 
expect that the group velocity will play the same 
role for radiation in an optically anisotropic me- 
dium. However, the propagation of light in aniso- 
tropic media has a number of special features. 
For this reason the critical velocity of a radiator 
moving in an anisotropic medium requires special 
analysis. 

An important factor in anisotropic media is that 
the phase velocity depends on the polarization of 
the wave as well as the direction of the vector 
k(w). We consider monochromatic waves of a 
given polarization, which propagate from some 
point. If we select waves for which the vector 
k(w) lies in a small solid angle (i.e., a narrow 
cone of normals to the wave surface), we find that 
the directional dependence of k(w) is important 
as well as its magnitude. Because of this depend- 
ence, the direction of propagation of the waves, 
i.e., the direction of the ray, is not the same as 
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the direction of the vector k(w). Hence the ve- 
locity u’(w) is important; this is the velocity 
with which the phase of the wave is displaced in 
the direction of wave propagation, i.e., in the di- 
rection of the ray. Obviously, this velocity is 
given by 


(3) 


where a is the angle between the ray and the nor- 
mal to the wave (cf. Fig. 1). 

If we lay off the velocity u’ in the direction of 
wave propagation, i.e., in the direction of each ray, 
we obtain the so-called ray surface, which is the 
surface of constant phase for waves that emanate 
from a given center. In applying the Huygens prin- 
ciple to an anisotropic medium, the surface of the 
waves propagating from each point is actually ob- 
tained by plotting the ray surface to some appro- 
priate scale. Thus, in problems involving the prop- 
agation of light in anisotropic media, the velocity 
u’ plays the same role as the phase velocity in 
isotropic media. In particular, as is well known, 
the wave surface for Cerenkov radiation can also 
be obtained by means of the Huygens principle. 

It is not difficult to extend this procedure to an 
anisotropic medium and to verify in this case that 
the threshold for the appearance of a given fre- 
quency component w is given by the relation 
vew. 

The analogy between u’ and the phase velocity 
in an isotropic medium extends to the relation be- 
tween u’ and the group velocity w. If, from u’ we 
form k’ = w/u’, which is analogous to the wave 
vector, then 


Ok’ /Ow = 1/a, 


u'(w) = u(w) / cosa =c/n(@) cosa, 


k= o/u’ = Roose. 


(4) 


Actually u’ is the velocity of propagation of phase 
in the direction of the ray; the group velocity is in 
the same direction, so that 8k’/8w must have the 
same significance as dk/dw in an isotropic me- 
dium. In this case, as in an isotropic medium, the 
notion of a group velocity is meaningful only in the 
frequency region in which the optical absorption is 
small. We shail assume that this condition is sat- 
isfied in the case at hand. 

Because of its properties, u’ might be called 
the second phase velocity. We shall call it the 
ray velocity. 

The velocity u’ also has an independent mean- 
ing, since we do not actually deal with a plane 
wave with a precisely defined direction, because 
true monochromatic waves do not exist. Just as 
a wave packet in some small frequency range prop- 
agates with a group velocity w, a packet of mono- 
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chromatic waves in some angular range defines a 
ray velocity u’. In order to obtain plane waves, 
each of which is characterized by a vector k, it i 
is necessary to perform a double expansion, i.e., 
in frequency and in direction. Each of these par- jy 
tial waves is then characterized by the vector k, 
(i.e., by the frequency) and by the phase-velocity 
vector. Hence, Eqs. (1) and (2), which contain 
the phase velocity, can be generalized to the case 
of optically anisotropic media if by k we under- 
stand the magnitude of this vector for a frequency 
w and for a given direction of the normal to the 
plane of waves with a given polarization. 
It should be noted, however, that the magnitude 
of k depends on the angle @. Hence, in determin- 
ing the value of v necessary for the production 
of a frequency component w, we cannot proceed 
as in the case of an isotropic medium, i.e., we 
cannot simply take 6=0. The point is that when 
6 changes the quantity n(w) also changes; con- 
sequently the maximum value of n(w)cos @, 
which determines the minimum value of v in 
Eq. (1), is not necessarily obtained when 6 = 0. 
Actually, the maximum value of this quantity occurs . 
when @= a, where a is the angle between the di- 
rection of the ray and the vector k. Comparing 
Eqs. (1) and (3) we see now that v =u’. 
The critical-velocity problem for radiation in 
optically anisotropic media can be understood by 
an analysis of Figs. 1 and 2. 
In Fig. 1 we show the surface for the vectors 
k(w) for an optically inhomogeneous medium, 
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FIG. 1 


for example for the extraordinary ray in a uni- 
axial crystal. If the k surface is given, it is 
easy to find the k’ surface. To find the k’ cor- 
responding to a given k =k, = OB, we lay off the 
plane tangent to the surface at the point B. Then 
the normal OB’ to this surface determines the 
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magnitude and direction of the vector k’,.* 

It is easy to determine the directions of the 
vectors k(w) which satisfy Eq. (2) for a velocity 
v if we use the graphical construction proposed 
by Pafomov.*® We assume that the velocity of the 
radiator with respect to the k surface is given by 
OC. In the direction OC we lay off a segment OA 
of length 


b = (w+ @p) /0. (5) 


We assume here, as in Kq. (2), that the sign and 
magnitude of wy) are chosen in accordance with the 
conditions of the problem. For example, for ordi- 
nary Doppler frequencies we take w, negative. 

If, in addition, w < wy, the quantity b is negative 
and the segment OA must be laid off in the direc- 
tion opposite to OC. 

In order to find k, we lay off the plane a, which 
passes through the point A and is perpendicular to 
the segment OA. This plane intersects the surface 
along some curve, which, as can be shown easily, 
represents the geometric locus of the ends of the 
k vectors which satisfy Eq. (2). For these vectors 
k cos @=b, where @ is the angle between the 
given directions of k and v (cf. Fig. 1). Keeping 
in mind the value of b, we obtain Eq. (2) from 
Eq. (5) identically. 

For fixed values of wy and w, b is inversely 
proportional to v. It is apparent that the plane a 
does not intersect the wave-vector surface for 
every value of b, that is, the frequency w is not 
generated for every velocity. The critical veloc- 
ity is obtained when plane a touches the surface. 
From Fig. 1 this condition corresponds to b = OA’, 
with plane a coinciding with a’. Under these con- 
ditions the k cone contracts about the direction 
OD. Since the plane a’ touches the surfaces at 
the point D, the normal to the plane, i.e., b = OA’, 
coincides with the direction of the ray conjugate 
to k=OD. Inthis case b=k’. Thus, from Eq. 
(5) we have 


k’ (o) = Sou’ = SE ery, (6) 
In the particular case of Cerenkov radiation, 
i.e., for wy) = 0, we immediately obtain from Eq. 


*It is easy to verify this construction. For small devia- 
tions of the vector k from k,, the end of the former slides 
along a plane which is tangent at point B. Hence the projec- 
tion of vector k on OB’ is not sensitive to small changes in 
the wave vector. Whence it follows that the phases of a 
packet of plane waves characterized by vectors k which are 
almost in the direction of k, are the same along the axis OB’. 
Thus interference effects cause addition of these waves in the 
direction OB’, i.e., ki = OB’ is a ray which corresponds to the 
normal to the plane of the wave in the direction of k,. 
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(5) the condition v =u’ for the critical velocity. 
Obviously Eq. (6) is a general condition which de- 
termines the velocity necessary for the appearance 
of a frequency component-w.° If b [right side of 
Eq. (6)] is positive, u’ is in the same direction as 
v. For negative values of b, these two vectors 

are in opposite directions. From Fig. (1), this 
condition corresponds to the case in which the 
plane a’ (tangent to the k surface) is to the left 
of the origin. 

In the case shown in Fig. 1 the k surface is an 
ellipsoid. In order for a frequency component w 
to appear in the spectrum the magnitude of b must 
be smaller than the corresponding radius vector of 
the ellipsoid, that is to say, v must be greater than 
some critical value. If the k surface were hyper- 
bolic the reverse would hold. The quantity b would 
have to be greater than the corresponding radius 
vector and this means that the frequency compo- 
nent w could be radiated only at a velocity smaller 
than the critical velocity. 

In Fig. 1 we show the k surface for the extra- 
ordinary ray in a uniaxial crystal. In order to find 
the complete radiation pattern, a similar plot must 
also be made for the ordinary ray. In this case 
the k surface is a sphere, so that the cone of k 
vectors that satisfy Eq. (2) for the frequency w 
is circular. As the velocity is reduced, this cone 
contracts about the direction of motion (or in the 
opposite direction for negative v). The critical 
velocity v =u=u’ for the ordinary rays differs 
from that for the extraordinary rays. The only 
exception is the case in which the radiator moves 
along the optical axis of the crystal.* 

The radiation in a biaxial crystal exhibits a 
special feature. As is well known, the k surface 
cannot be represented by two independent surfaces 
in this case. The surface is more complicated in 
a biaxial crystal. However, a construction similar 
to that shown in Fig. 1 results in two k cones. The 
threshold velocities necessary for the production of 
each of these radiation cones are different, and 
when the velocity approaches the critical velocity 
the corresponding cone contracts about the direc- 
tion of the k vector conjugate to the ray directed 
along the velocity (or opposite to it). Just as in 


~*It should be recalled that Eq. (2) only gives possible di- 
rections for the vector k for radiation at a given frequency. 
For an actual radiation source the wave amplitudes for certain 
directions of k or even for the entire k cone can be zero. For 
example, in Cerenkov radiation, dipole radiation, or radiation 
from a linear multipole oriented in the direction of motion, 
there is no cone due to ordinary rays when the motion is paral- 
lel to the axis of the crystal, because waves of the appropriate 
polarization cannot be generated. 
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a uniaxial crystal, each direction of the k vector 
for waves of a given polarization is associated in 
this case with one direction of the ray, and vice 
versa. 

The above considerations apply in all cases, 
except for cases in which the direction of the ray 
or the k vector is close to one of the optical axes 
of the crystal. In these cases, features analogous 
to internal and external refraction appear. These 
are as follows. It is well known that a ray which 
coincides with the optical axis of a biaxial crystal 
is to be associated with a k-vector cone rather 
than a single k. Hence, if a radiator moves along 
the axis of the crystal and its velocity approaches 
the critical velocity, the k cone does not contract 
about one direction, in contrast with the usual 
case. The threshold in this case is the k -vector 
cone associated with the ray directed along the 
axis (this cone is common for both forms of ra- 
diation in the crystal). 

There is also an analog for internal refraction. 
In a biaxial crystal there is a direction for the k 
vector close to the direction of the axis which con- 
tains a whole cone of rays rather than one ray. 
Hence, if this direction satisfies Eq. (2), propaga- 
tion takes place in the direction of the generatrices 
of the cone which is associated with this k. It is 
apparent that in this case the light emanates from 
the crystal in the form of a parallel beam of finite 
thickness. This feature, which is a consequence 
of internal refraction, has been pointed out by 
Ginzburg.! 

Up to this point we have discussed radiation at 
a definite frequency w. From what has been said 
it follows that the ray in whose direction a given 
frequency w first appears (or disappears) as v 
changes is in the direction of v (or is in the oppo- 
site direction if b is negative). Actually a spec- 
trum of frequencies is always radiated. For each 
of the frequencies there is a characteristic radia- 
tion cone, and the frequency spectrum associated 
with a given form of radiation (for example the 
spectrum of ordinary or “superluminal” Doppler 
frequencies, or any component of the complex 
Doppler effect) occupies some finite solid angle. 

We now consider the conditions under which a 
given form of radiation is produced and the fre- 
quency is not given. We first consider the case 
of radiation in the direction of a ray that coincides 
with the direction of motion. In Fig. 2 we show the 
dependence of k’ on frequency w for waves of a 
given polarization in a medium. The direction of 
the ray for which k’(w) =ky(w) is taken to co- 
incide with the direction of the velocity. In this 
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FIG. 2 


same figure we draw lines corresponding to three 
possible values of b: 


bp = /0, 6, = (© — Op)/V, bz = (@ + @o)/0. (7) 


It is apparent that the intersections of these lines 
with the k;(w) curve yields the frequencies that 
satisfy Eq. (6), i.e., the frequency components ra- 
diated along the ray in the direction of the velocity; 
these are the threshold frequencies for a given ve- 
locity. The intersections with the line by gives the 
Cerenkov radiation frequencies; intersections with 
b, give the ordinary Doppler frequencies, with by, 
the “superluminal” Doppler frequencies. 

Figure 2, as can easily be shown, is completely 
analogous to Fig. 1 of reference 6, which shows the 
features of radiation in an optically isotropic me- 
dium. The only difference is the fact that there 
the angle @ is arbitrary while here it is fixed in 
such a way as to give the direction of the ray (i.e., 
6=a). The conclusions that can be obtained from 
an analysis of the curves will obviously be the 
same in both cases. They are the following. The 
slope of kj,(w) is, in accordance with Eq. (4), 
dk, /dw = 1/w. Here w is the group velocity for 
frequency w for a ray in the direction of the ve- 
locity. The slope of the line b is 1/v. When v 
changes the slope of the line changes and the point 
at which it intersects the curve is displaced, that 
is to say, the threshold frequency is changed. The 
intersection vanishes or appears for those values 
of v for which the line b is tangent to the ky (w ) 
curve. In order for the line b to be tangent it is 
necessary that at the point of tangency the slope 
of ky(w), ie., dky(w)/dw, be equal to 1/v. Thus, 
the production of radiation or new components re- 
quires that 


V = W(1im)» (8) 


where jm is the frequency which first appears 
in the radiation spectrum [this frequency must 
satisfy Eq. (6)]. 

The quantity b, can be negative if w < Wg. In 
this case, in Eq. (6) we must substitute k’(w) for 
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a ray directed in the direction opposite to the ve- 
locity and make k’(w) negative. Changing the 
signs on both sides of Eq. (6), we then obtain 


R_,() = (@ — )/v. (6a) 


Here k/y(w) is the vector k’ for the ray directed 
opposite to the velocity vector. If a reversal of 
direction of the ray does not change the magnitude 
of k’, as is the case in a usual medium, the solu- 
tion of Eq. (6a) can again be found by means of 
Fig. 2. The sought Doppler frequency is obtained 
as the intersection of the line bj = (wy-w)/v 
(dashed line in Fig. 2) with the ky(w) curve. As 
is apparent from the figure, an intersection of this 
kind always exists, corresponding to the obvious 
fact that in the ordinary Doppler spectrum there is 
a frequency component which can be radiated in the 
direction opposite to the direction of motion. In 
principle, more than one intersection is possible 
(complex Doppler effect). Just as for positive b, 
the threshold for the complex Doppler effect re- 
quires (beside intersection) that the line by be 
tangent to the k_y(w) curve. Repeating the analy- 
Sis given above we find that in this case the group 
velocity must be negative and equal to v. The 
negative sign means that the group velocity is op- 
posite to the vector k’,(w), i.e., the velocity. 
Thus, the condition for the appearance of a new 
radiation component is again given by Eq. (8). 

All of these results are completely analogous 
to those obtained earlier for an isotropic medium 
(cf. references 5 or 6). If we consider the possible 
intersections of the lines b with the ky(w) curve 
it is apparent (as in an isotropic medium ) that 
the presence of a frequency w’ for which w (w’) 
< v means that there must also be a frequency w” 
for which w(w”) > v, that is to say, the composi- 
tion of the radiation is necessarily complex. Let 
us assume that at the point of intersection of the 
line b with the ki,(w) curve the curve rises 
more sharply than the line, i.e., dk, /dw = 1/w 
> 1/v (cf. for example point A on the line b,). 
This means that at the point of intersection the 
line moves from the region above the ki (w) curve 
into the region of the plane under the ky, ( w) curve. 
Then, at higher frequencies there must be at least 
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one intersection for which dk /dw = 1/w < 1/v 
(point B in Fig. 2). At this intersection, the line 
moves from the region under the curve to the re- 
gion above the curve. That this is true follows 
from the fact that for sufficiently high w the tan- 
gent to the k,(w) curve approaches 1/c (in the 
limit n=1 and a=0) and, since 1/c< 1/v, all 
lines b' for high w must be above the ki,(w) curve. 

We may note that the meaning of the provisional 
term “complex radiation” for an anisotropic me- 
dium is somewhat different than the meaning of 
this term for an optically isotropic medium. In 
an isotropic medium complex radiation means that 
there are several frequency components for a set 
of values of v, wo, and @. In the anisotropic medium 
there are two radiation cones for the two polariza- 
tion directions. In addition, there are two other 
possibilities: waves at different frequencies may 
have the same directions for k, i.e., coincident 
wave normals, or waves at different frequencies 
may have the same ray directions. As is appar- 
ent from the above, here we have considered the 
case in which the several frequencies for a given 
form of radiation are characterized by the same 
ray direction. 

In this paper we have considered only the par- 
ticular case in which the direction of the ray coin- 
cides with the direction of the velocity (or is op- 
posite to it). Complex radiation effects are obvi- 
ously also possible for other ray directions. 
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On the assumption that the nucleons in the Li® nucleus are predominantly grouped in sub- 
systems in the form of an alpha particle and a deuteron, the energy of the relative motion 
of these subsystems is calculated and it is shown that it has a minimum in the region of 
negative values. The energy of the O*, T=1 excited state of the Li® nucleus is also 


determined. 


1b It is known that each nucleon in a nucleus can 
be regarded in first approximation as moving in a 
certain average field of the other nucleons. Re- 
cently it has become clear, however, that for a 
better description of the properties of nuclear 
matter one should take account more carefully 
of the interaction of the nucleons. In the uniform 
theory of the nucleus which was developed as a 
result of this consideration, this interaction is 
taken into account by considering the collective 
motions of the whole nucleus, while in the many- 
body theory which was developed for the case of 
the nucleus system by Brueckner and Bethe, the 
approximation which gives the average field con- 
sists in the introduction of the so-called corre- 
lated pairs. However, for the validity of either 
theory it is necessary that the number of nucle- 
ons in the nucleus be sufficiently large. 

In the case of the lightest nuclei, containing 
only a few nucleons, the collective description is 


not applicable, and it is not excluded that the effect 


of the interaction may with good probability result 
in the formation within the nucleus of individual 
internally-bound subsystems. In other words, in 
the case of the lightest nuclei one of the possible 
ways for taking account of the interaction of the 
nucleons, more rigorously than is done by intro- 
ducing an overall average field with a single cen- 
ter of symmetry, may consist in the assumption 
that the nucleons within such a nucleus are bound 
into separate groups with a center of symmetry 
in each of these groups. In addition, it is known 
that temporary agglomerations of nucleons occur 
preferentially in the surface layer of the nucleus. 
Since, as we go toward light nuclei, the relative 
importance of surface effects increases, it should 
be expected that in them these agglomerations of 


nucleons forming substructures will have relatively 


higher stability. 


Recently many investigators!~® have called at- 
tention to the idea of the existence of substruc- 
tures within atomic nuclei in the form, for example, : 
of deuterons, tritons, and alpha particles. Of course, 
the original assumption that there exist in the nu- 
cleus alpha particles in the form of stable and un- 
changeable structural units is not applicable. How- 
ever, it is entirely possible that the nucleons in 
light nuclei preferentially group themselves into 
alpha particles where the composition of each of 
these particles, because of the exchange of nucleons, 
is subjected to a continual change. 

On the basis of this assumption, Biel’ made a 
calculation of the binding energy of Be® and C!? 
and found satisfactory agreement with experiment 
for an appropriate choice of the mixture of Serber 
and symmetric forces. It should, however, be 
noted that all the work in this direction refers to 
light nuclei of the type 4n, containing 2, 3, or 4 
alpha particles. 

But, one asks, what can one say about a nucleus 
in which in addition to alpha particles there are 
two or three nucleons? Can one, for example, treat 
the Li® nucleus in some approximation as a system 
of an alpha particle and a deuteron, assuming con- 
sequently that the two extra nucleons beyond the 
alpha particle form a bound system in the form of 
a deuteron? 

Before attempting to answer this question, we 
point out that from the non-existence of the nuclei 
He® and Li®, it follows that one nucleon is not 
bound with the first closed shell consisting of two 
protons and two neutrons constituting an alpha 
particle. On the other hand, there exists the stable 
nucleus Li® containing two nucleons outside a 
closed shell. 

In order to make these two results consistent 
one can adopt two assumptions: 1) the simultane- 
ous joining of a proton and a neutron to the alpha 
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particle results in the break-up of the latter and 
in the formation of a complicated system of six 
nucleons with new couplings; 2) in the formation 
of the Li® nucleus, the alpha particle is not broken 
up, but is effectively bound, not with each of the 
nucleons individually, but with the system of pro- 
ton and neutron together. 

The adoption of the second assumption enables 
one to make the natural conclusion that the proton 
and neutron outside the closed shell in the Li® 
nucleus should form a bound system. In fact, if 
these nucleons were independent of one another, 
then from the fact that each of them is not bound 
to the closed shell, it would follow that both nu- 
cleons simultaneously are not bound to this shell, 
which would imply the impossibility of formation 
of the Li® nucleus. The existence of the Li® nu- 
cleus means consequently that the proton and neu- 
tron in this nucleus are not independent of one an- 
other, but are in some bound state. 

Later it will be shown that when there is a 
coupling between the two nucleons which are out- 
side the closed shell in the Li® nucleus, the Schrod- 
inger equation for the whole nucleus actually has a 
solution corresponding to a negative total energy. 
In connection with this, we investigate in the pres- 
ent paper the conditions of stability of a system of 
three protons and three neutrons forming subsys- 
tems with four and two nucleons respectively; in 
other words, we solve the problem of whether the 
energy of the relative motion of these subsystems 
has a minimum in the region of negative values of 
the energy and, if it does have such a minimum, 
whether the energy at the minimum corresponds to 
the binding energy of the two subsystems to one an- 
other as determined from data on the mass defect 
of the Li® nucleus. 

2. Following Biel, we assume that both the 
forces between the two nucleons and their wave 
functions have a Gaussian shape, and we try to 
find the conditions under which the energy of the 
system of six nucleons in the Li® nucleus, which 
is divided into two subsystems which are individu- 
ally bound in the form of an alpha particle and a 
deuteron and are continually interchanging nucleons, 
is aminimum. We also determine the parameters 
which characterize the Li® nucleus in its ground 
and excited states. 

Each state of the nucleon will be expressed as 
a vector i(i,, iz, iz), where i, denotes the spin 
of the nucleon and can take on two values: 1 or 2; 
i, is the isotopic spin of the nucleon also taking 


on values 1 and 2, and i; is equal to 1 or 2 indicating 


to which of the subsystems, alpha particle or deu- 
teron, the given nucleon belongs. 
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It is obvious that there are altogether eight 
states: (111), (121), (211), (221), (112), (122), 
(212) and (222). We denote them respectively by 
the numbers 1, 2,3 ...8. The six nucleons are 
to be distributed over these states. Without loss 
of generality we can assume that, for example, the 
first four nucleons fill the states 1, 2, 3, and 4 
forming an alpha particle. The remaining two nu- 
cleons are distributed over the other four states: 
5, 6, 7, and 8. The number of such distributions 
is obviously equal to six. These six distributions 
correspond to different states of the deuteron in 
the nucleus. These states will also correspond to 
states of the Li® nucleus as a whole since, by our 
assumption, for not too large excitations the alpha 
particle in the nucleus will always be in its ground 
state with a total spin and isospin equal to 0. 

If we denote the total spin and isospin of the Li® 
nucleus by S and T and their projections, re- 
spectively, by Mg and M7, these six distribu- 
tions will correspond to states with S=1, T=0, 
Ms=0,+1 and S=0, T=1, Myp=0,+1. The 
first three of these states correspond to the nor- 
mal state of the deuteron and determine the ground 
level of the Li® nucleus, while the other three cor- 
respond to a singlet state of the pair of nucleons. 
We assume that the singlet state of the nucleon pair 
forming the deuteron (S=0, T=1, Mp=0), de- 
termines one of the excited states of the Li® nu- 
cleus. As for the remaining two states (S=0, 
T=1, Mp=+#1), they characterize the energies 
of the isobaric nuclei Be® and He®. Ascribing 
the total angular momentum of the Li® nucleus 
to the spin of the deuteron, we assume that the or- 
bital angular momentum of the relative motion of 
the deuteron and alpha particle in both the ground 
state and in the excited state which we are consid- 
ering are equal to zero. 

We write the antisymmetrized wave functions 
Y= Wig corresponding to given values of S, 


T, Mg and M7 in the form 


(1234; 55), (1) 


v= > 1 a2 a3 at a5 of 
Ua ) =E pat, 79% 01 Mop My Mo 
p 


p (1234; 56), (2) 


a= Qi + pa, af, of, 6, of a8, 
p 

where at i, are products of the spin and isospin 
wave functions of the nucleon f with given values 
of i, and ij; ~(1234; 56) is the spatial part of 
the wave function of the Li® nucleus in which the 
first four indices correspond to nucleons in the 
alpha particle and the last two to the nucleons 
forming the deuteron; the summation extends over 
all permutations p of the superscripts, where the 
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sign is determined by the parity of the correspond- 
ing permutation. We note that we have not intro- 
duced expressions for the other four functions 


aaee since they are not used in calculating the 


energy of the system. 

Neglecting the Coulomb interaction of the pro- 
tons, we have for the total Hamiltonian of the sys- 
tem 


H= 


nm 1 
r Gir 
where Mn and Mp are the masses of the neutron 
and proton, 


+H )AVtDVGi, ©) 


i>] 


Vii, j) =(W + BPi; — #HPi; — MP3, Pj) F (i, j); (4) 


where ee and Ei are the Bartlett and Heisen- 
berg exchange operators; W, B, # and M give 
the fractions corresponding to interactions of the 
Wigner, Bartlett, Heisenberg, and Majorana type; 
F (i, j) is the radial part of the nucleon-nucleon 
interaction. 

Our problem consists in calculating the mean 
value of the energy 


ES \ wade | \ wdc, (5) 


and minimizing it with respect to the parameter 
appearing in ©. To obtain the energy in the ground 
state we must set W = wit while Y= vie will de- 
termine the energy of one of the excited states of 
the Li® nucleus with angular momentum 0*, close 
in energy to the isobaric nuclei He® and Be’®. 

As mentioned earlier, we choose both the po- 
tential energy of the two nucleons and the spatial 
wave function of the system to have a Gaussian 
shape, i.e., 


4 
(1234; 56)=exp{— As, >) 2 —tw2}, 6) 
t>j=1 

F (i, j) =Voexp (— 87?,), (7) 
where Yrjj=Yj—Yj, 842 is the radius-vector be- 
tween the centers of the alpha particle and the deu- 
teron. Vy and £ are taken from data on the scat- 
tering of nucleons by alpha particles and are equal® 
to V)=-—45 Mev, @ = 0.266 x 108 em~?; y is de- 
termined from the binding energy of the alpha par- 
ticle and is equal to 0.316 x 1078 em=?; A is a vari- 
ational parameter determining the equilibrium dis- 
tance between the centers of the alpha particle and 
the deuteron. The coefficient v which is a pa— 
rameter in the trial function for the system of the 
two nucleons 5 and 6, forming a deuteron in the 
triplet state, is determined from the condition that 
the energy of this system for the given values of 
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V) and 6 have aminimum. From this condition 
we find that v = 0.150 x 107 cm™?. 

We mention that with this value of v the bind- 
ing energy of the system consisting of the two nu- 
cleons 5 and 6 turns out to be negative and numer- 
ically equal to 0.41 Mev. Thus, the values of the 
parameters pu, v, Vo and £ chosen by us lead 
to bound stable states of He# and H? with a bind- 
ing energy of 27 Mev for the alpha particle and 
0.41 Mev for the deuteron, instead of the experi- 
mental values of 28.1 and 2.2 Mev for the free 
alpha particle and deuteron. 

One might get better agreement with experiment 
with regard to the binding energy of the deuteron 
and the nucleus at the expense of a slight change 
in the binding energy of the alpha particle, but this 
would require us to choose a somewhat different 
value for p, different from that used by us and 
taken from reference 8. However, since we are 
interested not in the total energy of the Li® nu- | 
cleus, but only in the difference € (Li®) = € (a) 

— €(d), which gives the relative energy of alpha. 
particle and deuteron, the use of an exact value of 
€(d) is not significant. Besides, it can be shown 
that changing the binding energy of the deuteron 
within the limits. considered has no essential ef- 
fect upon the position of the minimum in the energy 
of the relative motion of the alpha particle and 
deuteron. 

3. It is not possible to find the energy minimum 
analytically because of the complicated nature of 
the expressions. We therefore went over to a nu- 
merical method. In Fig. 1 we show the energy 
curves for the ground state of Li®. Curve 1 cor- 
responds to a Serber force and curve 2 to a sym- 
metric force, where the ordinate is the difference 


[E(a)-E(ojmev 


FIG, 1 


E(A) — E(0), where E(0) is the energy of the 
system when the alpha particle and the deuteron 
are at infinity. We see that the curves actually 

do have a minimum, which shows that the nucleon 
configuration in the Li® nucleus which we are con- 
sidering is stable. Also, in both cases the mini- 
mum in the energy occurs at the same value, A» 

= 0.0316 x 10% cm~. For the corresponding val- 
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ues of the energy in the case of the Serber forces 
we have —1.58 Mev, and for the case of the sym- 
metric forces — 1.42 Mev. 

In treating the problem of Be® and C!?, Biel? 
obtained better agreement with experiment by as- 
suming that the total nucleon-nucleon interaction 
consists of a mixture of Serber and symmetric 
forces with relative weights of 0.7 and 0.3. If we 
choose this same mixture for our case, the rela- 
tion between the energy and the parameter has 
the form shown in Fig. 2. In this case the value 


TE(X)-E(0)] Mev 


15 
oh 


FIG, 2 


obtained for the energy at the minimum is — 1.52 
Mev, which is in good agreement with the experi- 
mental value of the binding energy of the deuteron 
to the alpha particle in the Li® nucleus, as found 
from data on the mass defect and equal to —1.48 
Mev. The value i = 0.0316 x 107° cm™ corre- 
sponds to an equilibrium distance between the 
centers of the alpha particle and deuteron equal 
to 2.52 x 107!3 cm. Thus we see that the centers 
of gravity of the subsystems in the Li® nucleus 
are moved with respect to one another, while the 
distance between them exceeds their individual 
radii. 

Now let us consider the excited state of the 
Li® nucleus. Such a state, according to our model, 
can arise as a result of excitation in general of the 
alpha particle and of the deuteron and from their 
relative motion. But we know that the alpha par- 
ticle has no bound states with excitation energy 
below 20 Mev, so that the observed levels of the 
Li® nucleus lying below 20 Mev cannot be the re- 
sult of excitation of the alpha particle. 

The wave function WM corresponds to a state 
of the Li® nucleus with S=0 and T=1. In the 
spectrum of the Li® nucleus the level with T= 1 
which is a component of the isotopic triplet 
(My = 0) has an energy of 3.57 Mev.’ The re- 
maining components of the isotopic triplet 
(MT =+1) correspond to the ground states of 
the He® and Be® nuclei. Since this level corre- 
sponds to spin 0*, in our model the transition from 
the ground state with angular momentum 1* to this 
excited state can occur only via a transition of the 
deuteron in the nucleus from a triplet state to a 
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singlet state. In such a transition we must also 
consider the possibility of a change in the average 
energy of relative motion. Therefore the total 
change in energy will consist of two parts, one of 
which is caused by a change in the binding energy 
of the deuteron and the other by a change in the en- 
ergy of relative motion. 

In Fig. 3 we show the dependence of the differ- 
ence in energy of relative motion E*(A) — E*(0) 
on the parameter A for the case of a mixture of 
Serber and symmetric forces. This curve also 
has a minimum, where the energy at the minimum 
is 0.66 Mev. Using the fact that the energy of rela- 
tive motion at the minimum in the ground state is 
equal to —1.52 Mev, we have 0.86 Mev for the 
change in this energy in the transition considered. 


[e (a)-€l) Mev 


0473 
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FIG. 3 


As for the change in energy occurring as a re- 
sult of a change in the spin state of the deuteron, 
our calculation shows that it is equal to 3.91 Mev. 
Thus, we obtain a value of 4.77 Mev for the total 
excitation energy of the Li® nucleus for the tran- 
sition to the state S=0, T=1. This value differs 
somewhat from the experimental value of the en- 
ergy of the corresponding level, which is 3.57 Mev. 

We point out that if we chose for the change in 
energy of the deuteron when only the spin state 
changes the experimental value of 2.23 Mev, the 
total excitation energy would be 3.1 Mev, which 
would allow us to conclude that there is more or 
less satisfactory agreement with experiment. Con- 
sequently, the actual disagreement with experiment, 
though not insignificant if we consider the approxi- 
mate nature of our calculations, leads to a discrep- 
ancy with experiment for the value of the change 
in internal energy of the deuteron in a transition 
to the singlet state. 

This discrepancy is apparently caused by the 
fact that in both the ground and excited states we 
have used the same value of 6, changing only the 
depth of the nucleon-nucleon interaction for the 
singlet state by 0.6. Actually the values of 6 for 
the singlet and triplet state differ markedly from 
one another. We were forced to proceed in this 
way because the variation of 6 in the transition 
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from the triplet state to the singlet state could not 
be accounted for consistently in our calculations 
because of the presence of exchange integrals in 
the expressions for the potential energy. We there- 
fore assigned an average value to the coefficient 6 
throughout our calculations, this value being ob- 
tained from experimental data on the scattering 
of nucleons by alpha particles. As we see from 
this paper, this value of 8 together with Vy) = —45 
Mev assures the stability of the He* nucleus and 
gives the correct value for its binding energy. 

The average value of the coefficient 8 which 
we used differs little from its correct value in 
the triplet state of the deuteron, so that the shift 
to the average value should not essentially affect 
our calculations for the ground state of the Li® 
nucleus. For the excited state such a change may 
lead to a fundamental error since the value of the 
coefficient 8 in the singlet state is considerably 
different from its value in the triplet state. This 
error in our opinion also would lead to the result 
that we obtain 4.77 Mev for the excitation energy 
instead of the experimentally observed 3.57 Mev. 
It is possible also that the slight rise in the curves 
of Figs. 1 —3 near the origin is due to an error in 
the choice of the value of the coefficient £. 

In connection with the results obtained above, 
we should mention the following. In references 
10 and 11 it is stated that the wave function of a 
nucleus of type 4n built up on the alpha particle 
model is identical, after antisymmetrization in 
all the nucleons, to the wave function in the single 
particle approximation. However, it is easy to 
see that such an identity is obtained only if, in the 
individual wave functions referring both to the in- 
ternal state of the alpha particle and to the rela- 
tive motion, the corresponding parameters of the 
oscillator functions coincide and are equal to the 
parameter appearing in the wave function of the 
single particle approximation. In the cited paper 
of Biel, the parameter in the wave function de- 
scribing the relative motion of the alpha particles 
in the Be® nucleus is treated as a variational pa- 
rameter, and by applying the condition for minimum 
energy it is shown that it is not equal to the param- 
eter characterizing the internal state of the alpha 
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particles. In the same way, as we see from (6), 
for the case of the Li® nucleus, the parameters 
appearing in the wave functions for the internal 
states of the alpha particle and deuteron and the 
wave function of their relative motion differ from 
one another. One can therefore conclude that our 
treatment preserves a definite individuality of the 
alpha particle and deuteron in the Li® nucleus and 
is not identical to a description of this nucleus in 
the single particle approximation. 

In conclusion it is our duty to express our grati- 
tude to the computing center of the Academy of 
Sciences of the Georgian S.S.R. in the persons of 
D. A. Kveselav and E. N. Dekanosidze, on the one 
hand, and to the computing center of the Academy 
of Sciences of the Armenian S.S.R. in the persons of 
of R. A. Aleksandryan and F. M. Ter-Mikaélyan 
on the other, for carrying out our requests for 
tabulation of functions and computation of a large 
number of fifth-order determinants. 


1V. I. Mamasakhlisov, JETP 24, 190 (1953); 
Trudy, Institute of Physics, Academy of Sciences, 
Georgian S.S.R. 3, 31 (1955). 

2D, Ciier and J. Combe, Compt. rend. 239, 351 
(1954). 

3A. Herzenberg, Nuovo cimento 1, 986, 1008 
(1955); Nucl. Phys. 3, 1 (1957). 

41. I. Schiff, Phys. Rev. 98, 1281 (1955). 

5. I. Ostroumov and R. A. Filov, JETP 87, 
643 (1959), Soviet Phys. JETP 10, 459 (1960). 

®], Sh. Vashakidze and G. A. Chilashvili, JETP 
29, 157 (1955). 

"S, J. Biel, Proc. Phys. Soc. A70, 866 (1957). 

8 Hochberg, Massey, and Underhill, Proc. Phys. 
Soc. A67, 957 (1954). 

Pea Ajzenberg and T. Lauritsen, Revs. Modern 
Phys. 27, 77 (1955). 

107. K. Perring and T. H. R. Skyrme, Proc. Phys. 
Soc. A69, 600 (1956). 

11k. Wildermuth and Th. Kanellopoulos, Nucl. 
Phys. 7, 150 (1958); Nucl. Phys. 9, 499 (1959). 


Translated by M. Hamermesh 
340 


4 


i 


‘4 
SOVIET PHYSICS JETP 


i 


VOLUME 11, 


NUMBER 6 DECEMBER, 1960 


MOTION OF NUCLEONS IN AN ANISOTROPIC OSCILLATOR POTENTIAL WITH ACCOUNT 


OF SPIN-ORBIT INTERACTION 


D. V. VOLKOV and E. V. INOPIN 


Physico-Technical Institute, Academy of Sciences, Ukr. S.S.R. 


Submitted to JETP editor December 21, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1765-1770 (June, 1960) 


A method is proposed for the calculation of the wave function and energy levels of nucleons 
moving in an oscillator potential. The general case of a potential which does not possess 
axial symmetry but in which account is made of spin-orbit interaction is considered. An es- 
sential feature of the calculations is that use is made of smallness of the spin-orbit coupling 
constant. In the limiting case of a strongly deformed nucleus the solution can be obtained in 

a simple analytical form. Investigation of this solution indicates that the spin-orbit interac- 
tion significantly affects the axial symmetry of the nucleus. Thus the axially symmetric shape 
of the nucleus becomes more stable and is the cause of the discontinuous nature of the transi- 


tion from axial nuclei to nonaxial ones. 
1. INTRODUCTION 


on question of the motion of a particle in an 
anisotropic oscillator potential with account of 
the spin-orbit coupling (s.o.c.) plays an impor- 
tant role in the treatment of bound states of in- 
dividual nucleons by means of a generalized 
model. This problem was solved by Nilsson, 
who calculated the wave functions and the eigen- 
values of the nucleon energy for the axially- 
symmetrical case (two of the three oscillator 
frequencies coincide ). 

In connection with the theory of nonaxial nu- 
clei, developed by Davydov and his co-workers, 
considerable interest attaches to an investigation 
of motion in an oscillator field in the general, 
nonaxial case (all three frequencies different). 

Geilikman® calculated the equilibrium deforma- 
tions of the nuclei, using the anisotropic oscillator 
model, and showed that the equilbrium form of the 
nucleus has no axial symmetry if the number of 
nucleons in excess of the filled shell (or holes in 
the shell) is more than two. No account of the 
s.o.c. was taken in these calculations. This raises 
the question of the extent to which the results of 
Geilikman are modified by allowance for the s.o.c. 
It is also clear that the s.o.c. should exert a sig- 
nificant influence on the wave functions of the 
nucleons, and must therefore be taken into ac- 
count in the calculation of the magnetic and quad- 
rupole moments of the nuclei, the B-decay half 
lives, and other quantities that characterize the 


nucleus. 
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In the present paper we propose a method of 
calculating the wave functions and eigenvalues of 
the energies of nucleons moving in an oscillator 
field for the general case of absence of axial sym- 
metry and presence of s.o.c. 

It must be noted that the method proposed here 
differs substantially from that of Nilsson. Nilsson 
employs the isotropic-oscillator representation 
and diagonalizes both the s.o.c. and the terms due 
to nonsphericity. In this connection, the matrix 
elements which are not diagonal in N (the princi- 
pal quantum number of the shell for the isotropic 
oscillator) are discarded. Nilsson proposes an 
approximate method of allowing for these discarded 
elements. The inaccuracy connected with this ap- 
proximation is of order e, (¢€ is the nonsphericity 
parameter and x is the parameter of the s.o.c.) 
and is comparable with the value of s.o.c. at not 
too small deformations. In addition, this method 
of allowing for the discarded terms is difficult to 
employ in many cases of practical importance 
(for example, to correct the wave functions ). 

The method we propose is based essentially on 
the smallness of the s.o.c. (kK ~ 0.05), which is 
diagonalized in the anisotropic-oscillator repre- 
sentation, and only terms of order x are dis- 
carded. 


2. THE HAMILTONIAN 


The Hamiltonian describing the motion of nu- 
cleons in a nuclear field with allowance for the 
s.o.c. has the form 
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Hi= HH, + ds (grad V(r) xp], “ Ho =p"/2+V@; - 


where A is the s.o.c. constant (we use a system 
of units in which M =f =1, M is the nucleon 
mass). 

In the case of an anisotropic oscillator po- 
tential 


V(r) => ys w? x2, (2) 


where in the general case all three parameters 
(frequencies) w, are different and satisfy the 
supplementary condition WxWyWz = we = const. 
Substituting (2) in (1) we obtain 
H = = )D) (p} Hota) +: Sd Dies o2xep (3) 

where oj are the Pauli matrices. 

The Hamiltonian (3) is conveniently rewritten 
in terms of the following representation for the 
operators x, and Py: 


Xk ess (a; = a,)> 


2a pe=iV (az —a,), (4) 
k 


where a, and a* are known operators with com- 
mutation relations 


la , at] = %z, (ae, ai] =[aj, af] =0. (5) 


In the representation considered here the operator 
H has to form 


it . 
Rees a (9; (Q; A$ + ata,) -+ ix Decne 9: Fee at ay 
L 


tkl 


ix 
+ > Di eve 97 By, (Gx Qs — Af ay), (6) 
ikl 
where K = —)\w,/2 is the dimensionless s.o.c. 
parameter 
O, + TY, 
far = gy Vee Bg = ATV Oe. 


We see from (6) that the s.o.c. operator breaks 
up into two terms, containing the operators aj 
and a,, respectively, in the combinations apa, 
and aya, — aay. 

We can use perturbation theory to estimate 
the role of these terms. In the second approxi- 
mation of perturbation theory, terms of the type 
aja, lead to energy denominators of the form 
Ww, +O, which can vanish only in the limiting 
case aS w, and W770; but in this case, as is 
readily seen from (6), the numerator will also 
tend to 0, and much faster than the denominator 
at that. This difference in the behavior of the 
energy denominators, together with the small- 
ness of the s.o.c. constant (kK ~ 0.05), makes it 
possible to neglect, with sufficiently good de- 
gree of accuracy (up to quantities of order xk?) 
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the terms containing aya — ata*t in the s.o.c. 
operator. In this approximation, the Hamiltonian 
has the form 

lghs > >} «; (a; at + at a;) + ix Deu &; fre Af Ay. (7) 
Because all the operators a; and aj. enter into 
the Hamiltonian only in pairs of the form ata,, 
the matrix elements for states with different val- 
ues of N (the principal quantum number of the 
shell) vanish, and the determination of the eigen- 
values of the Hamiltonian (7) reduces to diagonal- 
ization of matrices with a finite number of dimen- 
sions for each specific value of N. 

In the diagonalization of the Hamiltonian in the 
representation of the anisotropic oscillator with- 
out the s.o.c., the basis vectors will be denoted by 
|nynynz +> (the signs + correspond to spin pro- 
jections + ESN The matrix elements of the opera- 
tors a, are determined here by the relations 


ay nynnees = Vang, nae, 
ag | Myllghl, a Vn tie lng 
and analogously for ay, ay, a,, and az. The so- 


lution of the Schrodinger equation with fixed N 
can be written in the form 


ae: 


ny+ny+nz=N 


Caynyny =| MxflyNz <5) (8) 


If we take into account the invariance of the Ham- 
iltonian under rotation through an angle 7 about 
the principal axes of the ellipsoid (symmetry 
group D,) and under the transformation x; > Xj» 
Pj —~ —Pj, 9; ~ —o;, connected with time inver- 
sion, we find that each energy level corresponds 
to two solutions ba and w. Here the functions 
wy contain only the basis vectors corresponding 
to the eigenvaluesof the operator Uz = 

oz (-1)"* * ?Y of rotation through an angle 7 
about the z axis, equal to +1, while the function 
vy contains vectors corresponding to the eigen- 
value —1. In addition, it is found that the coef- 
ficients C, which determine these functions, are 
connected by the relation 


(OF home w= t(— DG ee = (9) 


and have the form 


(10) 


(+) ett 
Criny ny + SS, YAnnynats 


where Ann n, are real numbers. 

Thus, each solution is characterized by a def- 
inite number N (N =0, 1, 2,...). Fora given 
N, there are (N +1)(N +2) basis vectors 
|n,nyny +> . The diagonalization of the Hamil- 
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tonian in this representation makes it possible 
to construct the same number of solutions. Since 
the solutions of type WY and wv correspond 
to different eigenvalues of the operator Uz, 
which commutes with the Hamiltonian, these 
functions can be obtained independently, and the 
corresponding secular equation will be of degree 
not (N+1)(N +2), but (44)(N+1)(N 42). 

In addition, it is clear that there is no need for 
solving the equation for both w‘*) and vy. By 
obtaining W{) we can directly construct wv? 
from (9). Finally, relation (10) shows that each 
coefficient C“ is expressed through only one 
real number. 


3. LIMITING CASES 


We assume that wy = wy = wz (which obvi- 
ously does not limit the generality ) and consider 
several limiting cases. 

a) Case of a strongly nonspherical with large 
degree of nonaxiality: wy, - wz >K, Wy > K, 

Wy — Wy >> K. In this case the s.o.c. makes a 
contribution of order x? and can be disregarded. 

b) Case of strongly nonspherical nucleus with 
arbitrary nonaxiality: wx — wz >K, Wy- Wz >K, 
Wx — Wy arbitrary. 

In this case, which is of great practical interest, 
we can discard in the s.o.c. the terms which are 
not diagonal in nz, since they give corrections of 
order k*. We then obtain 


H = A(N, nz) + 4 (wz —ey) (Gz Oe — Oy Ay) 
+ ixfey (az Oh ay Ax) 52, 
A(N, Nz) = + (@x + @y) (N — nz) 


+ nyo: + 2 (wz + oy + ©). (11) 


By means of the canonical transformation 


Me . . % . . 
at =cosgay —isingay, A, = cosa, + isin ga,, 


a, = —isingaz +cosgay, Ay = 1SiN pay + cos gay; (12) 


sing = o, V (1 —cos 2¢)/2, cos = V (1 +c0s 2¢)/2, 
cos 20 = A/V A? + (2x’)?, A = (Wy —Oy)/0, % = xf ry/o 
(13) 
the Hamiltonian (11) assumes the form 
H = A(N, nz) +40 V A? + (2? (avar— aja). (14) 


Since the transformation (12) is canonical, the 
spectrum of eigenvalues of the operators ay’ ay 
and ay’ ay will be the same as for the operators 
aya, and ava (their eigenvalues and nj and n¢ 
are integers, including zero). Comparing (14) and 
(11) we reach the conclusion that an account of the 
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S.0.c. reduces in this case the problem of the en- 
ergy levels to the problem of the oscillator with- 
out s.o.c. but with other frequencies: Wy and w; 
are replaced by frequencies wi and wy such 
that 


A’ = (s— 04) (0) = VA? + (2%). (15) 


It follows therefore that if the solution of the 
problem of minimum energy of the nucleus with- 
out account of the s.o.c. leads to an equilibrium 
value of the parameter A’ = A4,, then allowance 
for the s.o.c. leads to a reduction of A, i.e., to 
an increase in the nonaxiality, in accordance with 
the relations 


eS em 
Ao == 0, 


Ay > 2G 


Ag <2’, (16) 


which follow from (15) and from the fact that A’ 
is defined only in the region A’ = 2x’. If A% is 
found to be in the region 0 = A%, = 2x’, this 
means, as shown in Fig. 1, that we must disre- 
gard this ‘‘nonphysical’’ region. The minimum 
energy will correspond here to the value A% = 
2k’ or, according to (16), Ay = 0. 

It is seen from Fig. 1 that if a small pertur- 
bation of the nucleus changes the position of the 
energy minimum (dotted curve), but does not 
take it out of the nonspherical region, then Ap) = 
0 as before. We conclude thus that the s.o.c. 
stabilizes the axial form of the nucleus, making 
it stable with respect to small perturbations. 


FIG. 1. Dependence of the energy of the nucleus on the 
nonaxiality; a— effective oscillator without s.o.c., b—real 
oscillator. The shaded (nonphysical) region on Fig. a corres- 
ponds to the point A = 0 on Fig. b. The solid curve on Fig, a 
and the corresponding solid curve on Fig. b show the depend- 
ence of the nuclear energy on the nonaxiality; the dotted line 
represents the same dependence in the presence of a small 
perturbation. 


Figure 2 shows, by way of illustration of the 
influence of the s.o.c. on the axiality, the de- 
pendence of nonaxiality parameter y on the num- 
ber of nucleons in the shell N = 3, obtained by 
Geilikman without accounting for the s.o.c., and 
the dependence calculated from (16) with k’ = k = 
0.05 and B = 0.4. The parameters 6 and y are 


1276 DY VV VO LEON 
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Ley 
DR Ga OC BMT 

FIG. 2. Dependence of the parameter of nonaxiality of the 
nucleus y on the number of nucleons m in the unfilled shell 
(N = 3). The dotted line shows the same dependence in the 
absence of s.o.c., while the solid one corresponds to the 
presence of s.o.c. 


related with the frequencies wx, wy, wz by 
equations that correspond to the usual definition 
of B and y: 


@y = (1 + Sp + 81) @(Sp, $1), Oy = (1 + So — $1) @ (So, $3), 
@z = (1 — 289) (So, $1), 


so = V5/4nBcosy, s,= VY 15/4nBsin 7, 


w (Sp, 8;) is determined from the requirement 
WxWyW7 = Wo. 

It is seen from Fig. 2 that the s.o.c. leads to 
greater stability of the axial form of the nucleus 
(in this case the nucleus becomes nonaxial with 
five external nucleons, and not with three as in 
the absence of s.o.c.). In addition, the transition 
from the axial to the nonaxial form becomes 
sharper — the minimum and nonaxiality amounts 
to y"= 15° and not 6.5°. 


(17) 


and Ey VINO PIN 


In conclusion, we determine the wave functions 
for this limiting case. The wave function of the 
state characterized by the quantum numbers nx, 
ny, nz, and (2 = +l, is the spin projection ) 
can obviously be written in the form 


we, = (a! nit nel) (ay) (ay’)"4 (at)"2 | 000 + >.(18) 
Wty wie 
Substituting in (18) the expressions ae) and 
ay’ according to (12), we obtain finally 
4, = (nt ni! nel)” (cos gat — isin gaty"* 
nynyn, x x y 
x (— isin pat + cos at)"Y (at)"2 | 000 +). (19) 


The authors express deep gratitude to G. Ya. 
Lyubarskii for valuable discussions. 
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A kinetic equation is considered for processes characterized by times which are small or 
comparable with collision times. In the most interesting case of a gas of charged particles 
in the absence of a magnetic field, and for frequencies which greatly exceed the Langmuir 
frequency Ww», it is found that not the Debye screening range but the distance traversed by 
the particle during the period of the field is the maximal impact parameter in the Coulomb 
logarithm. The effective frequency of collisions between electrons and ions, which deter- 
mines the dissipative part of the complex dielectric permittivity tensor for a plasma lo- 
cated in a strong, constant magnetic field is computed for the same case of high frequencies. 
If, moreover, the electron Larmor frequency is much greater than the Langmuir frequency, 
then there is a resonance character to the dependence of the maximal impact parameter in 
the Coulomb logarithm on the frequency of the variable field. 


IE The Boltzmann kinetic equation is unsuitable 
under conditions in which the characteristic dimen- 
sions of the inhomogeneities are comparable with 
the characteristic impact parameters of the par- 
ticles participating in the collisions, or when an 
initiated collision is not completed within the char- 
acteristic time of change in the distribution of the 
particles. A generalization of the Boltzmann equa- 
tion to the case of extremely inhomogeneous prob- 
lems was given by Chapman and Cowling! for the 
case of a gas of rigid spheres, and by Bogolyubov? 
in obtaining generalized Boltzmann equations for 
an arbitrary law of interaction of the gas particles. 
The account below is devoted to obtaining the 
kinetic equation for gas particles with weak inter- 
action, which is suitable for describing rapidly 
varying processes. An example of such a gas is 
a plasma in which the particles interact according 
to Coulomb’s law, while an appreciable contribution 
to the scattering of the particles is made by long- 
range collisions for which the interaction can be 
regarded as weak. Because of the slowness in fall 
off of the Coulomb forces, the time during which 
long-range collisions take place lies in a wide 
range from Tmin ~ e2m¥/2(«T) 9? ~ 10 8 T¥? 
to Tmax ~ Vm/4me%n) = wp! ~ 107nj’/?. Here, 
T is the temperature, and ny is the density of 
electrons per unit volume; w,) is the Langmuir 
frequency. Under conditions in which the charac- 
teristic time of the process Tpy satisfies the in- 
equality 


Tmin <t pr < Tmax? 


there is a wide region (Tmin K Tmax) in which 
not only can the interaction be regarded as weak, 
but we can also consider the collisions without re- 
garding the time variation of the distribution. Also, 
there is a wide region (Tpr <“< Tmax) in which the 
collisions are changed appreciably. Actually, in 
this latter region, the collisions are suppressed 
because of the rapid change in the particle dis- 
tribution, and Tpr plays the role of a maximum 
collision time. 

The situation is somewhat more complicated 
in the case of a high-frequency process taking 
place in a plasma placed in a strong magnetic 
field. Here, under the condition that the variable 
frequency w is close to the Larmor frequency 
of the electrons Q and is much greater than the 
Langmuir frequency, the effective maximal colli- 
sion time is equal to (ane? in order of mag- 
nitude, as shown below. If |w+-Q| > wo, then 
the effective maximal collision time is 
~ | Ot = ow? [-1/2, 

2. We consider the interaction between gas par- 
ticles to be weak. The kinetic equation for such a 
gas in the case of a slowly changing process was 
found by Landau.® To obtain the corresponding 
kinetic equation that describes rapidly changing 
processes, we make use of perturbation theory. 

It was shown by Bogolyubov? that, in the construc- 
tion of such an equation for the distribution function 
f(p, r), it is necessary to determine the correla- 
tion function g(p, r, p’, r’). For a known correla- 
tion function, the equation for the distribution func- 
tion can be written in the form 
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(6) () 0 0 P / / .) , 
- ee ns = \ de dp'f (p’, r’) U ({r—r’]) 


QUIT SE eS 


—n<\ dr" dp'g(p, r, p’; t’) ee (1) 


Here {(p, r,t) is the particle distribution func- 
tion normalized to unity, n is the number of par- 
ticles per unit volume, U is the potential of pair 
forces, which we shall assume to be central, v is 
the velocity of the particles. 

Because of the small interaction of the particles, 
the correlation function can be described by the fol- 
lowing approximate equation: 


vets SS 


= [F(p', r) HO 


Under the assumption of an adiabatic turning on of 
the interaction in the infinitely distant past, Eq. (2) 
can easily be written in the form 


0g 
=a 


— Fp, r) Heer) |e 2) 


g(p,r, pr’, t)= | a ( U(jr—r’ —(v—v)t p 
Oe wild a av, 9 | 
x ie at ip, ° or, Pere oa | f (p, r—vt, t + 7) 


X f(p’, r’ — v't, t+ 7). (3) 


Equation (3), along with Eq. (1), gives the general- 
ized kinetic equation which is suitable for describ- 
ing rapidly changing processes. 

3. We consider in detail the case of a spatially 
homogeneous distribution. In this case the kinetic 
equation takes on the following form: 


0 
Of (p, ¢ 0 P , 
Me t= n-\dp Of dté;; ((v — Vv’) t) 


Ce} t 
x {FP t+ t). Ht+9 —f(p, t+) Ett ) 
PhssnidA) 
Here 
0 = 
8; (vt) = \ ar a du (| e ve Des. oR \ ky? (k) k; k; ev", 


v(k) = \ U (r) ek dr. 
If the time dependence is weak, then one can 
neglect the difference between t+7 and t inthe 
arguments of the distribution function on the right 


side of Eq. (4). Then Eq. (4) transforms into the 
Landau equation: 


Gh mgldnken 1 OF ne a 
BE ap A a — Vs ODF (EP — 5 (p) LON, 


Pj 


0 
ae), ee 
I, (v, 0) =n \ de 8; (vt) = 2 1 (0), 


co 


A (0) =< \ a (q) a9. 


0 


(5) 
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In order to make clear the difference between 
Eq. (4) and the usual equation of Landau (5), we 
consider a linearized Eq. (4), assuming that the | 
nonequilibrium increment 6f is small in compari- }* 
son with the equilibrium distribution function fp. 
Moreover, owing to the linearization, we can put 
the time dependence in the form exp(—iwt). Then 
ie right-hand side of Eq. (4) takes the form 


ap \ oP la (VV {fay -3f (p) + 8 (P') ap fo (P) 
— fol) Bf ©) —9F (®) 5 --f(6)} 


The oe equation er from the corre- 
sponding right-hand side obtained in the lineariza- 
tion of the Landau equation in the frequency de- 
pendence of the kernel Ijg(v, w), which is deter- 
mined by the following formula: 


Ly cy = dkv? (k) k; k; {Pps + nd (kv — w)}. 


(6) 


Gy 


Here P denotes the principal value. 

On the basis of Eq. (6), it is easy to conclude 
that the frequency dependence can become impor- 
tant only under conditions in which v/w — the dis- 
tance traversed by the particle during the period of 
oscillation — is small in comparison with the char- 
acteristic impact parameter p ~ 1/k. 

The kernel of the collision integral (6) can be 
written in the form 
T;3 (V, @) = 03 (0*8;; — 0; vj) [A’ (@, v) + iA” (@, v)j 

+ v8 v; 0; [B’ (@, v) + iB" (@, v)]. (7) 


It is easy to see that, by (6), the quantities A’ and 
A” (and, correspondingly, B’ and B”) are con- 
nected by a dispersion relation of the usual type: 


1 apt), 


A’ (o) = (8) 

4. To determine the dissipation it is necessary 
first to know A’ and B’. We find these quantities 
for the case of Coulomb interaction, when v(k) 
= 4ne*/k*. In the consideration of the Coulomb 
case, it is necessary to cut off the integration over 
the impact parameter both above (pmax) and below 
(Pmin). We have 

2 


ae oar p2 y+ 4 


4 
sy v2 / wp? + : ; 
B’ (w, v) = 2neAn [(0? / w p?,,, + 1)? — (0? /@% 2 + 1)-4). 
(9) 
In the low frequency region, where w <« v/ Pmax: 
the quantity A’ goes over into A(0) = A(0,v). 
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while B’ falls off as w*. By virtue of the fact that 
Pmax is equal to the Debye radius in order of mag- 
nitude, the low-frequency region is obtained for 

w K wy = V4me2n/m . In the opposite case, in 
which w >> wo, (but, at the same time, w « v/ 
Pmin> Where pmin ~ e2/KT), we have 


A’ (w, 0) = netn [In (w/v? 2.) + 1], 


B’ (@, v) = — Qze!n. (10) 


In this expression for A’, it is v/w, rather than 
Pmax, that appears as the argument of the loga- 
rithm. This physically clear result was essen- 
tially obtained earlier, for example, in the calcu- 
lation of the high frequency absorption in an inter- 
stellar electron gas (with the aid of the Einstein 
relations ).4 

It must be remarked that the approximate equa- 
tion (2) which we have used is not suitable for the 
description of long-range correlation of particles 
interacting according to Coulomb’s law for the 
case of frequencies which are small in compari- 
son with the Langmuir frequency wy. Therefore, 
in consideration of the Coulomb case, one is 
obliged to cut off the integration at the Debye ra- 
dius of screening. As was shown by Bogolyubov,’ 
one can improve the accuracy of Eq. (2) so that it 
correctly describes the effects of screening. How- 
ever, in this case, the kinetic equation is actually 
not obtained, inasmuch as it is not possible to 
solve the resulting equation for the correlation 
function. Such a situation occurs both in the case 
of consideration of slow processes and also in our 
case of rapidly changing processes. 

5. We shali apply the above to the case of a gas 
in which there are charged particles located ina 
constant and homogeneous magnetic field, and also 
in a homogeneous but time dependent electric field. 
The distribution function of an alpha type of par- 
ticles of such a gas then ee the kinetic equation 


ais ee +\e,, (E as [vxH}) 2 


ci: 
dy’ dr’ De: 


OU aa’ (| t—1" 
= Ju =\dr' dp’ Dj ne . fal ptt 


me ane i CO Ata i) fa’ (p’, r’) 
Pp Ii 


op Sac’ (p, r, p, r’, yp 


1279 
where (Qg = egH/mgc) 
P= + (pH) + Bxthxt} cos Qyt 
H t+ 
+Pelsin Qat + ee \ dt’ [o. (HE (é’)) 
t 
+ Reo cos (2, (t + £— t’) 
[E (i’)x HJ. ok F 
eee el sin Oa(e et t’)k, 
pe Freie) Pity) 
R ieee astahaleD a= \ dt peo) 


In the case of a spatially homogeneous distribu- 
tion, the right side of the kinetic equation (11) 
takes the form 


Japs t) = Sine 35. \ dp de {857 (vs v's Dap 


— $i," (Vv, V; ts Nay} te (P’,t-+1)fa(P,t+ 7), (18) 


“(v, v’ po Uae) Uae eee? 
BA?" (v, v’, tL) =\ar = ob w 
H,H Hy, i, H : 
xi H?2 py (3)— H2 i \cos Qt — C1mj a sin Q42 


H,H, 
J + (8 —_ Te? i) cos Q4t 


on eee 
= gar \ dota (b) eX |p 


H 
Bess Qt}. (14) 


For the case of Coulomb interaction, vgq’(k) 
= 41@yey/k*, and therefore 


2 B. - 
Gif (v, v’, t, t) = mae ee (a, = | 


) 
H,H 
A; i 
ee eae 
, [wsinQ, + 


(v—v', H) t+ Hx| (Sao 


H 
) cos Q4t — eymj a sin Qat} (15) 


H 
a(t, Nii 4.0 a’, t) 7, 


v’ sin Q,, 4— cos Q,7 4— cos Q,.7 
H?2Q. 


- *)xn]+{v HO, V phon 
+t tye 

’ of H BN pe ai sach 
us dt \ dt {77 (HE ( Des s 


( C21COS| QE (Of ees) 
m, H? o 


jet 


€,7c0s Q,,(t + t’ —?#) 
m,, H? ) 


X DHE (t") H+ TE ("Hi asin Q, (ct —2" 


(11) sin Qa: (t+ — 9) MK (16) 
while the correlation function g has the form 
Bao' (Pp. t, Ps, t) = dt {5 Uaa (Ir —P’ + a(t, V, Vv’, &, @’, t)))}x \a# {ae Hy ap — a+ Fat{(cos Q. + 
—co 
== (C08 O47 507) xH |- TH x/sin Que i == SM <x | + = Hd? = 3 = “ a 
ef oBtet 2 sna xH— tt He( oa v7) Fe (P’, R’,¢+7)fe(P, Rif +4), (12) 
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It should be noted that the integration over T in 
the case of Coulomb interaction must be carried 
out from Tyax tO Tmin» Which corresponds to 
the cutting off of the impact parameter integral at 
both high and low values. 

6. We use the kinetic equation obtained in Sec. 
5 for determining the dissipation of electromag- 
netic waves brought about by collisions of elec- 
trons with ions. In this case it is expedient to 
carry out the calculation with logarithmic accu- 
racy, keeping in mind the occurrence of a large 
Coulomb logarithm. In such an approximation, 


e2.18:; (v—v')? 


— (0; — 0;) (0; — 9) | t/* | ¥ — v’ |? cos Q, . 


Bi (v, v’, 2) = Qnee 


(17) 


Comparatively simple calculations, carried out 
in detail in the determination of the dielectric per- 
mittivity tensor for frequencies below the Lang- 
muir frequency wy, show that we can use in our 
case for the complex dielectric permittivity ten- 
sor the usual expression,° in which the dissipation 
processes are characterized by an effective colli- 
sion frequency (Vveffj). The only difference is 
that in the expression for the effective collision 
frequency between electrons and ions 

vett = 2 V On ere? n; mh (xT) L’ (18) 
we have, in place of the usual Coulomb logarithm 
Ie lO ner pryqe eC HELGA pmiso= VKT/M tae 
is the maximal impact parameter, equal in order 
of magnitude, to the Debye radius) the following 
expression: 


Tmax 


Li= \ © cos Qr cos wt (Q =<). (19) 
In particular, for |w+Q| > wp, 
Ae ee xT 
Lein(SV ae | (20) 


If the frequency of the electromagnetic field is 
close to the gyroscopic frequency |Q2-—w| <« wo, 
but is at the same time larger than the Langmuir 
frequency, the Coulomb logarithm is shown to be 
equal to 


L'=|n i ee) (21) 


e? M200, ) ~ 


VP SPiN 


Under the conditions in which w<«K wy) and Q 
K wo, Eq. (19) evidently yields the usual Coulomb 
logarithm. 

I take this opportunity to express my thanks to 
V. L. Ginzburg for his interest in the present re- 
search and for useful discussions. if 


APPENDIX 
THE COLLISION INTEGRAL IN A STRONG 
ELECTRIC FIELD 


In a constant electric field, the collision inte- 
gral (13) takes the form 


Ja (B= SI 5, -\ dp’ \eetony, *) 


x as Sl Fa (p’ + ea Et, t+) fe (p+ ea Ex, t+), 


tiieeiak (A.1) 
where, for the case of Coulomb interaction, 
Seve, 2) = Qnez ek |t {2 (8:;V2 —Vi VV, 
V = v—(eg | Ma — a’ / Mg’) Et. (A.2) 


For slowly changing processes, taking the weak- . 
ness of the interaction into account, we can trans- 
form in (A.1) in the distribution functions f from 
t+7 to t (which is completely analogous to what 
was done in reference 2). Then the collision in- 
tegral takes the form 


a ; - Of (pet) Of a (p's ¢) 

Ja(0, 1) =D ap, \a' {fe (0 0 _ 5, (@, 
ve), (A.3) 

Ui" (v) = nat dz Si (v, 2). (A.4) 
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The elastic scattering of transversely polarized fermions is considered. It is shown that in 
the ultrarelativistic case scattering of the longitudinally polarized fermions is characterized 
by the four dimensional intrinsic angular momentum tensor. In the latter case the scattered 
fermions remain transversely polarized in interactions proportional to the matrices p; and 
P,; On the contrary, in interactions proportional to the matrices p3 and py, the longitudinal 
component may appear after scattering (if the particle has a non-zero rest mass). 


1. INTRODUCTION 


ly the motion of a free fermion, described by the 
Dirac equation 


b= L~” 3} Cb; exp {— iecKt + ikr}, (1) 


where K= yk? +k? is the positive (ce = 1) energy 
of the particle, k is its momentum, k, is the rest 
mass; we shall characterize the polarization prop- 
erty by the unit three dimensional vector s?. 

For the longitudinal (s} parallel to the vector 
k) and transverse ( st 2 perpendicular to the vec- 
tor k) components we have 


= (CiC_, sia CC; Sy sg =i (OPC, Pr Gees has 
$3 SS (Gi C, =F CeCe) Sone (2) 
respectively, where 
So = OFC, + CCl (3) 
As is well known, either the four dimensional 
spin pseudovector (fu = 0, ip,): 
C3 aa Ks3, 


or the intrinsic angular momentum tensor of the 
electron (£23 = p3043 — ify = P2%1- etc) 


C12 = RySi,2 G=—it= ks3, (5) 


0 7 — pc? 
ts = Cie = RSs, ae = Ki, 81 = — bu = Se, 


&o Sirs ksi, c=) (5a) 
can be formed from the unit three dimensional 
vector s° by averaging of the type 


C= [gr Kea (4) 
with corresponding matrices ‘a 

Equation (4) can be generalized to the case of 
the presence of states of both positive and nega- 
tive energies by using the relation 


Ke > “ (ak + pk) C + > € (ak + pak). (6) 


In the case of the free motion, the generalized 
matrices will, in similar fashion, commute with 
the Hamiltonian, and will lead to the result (4) in 
averaging for states with positive energy. 

For matrices of the spin pseudovector (see ref- 
erences 1 —3) and for the intrinsic momentum ten- 
sor, we shall have here 


Ke — kyp36 + pik, 
Kos —> Roo — 62 [kxe], 


Ko, car? ok, 


— iKo,¢ — ps[oxk] (6a) 


respectively. From the latter matrices we can 
form the matrix 


o° = k® (ok°) + 95 (6 — k° (¢k°)) (k° =k/k), (6b) 


which also commutes with the Hamiltonian. The 
eigenvalues of the components of this matrix will 
be equal to the components of the unit three di- 
mensional spin vector s’. The transformation 
laws in the Lorentz rotations for the three dimen- 
sional s® can be found from the corresponding 
transformation rules for the four dimensional 

fy or fuv (see references 4 and 5). They have 
a somewhat peculiar form: 


ss’ = s§cos 7 + sqsiny, s? = s?cos y — s3siny, 
Sy = 82, (7) 

where 

cos ¥ = (81 — B cos 6) [(8, — 8 cos 8)” + 6" (1 — Bi) sin’6y, 
sin y = (8 VV 1 — 83 sin 8) [(B, — 8 cos 6)? 

+ B?(1 — 3) sin? 0], 

B is the velocity of motion of the primed system 
of coordinates relative to the unprimed, which we 
direct along the z axis. The x axis is chosen in 
such a fashion that the velocity of motion of the 
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particle 6, = k/K relative to the unprimed system 
lies in the zx plane. 

It follows from these equations that interchanges 
of the longitudinal and transverse components of the 
polarization will take place for particles with non- 
zero rest mass (kp) ~ 0) in the transition from 
one inertial frame to another. Only in the case 
6 =0, i.e., when the direction of the velocity of 
motion £, of the particle coincides with the veloc- 
ity of motion B of the primed system will the lon- 
gitudinal components remain longitudinal and the 
transverse components transverse. Conversely, 
for B = B,/cos 6, the longitudinal components as 
a whole transform into the transverse and vice 
versa, as a result of the Lorentz transformations, 
if 8) =0. 

For ky # 0, one can characterize the polariza- 
tion both by a four dimensional spin pseudovector 
bu and by the intrinsic momentum tensor Suv 
or by the unit three dimensional vector 8) rAll 
these quantities will be mutually connected by the 
relations (4) and (5). If the mass of the fermion 
is equal to zero (ky = 0) then £, = 1 in all sys- 
tems of coordinates, and the angle y=0. Hence 
both the longitudinal and the transverse compo- 
nents of the polarization preserve their invari- 
ance separately (s3’ = s3; Sy’) = s}.»). 

For ky = 0, the longitudinally polarized fermi- 
ons (for example, the neutrino) must be. described 
by a spin pseudovector (£3 = ks}, £12 = 0), while 
the transversely polarized, by an intrinsic mag- 
netic moment tensor (u1,. = ks{\>, 3 = 0). 


2. FUNDAMENTAL FORMULAS FOR SPIN RE- 
VERSAL IN ELASTIC SCATTERING 


In the investigation of the behavior of the polar- 
ization of a fermion in elastic scattering (K’ = K, 
and the primes denote quantities referring to the 
scattered state), it is first necessary to compute 
the values of the coefficients Cy, which will be 
connected with the initial coefficients Cg by the 
relation 


Cr= + > pu (s’,'s) oy (s’, 8) Cy, (8) 
s 
where the values for Puls’, Ss), o,(s’, Ss) are 
given by Eqs. (12) — (14) of reference 6, in which 
the scattering of longitudinally polarized fermions 
(C;=1, C_,=0) was considered. Here it is best 
to characterize the polarization by a spin pseudo- 
vector. 

In the present work, we want to investigate the 
scattering of transversely polarized fermions; we 
shall therefore describe the polarization proper- 
ties by an intrinsic magnetic-moment tensor. 
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Scattering of transversely polarized fermions by a center of 
force. 

Let the fermion move along the z axis before 
scattering, and let its spin be characterized by 
the vector mw directed perpendicularly to the mo- , 
tion, making angle g with the x axis. In this case, 
we must set C, = 1/V2, C_y=el¥/V2 inasmuch 
as we have here 


0 F 
S=1, s{=cose, SS= Sing, s,—.0, 


as is seen from Eqs (2) and (3). Without affecting 
the generality of the discussion, we can choose the 
zx plane so that the momentum of the scattered 
fermion lies in this plane (see drawing). 

We shall find general formulas that characterize 
the polarization after scattering as a function of the 
character of the interaction. 

a) First we consider the case of interactions 
proportional to the matrices p,; and p, (see ref- 
erence 6), i.e., At= pio, (temporal component 
of the pseudovector interaction), P= p»,04, (pseu- 
doscalar interaction), vV*® = p,4oen (spatial com- 
ponent of the vector interaction) and Tt = fp ,o°n 
(space-time component of the tensor interaction). 
The three dimensional vector n defines some di- 
rection which is connected with the scattering cen- 
ter and which is specified by the directions of the 
magnetic moment and the momenta of the motion. 

In all these cases it is easy to prove that the 
longitudinal component of the polarization (i.e., 
the projection of the spin of the scattered fermion 
on the z’ axis, which we direct along the momen- 
tum k) vanishes (s3’ = 0). In other words, in 
these interactions, the longitudinally polarized 
fermion remains longitudinal, as was shown in 
reference 6, while the transversely polarized 
fermion remains transverse. 
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To determine the rotation of the vector of the As we have already noted for the interactions 
transverse polarization of the scattered fermion, (14), longitudinal polarization can appear as a re- 
we have the following expressions from (2) and sult of the scattering; this polarization should be 
(8): characterized by the components 

sane a needs wD. ETE 0 colin. (9) Ss = R3cos@ + Qgsin Q; (16) 
a ae =, Oe Be 2 she Lag (10) Ree Ss ~ Ke k2) re Roc 

In Eq. OO: the minus sign refers to RA and the AT 2(aa’ + 6b’) 

plus to RP , and so forth. The corresponding ees a +67 +a +8’ 

value for the quantity So, which characterizes V.S AT 2 (a b—ab’) 

the total (for finite spin s’) effective cross sec- NG Soni Gem Be ee ace: : 


eo aape caval bo the values of the coefficients a, b, etc are the same 


Pes (k? / 2K) (1 + cos 6). (11) as in Eqs. (15) and (15a). 
It is seen from (16) and (17) that the longitudinal 
; polarization for fermions with zero rest mass 
Bt a (a? + 6%), Rie = Ove — (kj) = 0) should not appear in the scattering of 
Rr transversely polarized fermions. 


In a similar way we find 


ke , , 2__ 92 
So = xx (a? + 6°), Rig haa pa 
ie 2a’b’ 3. POLARIZATION EFFECTS IN SCALAR AND 
Qie= Gap (12) VECTOR INTERACTIONS 
5 We shall investigate in more detail the polari- 
- =n ye Bee +n jy 22 zation properties in certain special cases. First 
7 AeGeaG; we note that these polarization properties in elas- 
i! \ ty, (13) tic scattering (in the first Born approximation ) 
depend only on the initial polarization, the scatter- 
where @ is the scattering angle. ing angle and the character of the interaction, in- 
b) In the case of interactions proportional to the agmuch as the quantities sf) and s’° do not depend 
matrices p, and p3: on the matrix element of the energy of interaction 
VSP = pyss, 9S = 9584,  T°P=pg(on), — A*P = py (on) UK'k = \ emu (r) d®x, (18) 


(14) 
we find that as a result of the scattering, in addi- 
tion to the rotation of the transverse component of 
the polarization vector, an additional longitudinal For example, as is seen from Eq. (15), the com- 


0 * Ven 
component must appear (if the mass of the fermion Ponent of the unit vector 8’° along the axis y i 
ky ~ 0). In this case we have for Vt or S interactions remains unchanged (s} 


= s!), while the spin vector in the (x’z’) plane, lo- 


(see reference 6), where kK =k-—k’, and u(r) is 
the spatial part of the interaction energy. 


so° = = (1 + &o/ K”) += (1 —o/ K*) cos 8, cated in a system of coordinates associated with the 
VS _Q pv.s me (K? + k6) cos @ + (K® — k?) motion of the fermion, * is turned through some 
Ree a yee fuck matKE A ee) Gk) 005 0.0), * angle. As a result, a longitudinal component ap- 
| (15) pears, as is seen from Kg. (17). 
yy ee? a 7 In the nonrelativistic case (ky = K), a follows 
Ss” =a’ +b? +a? 4+ 6", 
from Eqs. (15) and (17) that, both for vt and for 
Rat (6 a) Ae a, ) Aven 2a’b’ F-2ab S interactions, the same result holds: 
SPR. SP SEP pe 5/2 Sie Lp La =o 0 —19 7/2 : 
Raitt abfern st? Gitar Balen sz. = sin 9 cos 9, 
(15a) * 
' a s? = cos 8 cos 9, sy = sing, (19) 
In Eqs. (15) and (15a), one must set a’ = koa’/K, 
be kob’ /K, a=a, b=b in the case of the A in- *We shall denote by x’y’z’ the auxiliary set of coordinates 
teraction, and a’ =a, b= b, a= ka/K, b= kob/K connected with the motion of the fermion. Before scattering of 
for the T interaction. the fermion, the x’y’z’ system coincides with the xyz system. 
After scattering, only the y’ axis coincides with the y axis. 
*The different signs on the right side of Eq. (15a) refer to The x’, z’ axes are rotated, relative to the x, z axes, respec- 


the indices 1 and 2, respectively. tively, through the scattering angle 6 (see drawing). 
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i.e., just as in the scattering of longitudinally po- 
larized particles (see reference 6), the spin vec- 
tor of the scattered fermion maintains the direc- 
tion of the original spin: s’? = s’. This specific 

case is also shown in the drawing. 

On the other hand, in the ultrarelativistic case 
(ky « K), the longitudinal component of the polar- 
ization will gradually vanish with increase in en- 
ergy, and the fermion will again become trans- 
versely polarized. In this case the spin in vi in- 
teraction maintains its orientation relative to the 
x’ axis (sj°=s!=cos g). In the case of S inter- 
action, it changes this orientation to the opposite 
(s{° = —s} = —cos ¢). 

We note that in the general case, in connection 
with the appearance of longitudinal polarization as 
the result of the scattering, the intrinsic magnetic 
moment is rotated in the z’x’ plane through an 


angle 


tan a =ps/p, = 2k?sin® /[(K? + k2)cos® + (K?—ki)]. 
(20) 


The plus sign here refers to vt interaction, and 
the minus to §S interaction. 

It is interesting to note that for these same in- 
teractions an analogous formula was obtained in 
reference 6 for the angle of rotation in the system 
connected with the motion of the particle. This was 
done for the case of longitudinally polarized fermi- 
ons. However, this rotation did not refer to the 
intrinsic magnetic moment, directed in our case 
perpendicular to the momentum, but to the spin 
pseudovector of the fermion, which was directed 
parallel to the momentum. 

As another example, we consider the scattering 
of a charged fermion by a fixed magnetic moment 
#’. In this case, we can represent the interaction 
energy in the form 


U = — iep, (eA), 


where A is the vector potential created by the 
magnetic moment. The matrix element will be 
proportional to the following expression (see ref- 
erence 6): 


Wee =—iepon, and n=[xp’]), x=k—k’. (21) 


As a result of scattering, the transversely polar- 
ized fermion should remain transversely polarized 
(inasmuch as this interaction is proportional to the 
matrix p;). However, in the plane perpendicular 
to the direction of the momentum of the scattered 
fermion (i.e., in the x’y’ plane), the intrinsic 
magnetic moment ought to rotate through some 
angle which depends on the direction of the mag- 
netic moment yp’. 
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If the magnetic moment yp’ is directed along 
the momentum k of the incident fermion (yy 
= ux = 0), we shall have, in the system connected 
with the motion of the fermion: 


s? = —cOosQ, se = —sing, s? = 0. (22) | 
If the magnetic moment yw’ is perpendicular to the | 
direction k (uz =0), we get 


vu? — py sin* (0 /2) ( cos 9 ) 


2y..u, sin? (0/2) e sin °) | i 
v2 + we? siné (0 /2)'\ sing ; 


(23) 
ie., if wi, =0 and pw, ~0, we again obtain the 
expressions (22) for the unit vector, and for py 
= 0 and Ley «0 we have 


‘3 
0 
Io = 


’ s 3 0 
s, = cos, s. = sing, ss = 0. (24) 


Hence it is seen that if the magnetic moment yp’ is 
perpendicular to the momentum of the incident and 
scattered mesons (i.e., perpendicular to the plane 
k’-k), then vi, =, =0 and, therefore, in accord 
with (24), the polarization vector maintains its di- 
rection in the system of coordinates connected 
with the motion of the particle. Now, if pw’ lies in 
the plane k’:k, then the polarization vector 
changes its direction to the opposite. We recall 
that before scattering the components of the spin 


were equal to s!=cosg, s$=sing, s$=0. 


4, AZIMUTHAL ASYMMETRY IN THE SCATTER- 
ING OF POLARIZED FERMIONS 


In our previous work,® we considered the scat- 
tering of longitudinally polarized fermions, and 
found that the differential effective cross section 
was the same as in the scattering of unpolarized 
fermions. This result is completely understandable, 
since no asymmetry should be noted for longitudinal 
fermions relative to the azimuthal scattering angle 
gy, and therefore, neither in the case of a linear 
combination of different interactions, nor in the 
case of a more exact solution of this problem (for 
example, by the damping method) should an azi- 
muthal asymmetry connected with longitudinal po- 
larization be obtained. 

It should be emphasized that in the scattering 
of longitudinal fermions by the magnetic moment 
#’ directed perpendicularly to the momentum 
k (ug # 0, Ly ~ 0), azimuthal asymmetry can be 
observed. However, this asymmetry character- 
izes only the azimuthal asymmetry connected with 
the presence of a transverse component of the 
scattering magnetic moment yw’, and is completely 
independent of the initial degree of longitudinal 
polarization of the scattered fermions. 
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In the scattering of transversely polarized 
fermions, we can expect the phenomenon of azi- 
muthal asymmetry. It is true that in carrying 
out calculations in the Born approximation only 
for the presence of one form of interaction, we 
found that the quantity sj does not depend on the 
angle g (see Sec. 2). However, this dependence 
can appear a) in the case of scattering in the 
presence of a linear combination of separate in- 
teractions, or b) in the presence of a single form 
of interaction but for a more exact solution of the 
problem, for example, by the method of damping. 

We shall consider each of these cases in more 
detail. 

a) Combination of separate interactions can 
take place, for example, in the investigation of the 
scattering of a particle possessing an electric 
charge e and a magnetic moment w=uo bya 
fixed center which has an electric charge e’ and 
a magnetic moment yw’. 

In this case the matrix element characterizing 
the spin part of the interaction takes the form 
Cy == Di (ce pals’, 8) a(S’, 8) — ies pa (s',8) 6 (s’, 8) x 

s=—-11 

+ ie px (s', s) 5 (s’, s)l xp’ 1+ ut ps (5’, 8) ¢ (S’, 8) mfp’ ]]) Ca, 
where k =k-k’. 

In order to avoid the effects of azimuthal asym- 
metry connected with the presence of a transverse 
component of the magnetic moment yw’ of the scat- 
tering center, we direct this moment along the z 
axis (up =u’, wy= bey = 0). Here we find for the 
coefficients Cg [by means of Eq. (8)]: 


Cy = {ec + ss‘) (p — sq) — = s(1 —ss’) m} Cs (25) 


p = ee’ cos ey g = 2’ (e + 2uRo) ia sin? ss cos : ; 
m =e (eke — 2uk*) sin +. (26) 


If we assume for transversely polarized fermi- 
ons C, = 1/V2, C-;=e!¥/V2, we obtain the fol- 
lowing expression for the quantity sj which char- 
acterizes the effective cross section:* 


Sp = (p’ + 4° +m’) (1 — 8 cos 9), (27) 
where the asymmetry coefficient 6 is equal to 
8 = 2gm | (p? + q? + m?). (28) 


*We recall that the connection of sj with the differential 
effective cross section is determined by Eq. (15) of reference 6. 


It is evident from the latter formula that the 
azimuthal asymmetry must hold in the case in 
which the scattering center also possesses an 
electric charge (e’ = 0) and a magnetic moment 
(u’ = 0) (see also reference 7, where the azi- 
muthal asymmetry was investigated for double 
scattering ). 

b) Exactly the same azimuthal asymmetry can 
be obtained in the scattering of transverse fermi- 
ons in the presence of one form of interaction but 
with allowance for damping. For example, in 
the simplest case of the scattering of a fermion 
of charge e by a fixed charge e’ (v" interaction ) 
with account of damping, we find (see references 
8 and 9): 


Sy = + K[(K? + 3) +.cos® (K?—#)] (1 + 8sing), (29) 
where the asymmetry coefficient is 


§ = 2a sin Kk, /[(K? + k2) + cos 0 (K? — k2)], 


oe ks Fae (kk) (k +k’) 
© = {6x ch KU yy, h do Oe et Uk. (kee ee 


Here dQ” is the solid angle of the vector k”. 

In a similar way one can easily determine the 
azimuthal asymmetry in the presence of other in- 
teractions, solving the problem by the method of 
damping. 
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Excitons are identified with light waves in a crystal. The theory of excitons is reduced to the 
macroscopic theory of light waves. The energy bands, limiting energies for k — 0, effective 
masses etc. of excitons are expressed in terms of the dielectric constant tensor €(w, k). In 
the limit c — ”, we obtain the results of the conventional exciton theory, based on the Schro- 


dinger equation and neglecting retardation of interactions between particles. The results 
show that retardation can be neglected when the electromagnetic wave that accompanies an 
exciton is longitudinal. If, however, the wave possesses a rotational field, retardation con- 
siderably affects the results in regions where the refractive index is not very large. Exciton 
energies and effective masses then differ from those derived by means of the Schrdédinger 
equation. Crystals of different symmetries are considered. 


E;xcrrons and light waves in crystals are physi- 
cal concepts of entirely different origins and have 
been described mathematically in entirely different 
ways. Light waves are described by Maxwell’s 
equations, with the mechanical motions of electrons 
and nuclei in a crystal taken into account entirely 
by the tensor form of the dielectric constant ¢€(w) 
(w is the wave frequency ). Beginning with Frenkel’s 
first paper,'excitons have been described by the 
Schrodinger equation without allowing for retardation 
in the interactions between particles of a crystal. 

Exciton absorption of light in a crystal has so 
far been treated as a quantum transition in which 
a photon is absorbed and an exciton is created. 
This procedure would be justified if light and mole- 
cules were two weakly interacting subsystems, as 
in the case of a gas. In a crystal, however, only 
the effect of the electromagnetic field on molecules 
can be regarded as a small perturbation, whereas 
the effect of the molecules on the field is not a 
small perturbation. There is a great difference 
between light waves in a crystal and in a vacuum; 
for the same frequency we find different wave- 
lengths, different dispersion laws, etc. An excep- 
tion occurs when the refractive index n in a crystal 
is very close to unity, but this is not usually the 
case in the absorption region. 

The mechanical energy of crystal electrons and 
nuclei makes an important contribution to the en- 
ergy of a light wave. We thus have a mixed 
‘felectromagnetic-mechanical’’ wave. However, 
the same can be said of an exciton wave, since it 
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follows from references 2—6 that an exciton wave 
generates an accompanying electromagnetic wave 
that contributes. greatly to the energy of the exciton. 
Excitons must therefore be identified with light 
waves in a crystal; both are small oscillations 
(excitations) of a system consisting of two strongly 
interacting parts —a crystal and an electromag- 
netic field. 

As an illustration let us consider the optical 
vibration of an ionic lattice.6 This vibration, when 
regarded as a mechanical phenomenon, is a typi- 
cal exciton, but it is accompanied by the appear- 
ance in the crystal of fictitious charges and polar- 
ization currents that vary periodically in space and 
in time. The currents establish an electromagnetic 
field oscillating with the same frequency and wave- 
length. The amplitude of field oscillations is 
uniquely determined by the amplitude of normal 
ionic vibration, which can thus obviously be identi- 
fied with an infrared light wave in the crystal. 

As in our earlier papers,?*4 we shall in general 
define an exciton as any excited state of the system 
that is characterized by a single wave vector k 
(with otherwise discrete quantum numbers). Re- 
garding a crystal together with an electromagnetic 
field as a conservative system performing small 
quantized harmonic oscillations, we can identify 
the photon energy hw(k) with the exciton energy. 
The scattering of an exciton on lattice vibrations, 
accompanied by phonon creation or absorption, 
should be identified with the Raman scattering of — 
a light quantum on the lattice vibrations. 


IDENTIFICATION OF EXCITONS WITH LIGHT WAVES 


Our earlier conclusion?»4 that when the exciton 
lifetime is infinite no light is absorbed ina crys- 
tal, regardless of the magnitude of the phototran- 
sition oscillator strength per unit cell, now be- 
comes trivial. Absorption becomes possible only 
as a result of exciton decay accompanied by a 
thermal transition of the system to excited states 
of another type. 

For a quantitative study of excitons it is ob- 
viously just as necessary to consider the retarda- 
tion of electromagnetic interactions as in the case 
of light waves. The Schrédinger equation is there- 
fore, generally speaking, inadequate for excitons 
since it accounts only for instantaneous interactions 
between charges at all distances. There are two 
ways in which excitons can be studied while account- 
ing for retardation in long-range interactions. 

1) The Schrédinger Hamiltonian of the crystal 
should be supplemented by the energy of the rota- 
tional part of the field and by its interaction with 
particles. The latter is introduced into the Schro- 
dinger problem of particle motion as a small ex- 
ternal (classical) time-dependent perturbation. The 
rotational part of the field is determined self-con- 
sistently from the Maxwell equations, into the right- 
hand members of which we substitute the charges 
and currents that are derived from a solution of the 
Schrodinger problem. 

The solution of the self-consistent problem as a 
whole enables us to determine the dispersion law . 
for small vibrations of the entire conservative sys- 
tem, i.e., the dependence of w on kK. When these 
vibrations are quantized the energy of an exciton 
is given by 


uy = hw (k). (1) 


We followed this first procedure in references 2, 4 
and 7, where the above-mentioned dispersion law 
was derived. 

The solution of the unperturbed Schrodinger 
problem neglecting retardation is thus an auxiliary 
intermediate step. At this stage we can use the 
results given in numerous publications where ex- 
citons were considered on the basis of the Schro- 
dinger equation. It must be emphasized, however, 
that the corresponding Schrodinger excited crystal 
states are not in general real excitons, and that 
the corresponding eigenenergies differ considerably 
from the energies of real excitons when retarda- 
tion is taken into account, as we shall see below. 

We shall avoid conflict with conventional ter- 
minology by applying the term ‘‘exciton’’ to states 
of the auxiliary Schrodinger problem which neg- 
lects retardation. For real states of the entire 
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conservative system (crystal plus electromagnetic 
field) we now introduce the term ‘‘light-exciton.’’ 
(The word ‘‘photon’’ would not adequately express 
the large contribution from the mechanical energy 
of the particles. ) 

2) A second method for studying light-excitons 
will be used in this paper. The macroscopic elec- 
tromagnetic field accompanying a light-exciton 
wave is defined by Maxwell’s equations and is 
treated as a light wave. When we confine ourselves 
to cases in which the wavelength is considerably 
greater than the lattice constant, this field can be 
calculated by conventional macroscopic crystal 
optics, retardation in long-range interactions now 
being taken into account immediately. The energy 
of this light wave as calculated from the equations 
of electrodynamics will, as we know, include the 
mechanical energy of motion of the particles (elec- 
trons and nuclei). The dispersion law w = w(k) 
that is determined for the wave will then be identi- 
fied with that for small harmonic vibrations of the 
entire conservative system mentioned above, where- 
upon (1) will give the energy of the light-exciton. 

The advantage of this second procedure lies in 
the fact that it is now entirely unnecessary to for- 
mulate and solve an auxiliary Schrodinger problem. 
On the other hand, it is necessary to specify (bor- 
row from some source) the dependence of the die- 
lectric constant e€ on frequency w and on the wave 
vector k. The dependence of ¢€ on k is called the 
spatial dispersion. The dependence of € on w and 
k reflects the specific character of mechanical 
particle motion in the crystal, and its theoretical 
derivation would, of course, require solving the 
Schrodinger problem for the crystal. 

Thus, identifying light-excitons with light waves 
in the crystal and assuming the electric field E, 
induction D, and magnetic field H to be propor- 
tional to 


exp {i (kr —at)} (k= ons/c, 


|s| = 1), (2) 
we obtain for the amplitude of the electric field the 
well-known vector equation 


D = ¢(, k) E = n?[E — s(sE)], (3) 


which is equivalent to a system of three homogene- 
ous scalar equations. When the determinant of this 
system is set equal to zero we obtain the familiar 
equation for n: 


ent + [e®? —eSpe] n? + eye2¢5 = 0. 


(4) 


It is assumed here that the Cartesian coordinates 
are taken along the principal axes of the tensor 
€(w, 0). Then the determinant for « equals €,€)¢3, 
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to terms of order k?. In (4) we have 


3 
s = (s, es), 06? = (s,8"s),. Sps= is, (5) 


=r 


where ej(j = 1, 2, 3) are the principal values of 
the tensor €. 

If the dependence of € on w and k is given, (4) 
is used to determine n(w) for a given direction of 
s, thus determining w(k) and the light-exciton 
energy (1). The existence of spatial dispersion 
raises (4) to higher than the fourth power in n, 
and more than two branches of the dispersion 
n(w) are therefore obtained. These branches for 
different special cases are considered in refer- 
ences 2 and 6—9. 

We can speak of light-exciton energy bands ux, 
in a rigorous sense, only when the light-exciton 
possesses a very long lifetime, i.e., when light 
absorption in the crystal is negligibly small, as 
will be assumed below. In an infinite crystal the 
allowed bands comprise the values of u, that cor- 
respond to real values of n. The values of ux, [and, 
correspondingly, of w(k)] that correspond to com- 
plex values of n are forbidden. In addition to spa- 
tial energy bands, a finite crystal may have allowed 
surface bands representing waves for which only 
the projection of k perpendicular to the crystal 
surface is complex. In the present work we do not 
consider surface bands or finite crystals. 

In order to consider extremely long light-exciton 
waves we must assume n~— 0 in the preceding 
equations. It then follows from (3) that at least one 
of the principal values of € must equal zero and 
that the corresponding projection of E may differ 
from zero: 


e;(w’, 0) = 0, E; = 9. 


Here w’ [the roots of (6)] are the frequencies of 
the limiting waves, which do not depend on the 
direction of wave propagation (8). It will be shown 
below that for ‘‘purely mechanical’’ excitons the 
limiting frequencies and energies generally depend 
on s. When crystal symmetry causes two or three 
principal values of ¢ to vanish at the same fre- 
quency w’, two or three projections of the electric 
vector may correspondingly differ from zero for the 
limiting wave. The trivial case of an extremely 
long radio wave with w = 0 will not be considered. 
Equations (1)—(6) provide the basis for a ma- 
croscopic theory of real light-excitons in a crystal. 
It is interesting to determine the relationships be- 
tween the properties of light-excitons and excitons. 
The latter are understood to be the corresponding 
excited crystal states calculated by means of the 
Schrodinger equation, neglecting retardation and 


(6) 
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the rotational part of the field accompanying the 
electromagnetic wave. Such calculations are very 
common in the literature. The exciton theory is 
obviously a limiting case of the light-exciton theory; 
with retardation neglected (i.e., c > ©). At the | 
same time, for a wave with given values of w and | 
k, k could remain finite in (2) only with n also ap- | 
proaching infinity. Passing to this limit in (4), the 
dependence of w on k becomes possible only 
through spatial dispersion. We thus find that the 
neglect of spatial dispersion in electrodynamics is 
equivalent to the assumption of an infinitely nar- 
row exciton energy band. 

For extremely long exciton waves we must as- 
sume k — 0 in (1)—(5) in addition to the limit 1 | 
n— © discussed above. The frequencies wg of y 
limiting exciton waves will then differ greatly 
from the frequencies w’ of limiting light-exciton 
waves, as will be evident from the examples dis- 
cussed below. 

We shall consider different possible types of 
light-excitons and some of their properties. When 
it is necessary to assign a specific dependence of 
€j on w and k, this dependence will be assumed 
to have the form 


ej (@, k) = Soy + G;/ (Go; + Fj (k) — ho), (7) 


where €9j, Gj and 69} are constants. We may as- 
sume Fj (0) =0 for a suitable value of @j. It has 
been shown in reference 4 that €j actually has the 
form (7) if w is in the vicinity of an isolated ex- 
citon light-absorption band. In this frequency re- 
gion we shall assume that the two other principal 
values of € are constants: ep = gj", J Fs 

Exceptions occur when different principal values 
of €(w, 0) coincide because of crystal symmetry, 
as in the case of cubic crystals. In such instances 
two exciton energy levels which coincide for k = 0 
are separated when k ~ 0,° giving rise to two close 
absorption bands, neither of which can be regarded 
as isolated. The expression for €j (w, k) then con- 
tains two fractions of the type seen in the right 
member of (7), with identical values of @oj but 
different Fj (k). Thus (7) represents €j only 
when k = 0. 

We shall hereinafter confine ourselves to crys- 
tals possessing an inversion center and not lower 
than rhombic symmetry. In such crystals €(w, k) 
is an even function of k; the principal axes of 
€(w, 0) coincide with 2-fold or 4-fold crystallo- 
graphic axes and are therefore independent of w. 

It will also be of importance that in such crystals 
the principal axis of the €(w, 0) tensor is also 
the principal axis of the ¢(w,k) tensor when k 
is parallel or perpendicular to this axis. 


| 

i} 
i 
1] 
| 

i 
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- Light-excitons of the following three types are 
possible in a crystal. 
1. Longitudinal light-excitons, E |! 8. The right 
_ member of (3) vanishes, so that «€E = 0, i.e., E 
and k can be oriented only in one of the principal 
polarization directions j and the corresponding 
principal value €j vanishes: 


bah Sik) 0: (8) 


The second of these equations determines the de- 
pendence of w on k, which is possible only be- 
cause of spatial dispersion. 

For this wave the induction D, the magnetic 
field strength, and the rotational part of the elec- 
tric field all vanish. Since n does not appear in 
(3) the limiting transition n — © is without effect. 
A longitudinal light-exciton is consequently identi- 
cal with the corresponding exciton and can be cal- 
culated by means of the Schrodinger equation, neg- 
lecting retardation, as has usually been done. 

When ej is represented by (7), we obtain from 
(1) and (8) 


ug = he (k) = 8; + G; / ej + Fj (k). (9) 


Here the dependence of Gj and ¢j on k must also 
be taken into account. 

2. Tranverse light-excitons, E 1 s. According 
to (3) E can only have one of the principal polari- 
zation directions (E = Ej), while the dependence 
of w on k is given by* 


n® = (ck /)? = ¢;(o, k). (10) 


The frequencies w’ of long light-exciton waves are 
in the limit the same as for longitudinal light-ex- 
citons, and are determined by (6). It follows from 
(10) that in those frequency regions where spatial 
dispersion can be neglected, w must be a mono- 
tonic function of |k| since ¢j(w) is a single-val- 
ued increasing function of w. Thus the limiting 
long wave (k =0) corresponds to the lower bound- 
ary of the light-exciton energy band. Moreover, 

w does not depend on the direction of k so long as 
this remains perpendicular to E. 

It should not be concluded from the monotonic 
dependence of w on |k| that the second boundary 
of the allowed light-exciton energy band corre- 
sponds to extremely short waves. With decreasing 
wavelength the existing macroscopic theory be- 
comes invalid, but not before spatial dispersion 
becomes important, thus complicating (10) and, in 
general, destroying the monotonic dependence of 


*Since k will be perpendicular to the principal polariza- 
tion direction j, the latter will be a principal axis of the two 
tensors &(w,k) and &(w,0), thus coinciding with one of the 
Cartesian coordinate axes. 
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w on |k|. Thus in the second quadrant of Fig. 2 
in reference 7 the abscissa of the extreme right- 
hand point of the dispersion curve corresponds to 
the upper boundary of the allowed frequency band. 
At the same time the refractive index of the wave 
is approximately 15, so that the wave is neither 


_ extremely long nor extremely short. 


In the present case of a transverse light-exciton , 
we shall now pass to the limit of a ‘‘purely me- 
chanical’’ exciton. For this purpose we let c > ~ 
in (10), thus obtaining 


&;(@, k) = oo, 


(11) 


This determines the dependence of w on k fora 
transverse exciton and is quite different from (10), 
which determines w(k) for a light-exciton. (10) 
leads to the essential dependence of w on k even 

in the case of negligible spatial dispersion, whereas 
in (11) such dependence is possible only as a result 
of spatial dispersion. When, for example, ej is 
given by (7), Eq. (11) leads to 


ux (xe) = hw (k) = 8); + F;(k). (12) 


A comparison with (9) shows that for k = 0 the en- 
ergy of a transverse exciton is diminished relative 
to that of a longitudinal exciton by the amount 
Gj/€9j: 


ul! —utexd = G;/ ej. (13) 


It was shown above that E for longitudinal and 
transverse light-excitons must have one of the 
principal directions of polarization. The converse 
is easily derived from (3): If E has one of the 
principal polarization directions, the light-exciton 
must be either longitudinal or transverse. It can 
also be shown that if s is parallel to a principal 
polarization direction, E must be either parallel 
to s or parallel to one of the principal polariza- 
tion axes that are perpendicular to s. Conse- 
quently, only longitudinal or transverse light-exci- 
tons are possible. 

In order to exhaust the possible types of light- 
excitons we need only to consider those for which 
E and s are neither parallel nor perpendicular. 

3. Light-excitons with E and s neither parallel 
nor perpendicular. It follows from the foregoing 
discussion that now neither E nor 8s is parallel to 
one of the principal polarization axes. We shall 
first consider the case in which 8s is perpendicular 
to one of the principal polarization directions (j). 
(3) and (4) now have two solutions, one of which is 


for transverse light-excitons: 
n= (ck fo)? —e; (@; Kk) Es E. (14) 


This type has already been considered. 
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The other solution is 


4 { ck y A hod mm ca 
a) =-—5 F 
Vo sie; + S78, + SS; (&iy + i) 


ix li, (15) 
with E lying in a plane perpendicular to the j axis, 
while its direction is determined by (s, D) =0, i.e., 


Ej (sisi + sea) + Ez (siti + 5,8;) = 0. (16) 


Here the subscripts i and 7 denote the two princi- 
pal axes of €(w, 0) perpendicular to j. 

In the frequency region where spatial dispersion 
may be neglected |k| is a single-valued function 
of w. Consequently, w is a monotonic function of 
|k| for the given direction of s, and limiting long 
waves correspond to the boundaries of the energy 
band. This does not apply to the case in which 
spatial dispersion is taken into account, since k 
then appears in the right member of (15); this 
equation then is not of the first degree in k? and 
has several roots of k? for a given frequency. We 
shall now pass to the limit of a ‘‘purely mechanical’’ 
exciton in (15) and (16). Setting c — ~ in (15), we 
obtain (since ¢€; ~€7) 


sis; (a, k) - sje; (a, k) + SiS] [iz (, k) a Sy (@, k)] =(Q, (17) 


This equation determines the dependence of w on 
k for the exciton. 

In the final case s is perpendicular to none of 
the principal polarization directions. (4) now 
splits into the two equations 

2 

Sey Wah dD 
2 

—A4 


a= (2) -4(2-[(a) eg J}. ao 
ae (2) H2+[(2) eT, 


Here Q = €Sp een 

The direction of E is determined from (3) and 
is not perpendicular to that of s. When spatial 
dispersion exists each of these equations deter- 
mines more than one dispersion branch of w(k), 
which could be investigated only for a definite de- 
pendence of ¢€ on k. 

The frequency region in which spatial dispersion 
may be neglected can be investigated qualitatively. 
In this case 


Q = e482 (1 — s3) + e183 (1 — $5) + e283 (1 — 83), 
z= 0, i 3s Ik; 
For k2 =k’, the solutions (18) and (19) will be 
called long-wave and short-wave light-excitons, 
respectively. Allowed frequency and energy bands 


for these light-excitons are determined from the 
condition that the radicands and the right members 


£1&9&3 


(19) 


(19a) 
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of (18) and (19) be positive. The same qualitative 
statements can be made concerning the dependence 
of w on k for each of these light-excitons as in i 
the case of a transverse light-exciton, with the \ 
following addition. For all w for which ng is real, ] 
ng is also real. But it is also possible to have w | 
for which only ng is real, but not ng. This means | 
that every allowed energy band of light-exciton (18) | 
must be inside the band of light-exciton (19). The ] | 
latter band is therefore wider than the former. 

If for some frequency @ we have Q? = 4ée,€€3 
and Q/é >0, then ® is the common boundary of 
qa and B (the sign of the radicand reverses when 
w=). When w =o, (dw/d|k|)z, =0 for both | 
light-excitons. These relationships are shown ap- | | 
proximately in the figure. For w’ determined from }) 
(6) the limiting long wave will be either the @ wave > 
(if (Q/€),,7 >0) or the B wave (if (2/€)," < 0). w’ f 
is the boundary of the allowed band and, unlike w, 
does not depend on the direction of s. The figure 
shows that the allowed bands may be entirely within |) , 
the region of such long waves that macroscopic con- +f 
siderations and the neglect of spatial dispersion are fF 
possible for the entire band. 

In (18) and (19) we now make the limiting transi- 
tion from light-excitons to excitons, for which pur- 
pose we set c — ©, In (18) only directions of s 
perpendicular to one of the principal polarization 
directions are then possible, resulting in a trans- 
verse exciton which is represented by (11) and (12). 

In (19) the same limiting transition leads to 


3 

s= >, sie; (@, k) = 0, (20) 
i=} 

which extends (17) to the case in which all three 
projections of s differ from zero. (20) is fulfilled 
when all three principal values ¢; are finite. Con- 
sequently, putting n — © in (3), we obtain Ells. 
The exciton is thus longitudinal although the original | 
light-exciton (19) was not longitudinal. This re- 
sult as well as the freedom for the direction of s 
distinguishes the present case from the previously 
considered longitudinal light-exciton. According 
to (20) the dependence of w on kj, kg, kg is dis- 
continuous at k =0. Assuming k — 0 in (20), we 
obtain 3 
>) sie; (@, 0) == 0, 


i=1 


(21) 


which determines the frequencies of long exciton 
waves in the limit. These frequencies, i.e., the 
roots of (21), depend on 8. The limiting value of 
the exciton energy therefore depends on the di- 
rection of k when its modulus approaches zero. 
If, for example, in the given frequency region 
the principal contribution to the dielectric con- 
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stant €; comes from the term associated with a 
virtual transition of the system to a single exciton 
state, while transitions to other states make neg- 
ligibly small contributions, we have 


éj = 1+ G;/[8o; + Fj(k) — ho], 8; = 2; = 1; L,i=e j. (22) 
In this case (20) leads to 
Ux (exc) = hw (k) = Boj = Gjs; — Py (k). (23) 


In a crystal for which €; = €, #€3 the aforemen- 
tioned principal contribution is received by both 
€,; and €», so that 


€) = & = 1+4 G/[8,+4+ F (k) — hol, eg = |. (24) 
In this case (20) leads to 
Ux (exo) = hw (k) = 8+ G(s? + s?) + F (k). (25) 


-(13), (23) and (25) for limiting small values of |k| 
agree with the direct calculation of exciton energy 
by means of the Schrddinger equation.’ (13) also 
agrees with calculations of particular exciton 
modes—polarized lattice vibrations.® !°-!8 


EXCITON EFFECTIVE MASSES 


For the purpose of determining the effective 
mass of a light-exciton, u, is expanded in powers 
of k near k = 0. In the ease of a strictly longi- 
tudinal light-exciton retardation may be neglected, 
as has been shown above, and the dependence of 
ux on k can be calculated by means of the Schro- 
dinger equation, as is customary in the literature. 
The macroscopic theory discussed above then 
yields no new results, particularly for the effective 
mass. We shall consider a non-longitudinal light- 
exciton, for which, when retardation is taken into 
account, very different results are obtained. 

The dependence of w on k is determined by 
(4), in which spatial dispersion may be disregarded 
since we are now considering the region of limiting 
long light-exciton waves. 

There is no special reason why dej/dw should 
vanish at the same frequency w’ at which ¢€; van- 
ishes. Therefore, excluding unlikely chance co- 
incidences, we shall assume that in the region 


w = w’ we have 
hig;= (dej/do).. (26) 


sj= gjh (w— o') + a * ss 


When e; in (4) is expanded in powers of w — w’ 
and only first-degree terms are retained, we ob- 
tain the following expressions for the effective 


mass: in crystals where «€,; = €2 = €3, 
y= hw (k) = hw’ + A?k?/2m + ..., m= g(ho')?/2c*; (27) 


in crystals where «;, = €, ~€3, for an ordinary ray 
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which is a transverse light-exciton of the type 

represented by (14) at frequencies where €, = 

= €) 0, €3 * 0, 

Ux= ho (k) = ho! + Wk2/2mp+..., m= g (ho’)?/2c?. 
(28) 


For an extraordinary ray which is a light-exciton 
of the type represented by (15) at frequencies where 
€3 ~ 0, eh =e, = €) #0, 


Uy = Re (k) = fw’ + hi? (k2 + 2)/2m+..., 


m= gz (ho’)?/2c?. (29) 


This equation shows that the light-exciton effective 
mass becomes infinite in direction 3. With spatial 
dispersion taken into account it would be finite 

but relatively very large. This means that for an 
extraordinary long-wave ray the projection of the 
group velocity is very much smaller in direction 3 
than in other directions for the same values of the 
wave-vector projections. 

At frequencies where ¢«, =«& = €) 0, €3 #0, 
for an extraordinary ray we obtain 

Ux = hw(k) = ho’ + hk /2Qm+..., m= gp (ho)? /2c?. 

(30) 
Here the light-exciton effective mass is infinite in 
directions 1 and 2, while the group velocity is very 
small. 

For crystals with all three €j different, at fre- 
quencies for which one of the principal values of e, 
such as €3, vanishes, (29) is obtained. 

The effective mass of a light-exciton can be very 
much smaller than the mass m of a free elec- 
tron. For example, if the frequency dependence of 
€j is represented by (7), we have 


g) = 23, /G;. (31) 

In order to estimate the parameter G; we as- 
sume that dispersion results from electron po- 
larization and that the electron state of the crys- 
tal can be considered on the basis of the Heitler- 
London-Heisenberg approximation (which as- 
sumes weak interactions between electrons 
belonging to different unit cells). Then 


(32) 


an e®N KF; 2nP?F, fay\3 
a moj TT Go; ee 
where a, = i?/me? = 0.529 A, I = e?/ay = 27.1 ev, 
fj is the oscillator strength per unit cell for a 
phototransition from the ground state to the ex- 
citon state in question, N = 1/d® is the number 
of cells per unit volume, and d is the cubic- 
lattice constant. Let us, for example, consider 
a crystal with d = 10a, €9j] =2, Gj =2 ev. 
Assuming fj = 0.1, we obtain Gj = 0.23 ev, 
gj = 17.4 ev!, m/m = 7.5 x 107°. 


1292 Sel? 


So small a value of the light-exciton effective 
mass corresponds, for the given kinetic energy, 
to a large value of its group velocity, which can 
considerably exceed the velocity of mechanical 
electron motion. It is thus shown that in the long- 
wave region a light-exciton is much more an elec- 
tromagnetic than a mechanical phenomenon. Ac- 
cording to (31) and (32), when the oscillator 
strength fj is reduced m increases but remains 
considerably smaller than m even for very small 
fj. Thus in the crystal considered above m=m 
only for fj = 7.5 x 10 °. The light-exciton retains 
its predominantly electromagnetic character down 
to such small oscillator strengths. The foregoing 
numerical example shows that the properties of 
an exciton, particularly its effective mass, are 
strongly modified when retardation is taken into 
account. 

It is important to estimate how far from the 
boundary of the allowed energy band the quadratic 
approximation for the dependence of u, on k and 
the above-discussed effective masses still remain 
valid. The error of the approximation arises from 
the neglect of higher powers of w — w’ in (26). 
With (7) used for €j(w), (26) can be written as 


2p 3 
a 
It thus appears that the quadratic term may be 
dropped if 
| hw — ho’ | = | uy Up | K Gj/eq;. (34) 


In our numerical example above this means that 

| ux, — ug| «K 0.115 ev. Therefore at room tempera- 
ture light-excitons possessing moderate quasi- 
kinetic thermal energy ux, — Up are still charac- 
terized by the aforementioned effective masses. 
In the study of such phenomena as light-exciton 
scattering by lattice vibrations and by impurities, 
light-exciton diffusion, collisions of light-excitons 
with current carriers etc., one should use the en- 
ergies, effective masses and other light-exciton 
properties that really exist in crystals, rather 
than those of ‘‘purely mechanical’’ excitons. 

We have considered the effective masses of 
light-excitons at the boundaries of the allowed en- 
ergy bands corresponding to limiting long waves. 
Effective masses can also be introduced at other 
band boundaries corresponding in k space to the 
point k = k? + 0. The energy uk is then expanded 
in powers of the differences Ka kf. For instance, 
it has been noted above that the frequency w (see 
the figure) is not the absolute band boundary but 
is the boundary only for waves having a given di- 
rection of 8s. But when s is chosen so that w as 
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Energy bands of light-excitons 
in biaxial crystals for a given 
direction of k. @, but not w% or 
Ore depends on the direction of k. 


a function of s is an extremum (a maximum ora ff 4 
minimum when w is the upper or lower band 
boundary, respectively) this frequency is the ab- i 
solute boundary of bands a and B. Effective e 
masses can be introduced at the corresponding 1 
point k® since the expansion of w — ® in powers 
Ol k= ke begins with quadratic terms. The re- 
sults, which are easily obtained from (18) and I . 
(19), will not be given here. ' 

A frequency region where spatial dispersionis | 
important may also contain band boundaries near | 
which effective masses can be introduced. For 
example, in Fig. 2 of our reference 7, correspond- 
ing to negative exciton effective mass M, the ex- 
treme right-hand point of the dispersion branch in 
the second quadrant is the upper boundary of the 
allowed band (as already mentioned above). At 
this point the expansion of the light-exciton energy 
is 


Ux= 8+ h2g?/M + h2('k|—9)?2/2m+..., 


m =1/, M, q?=8.V 2MG/ch?. (35) 


Here 6) and G are the parameters of (7). (35) was 
derived for an isotropically polarized crystal where 
the effective mass M of a ‘‘purely mechanical’’ 
exciton is also isotropic; it is also assumed that 
at the boundary in question we have n* > ej. The 
boundary of the light-exciton energy band in k 
space is the sphere |k| =q, along the radii of 
which the light-exciton effective mass m is one- 
fourth the exciton effective mass. The light-exciton 
mass becomes infinite along tangents to the sphere. 
When the same dispersion branch, represented 
in Fig. 2 of reference 7, enters the region of very 
large n, where |k| >q and where the dispersion 
curve merges with its rectilinear asymptote, we 
obtain for this region 


y= Bo+ Wk/QM +..., (36) 


i.e., the light-exciton acquires the properties of a 
mechanical exciton and is characterized by the ef- 
fective mass of the latter. This follows naturally, 
since for n > 1 we should obtain results close to 
those for the limiting case n — ©, (36) is valid 

for values of |k| that are fairly large but still 
considerably smaller than m/d. The exciton band 
boundary @) is not the boundary of the light-exciton 
band. 


Equation (36) is also obtained for very large n 


IDENTIFICATION OF EXCITONS WITH LIGHT WAVES 


in the case of M > 0, which is represented in Fig. 
1 of reference 7. The lower boundary of the al- 
lowed light-exciton band will be the closest root w’ 
of (6) on the lower-frequency side of wy = &)/f. 
When this band lies lowest so that the root does 
not exist, the lower boundary will be w = 0, at 
which 


n=V estar% 0, o(k) =c]k|/V estat - - 


i.e., an effective mass cannot be introduced. 

It must be remembered that a crystal in ther- 
mal equilibrium contains mainly low-energy light 
excitons such as phonons, which have an allowed 
band width of the order kT. In this case the great 
majority of light-excitons will be associated with 
very large refractive indices n since there will 
be very many more large values than small values 
of |k| in k space. These light-excitons can 
therefore be regarded as mechanical excitons. For 
this reason retardation may be neglected in con- 
nection with such properties as exciton specific 
heat and thermal conductivity. 

The idea for the present paper originated in a 
conversation with L. D. Landau, whom the author 
wishes to thank. E. I. Rashba and M. A. Krivoglaz 
participated in a discussion of the results. 


(36a) 
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The scattering phase shifts and polarization of elastically scattered electrons are computed 
with account of the finite size of the scattering center. An expression for azimuthal asymmetry 
in double scattering has been obtained, as well as a correction to the usual Mott formula due to 


the second and fourth charge-density moments. 


1. INTRODUCTION 


‘Lae distinguishing feature of the scattering of a 
partially polarized beam of electrons on nuclei is 
the so-called azimuthal asymmetry in the angular 
distribution of the scattering. As Mott has shown,} 
an effect of such a type can be observed in the 
double scattering of electrons on a point force 
center. This effect has frequently been confirmed 
experimentally.” However, the experiments have 
been carried out?~4 in the region of low energies 
(several hundred kev), when the wavelength of the 
electrons is large in comparison with the nuclear 
dimensions and, naturally, the nucleus can be re- 
garded as a point scatterer. As in the case of 
single scattering, it can be expected that for high 
energies of the incident electrons the effect of the 
structual features of an extended nucleus on the 
azimuthal asymmetry wil! be considerable. 

The azimuthal asymmetry for double scattering 
of a beam of Dirac particles on a potential was 
computed from damping theory in refs. 5—7. In the 
present work we calculated the polarization that 
arises in the elastic scattering of an incident beam 
of electrons with account of the extended charac- 
ter of the heavy center. 

As is known, the azimuthal asymmetry in double 
scattering at the angles 6; and 6), @» is charac- 
terized by the quantity 


8 (8;, 92) = 2A (6,) A (62), A (0) = i (fg* — f'g) / (ff + gg’), 
(1) 


f and g are the Dirac amplitudes of scattering. 
Inasmuch as there is no azimuthal asymmetry in 
first approximation, it is necessary to solve the 
problem in the second approximation in (Z/137)* 
to obtain a finite value of 6. 
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2. SCATTERING PHASES AND AMPLITUDES WITE_ 


ACCOUNT OF THE NUCLEAR DIMENSIONS 


In accounting for the effect of the finite dimen- 
sions of the nucleus on electron scattering, it is 
more advantageous to work not with the potential 
but with the density charge distribution inside the 
nucleus, which gives valuable information on the 
electromagnetic structure of the nucleus. Initially, 
it is easy to take account of the effects brought 
about by the finiteness of the nucleus in the ex- 
pressions for the phase shifts obtained in references 
7 and 8. However, it is not difficult to show that 
for the determination of Im f and Im g it suffices 
to limit oneself to phases computed in the first ap- 
proximation in the interaction potential, since the 
subsequent approximation gives the effects of po- 
larization for double scattering of the order of 
(Z/137)*, which is insignificant for light nuclei. 

In this approximation, the phase shifts of elastic 
scattering 6y” and 6)” of Dirac particles have 
the form™® 


on (« \ [2 (Rr) V (r) r? dr B 


0 


tand}}) = — 


(2) 
where V(r) is the interaction potential with the 
scattering center, j,(kr) are the spherical Bessel 
functions, hk is the momentum, chK = ch (k? + 212 
is the energy, hk)/c is the electronic mass, 
a=1+k)/K and g =1—-k)/K. Here the plus sign 
relates to 6) and the minus to 6f?), Equations 
(2) possess the interesting feature that the ampli- 
tudes of f and g obtained with their help contain 
in themselves the imaginary parts of f and g com- 
puted by the usual diagram techniques in the second 
approximation,’ thus greatly simplifying the cal- 
culations. 


1294 


[ aN V (Nr ar), 1 


a 


POLARIZATION OF ELECTRONS IN ELASTIC SCATTERING 


The transformation 


itp) = ssi (2 kr sin ©) cos e P; (cos ») dg, (3) 
where P7 (cos g) are the Legendre polynomials, to- 
gether with account of the equation for the potential 
[Wf = -4rZe"p (r), permits us to reduce (2) toa 
form suitable for computation: 


Tw 
tang(v2) — il (= _ sing 
U 8k? \ ch sin? (9/2) 


[a P; (cos ») 


+ B Prs1 (cos ¢)] F (R, 9) do. (4) 


Here we have introduced the universal notation for 
the form factor of the nuclear charge: 


4 


~ 2k sin sin (9/2) (5) 


EXk,¢?) = [ ro (r) sin( 2kr sin e) dr. 

Equation (4) makes it possible to consider the 
effects brought about by the finite dimensions of 
the nucleus in both single and double scattering on 
nuclei for an arbitrary, spherically symmetric 
charge distribution, since the form factors of all 
models of the charge density which agree well 
with experiment are well known (see ref. 10). 
Summation of the corresponding Mott series for 
the amplitudes of f and g can be developed by the 
method advanced by Arutyunyan and Muradyan.! 
However, certain general results can be obtained 
even without taking a concrete form for the finite 
charge distribution p of the nucleus. In the case 
of not very large energies, all the form factors 
reduce to a rather simple expansion: 


F (k, 9) = 1 — a Ca) sin? =f nee ” KG Etat + +... 

(6) 
where <r?> is the mean square radius of the nu- 
clear charge distribution, <r*> is the so-called 
fourth nuclear charge density moment. For very 
high energies, it is necessary to consider higher 
moments. However, as the experiments of Hof- 
stadter have shown,!" the first term of the expan- 
sion in F is sufficient up to 200 Mev. In the given 
case, integration in (4) can be carried out and the 
phase shifts [with account of the first three terms 
in (6)} finally take the following form: 


tans?) = — cf?) + (Ze?kK/6 ch) ¢r?> (46,,0-+ 882410) 


— (Ze*k®K /60 ch) ¢r*) [a (81,0—- 81.) 


+ B (6741,0— sSra11))- (7) 


Here c‘!,2) are the phase shifts of scattering on 
a point Coulomb center. Although the integral val- 
ues of c$1-*) diverge, finite results can be obtained 
in the determination of f and g, by means of a 
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limiting transition (see references 8 and 11). Account 
of the higher moments can be carried out in similar 
fashion, i.e., one can obtain the expression for 

tan 5) 12) in the form of an expansion over all the 
moments. For the determination of f and g in the 
approximation (Z/137 hs one must carry out a 
summation of the series: 


1 =e DI (t+ ye” — 1) 414!” — 11 P; (cos 8), 


cO= De Pp cost), (8 
which is not difficult to obtain, inasmuch as the in- 
dices 6 LU in the expression (7) automatically take 
in summation over 1, and the Coulomb amplitudes 
are known (see references 1 and 8). Omitting the 
calculations, we give the expressions for f and g in 
the given approximation: 


1 /Ze*kRK 
i®=—33(=— ch a) (+ Bos 6) (5 ee 


i (Ze*kK \2 
ae aes ch )| 


x sin + - oP ge <r?) (1 + cos 8) + 


+4 peerty 


oh) + a 2S SR 
a%+ B2cos@ 
a kt ¢r2y2 


+ a Rate» (a cos § + 28 cos? 6 +- Peost 6 — > a8) | ; 


1 /Ze*k ; 
£() = z—( F-) b (cot 3 — FR <r) sind 


= a k* <r*) sin @ sin? 5) 


i (Ze®kK \2{ 2a8 sin (0/2) + B? sin 6 cos (8/2) ) 
a ch ) | 2 sin? (0/2) cos (0/2) In sin > 
+ 2 ee ¢r2 sin 8 + ESE et crt)? 
+ k*¢r*» (3 sin 20 4 ze sin 29 : a8 sin 0)| : (9) 


Here we have discarded the infinite imaginary am- 
plitudes of the point field, since they make no con- 
tribution to the scattering cross section and mu- 
tually cancel in the determination of 6(6,, 92). 


3. AZIMUTHAL ASYMMETRY 


As expected, it follows directly from (1) and (9) 
that A(@) = 0 in first approximation, and there 
is no asymmetry in for double scattering. Only 
terms of second order contribute to this effect, 
and we get the following expression from (1) and 
(9) for the degree of polarization experienced by 
the initially unpolarized beam of electrons in double 
scattering: 
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A (6) = AP (6) [1 + S sin? 3 (42 crt) + FA Cr>* sin? > 


4 a) 4 cos? (6/2) 
— 5 RA Crt) sin? 2) + 3 “nsin (072) (24# > 


5 


+ Sk! (ry? sin? — 5 RS r2y2__ bt Cry 
= =k Gay sine >)| ; (10) 
AP (6) eevee (Neen 1a) RO) in sin 2 (11) 


~~ 437 4 —v%c~*sin?(6/2) cos (0/2) 7 


represents the usual Mott formula for a point cen- 
ter. For the differential double-scattering cross 
section of electrons, with account of the nuclear 
dimensions, we have the expression 


3 (9;, 62, $2) = 9% (8;)o5 (6,)[1 + 6 (8,, 92) cos 2], (12) 
where 
oy (8) = oP | — 288 (rt) sin? + 
4 te) 4k4 et 00. 
+o RACr?)? sint 5 + ae <r") sint5 | ; 
4 fZetkK \2 (4 — v%e-? sin? (0/2)) 
coat re [art nes leery pee (13) 


is the scattering cross section of a beam of elec- 
trons on a finite nucleus in the approximation 
employed. 

As is seen, Eq. (10), for high energies, will de- 
termine the effect of the nuclear dimensions on 
the polarization properties of the electron beam. 
For energies of the order of 50—100 Mev, we can 
simplify (10) and limit ourselves to the terms 
k2<r?>: 

A (6) = AP (6) [1 + 2 Re cr?) (sin? 5 Ss os) | - (14) 
As an illustration of the results obtained, we 
estimate the effects produced by the finiteness of 
the nuclear dimensions for C!*. The nucleus C!? 
is relatively simple and has been well studied in 

experiments of electron scattering. Frego and 
Hofstadter’® studied in detail the charge distribu- 
tion in the ground state of C!*. The most reason- 
able value of the mean square radius — 2.40 f— 
was determined. In particular, the model with 
charge distribution density 


P = Py (1 + ar? /at) exp (— r*/a?), 


gave the best agreement with experiment with 
a =4/3. Here ay is a parameter proportional to 
the mean square radius, and is chosen in agree- 
ment with experiment. We select one of the pos- 
sible values, ag = 1.635 x 10°! cm. The normal- 
ization factor can be determined from the con- 
dition 

co 

\ 4nr*p (r)dr = 1. 


0 
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The moments computed on the basis of this model 
are 


<r?) =5.790- 10° em’, <r) = 5.061 - 10°! cm#, 


The ratio A/AP is shown in the drawing as a func- 
tion of the scattering angle for different values of 
the energy of the incident electrons. As is seen, 


ala” 4 
Dependence of 
A/AP on the scatter- 
ing angle for the 1 
electronic ener g° 
a g 40 80 40 160 


values: curve 1— 
100, 2—200, 3— 
300, 4—400 mc’. 


even for E = 100 mpc’, the deviations of A from 
the case corresponding to a pure point distribu- 
tion amount to 20—30% (for mean angles). For 

E = 200 mjc’, the effect of the extension of the nu- 
cleus on the polarization is already appreciable. 
For high energies of the electrons ( 2150 Mev), 
along with elastic scattering, the process of meson 
formation is also possible, which is not considered 
in the present work. 

On the basis of the results obtained, it is pos- 
sible to draw the following conclusions. In po- 
larization phenomena for the double scattering of 
high energy electrons, the finite dimensions of the 
nucleus play an important role. For small angles 
and low energies, this effect is insignificant; how- 
ever, at large angles, it predominates over point 
scattering. Unfortunately, the absence at the 
present time of experiments on double scattering 
of electrons at high energies still does not permit 
us to estimate the accuracy of Eq. (10). It can be 
expected that comparison with experiment will 
make it possible to find some additional informa- 
tion on nuclear dimensions, and to make precise 
the choice of one model or another. 

I express my thanks to Prof. A. A. Sokolov for 
discussion of the results. 
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An approximate system of dispersion equations for the meson and nucleon Green’s functions 
and the vertex function is studied in pseudoscalar charge-symmetric mesodynamics. The 
asymptotic behavior of these functions, corresponding to infinite values of Z2 1 and Za is 


determined in the weak-coupling case. 


1. INTRODUCTION 


Ly this paper we present certain results of a study 
within the framework of the dispersion relation ap- 
proach, of the single-particle Green’s functions and 
the vertex function in pseudoscalar charge-sym- 
metric mesodynamics. The analogous problems as 
they appear in electrodynamics have been discussed 
previously.'*** The main purpose of this type of in- 
vestigation is a clarification of the asymptotic be- 
havior of the Green’s functions. This would make 
it possible to decide on the renormalizability prop- 
erties of the theory and on the connection between 
the dispersion relation and Lagrangian formula- 
tions of quantum field theory. However, the analy- 
sis of the simplest approximate set of dispersion 
equations shows that in all probability there exists 
no effective expansion parameter (even in the weak 
coupling case) in the asymptotic region which 
would make it possible to estimate the contribu- 
tions from many-particle Green’s functions. For 
the strong coupling case the problem of boundary 
conditions which would determine a unique solu- 
tion (see Sec. 3) remains unsolved. 

It should also be mentioned that, in contrast to 
the approximate dispersion equations for scatter- 
ing problems (obtained on the basis of the Mandel- 
stam representation’ ) where one studies matrix 
elements on the energy shell with free external 
lines (p} =m‘), for a study of contributions to the 
asymptotic region of single particle Green’s func- 
tions and the vertex function due to higher order 
approximations it is necessary to know the ana- 
lytic structure of matrix elements with virtual 
( p? # m§) external lines. 


*In a similar vein are the papers by Redmond and Uretsky* 
and by Bogolyubov, Logunov, and Shirkov* (see also reference 


5). 


In Sec. 2 the approximate equations are de- 
rived for the meson Green’s function A (q2 ), nu- 
cleon Green’s function G(p), and the vertex 
Green’s function F;(p, p’). The derivation is 
based on the analytic structure of these functions 
and the unitarity condition. Dispersion relations 
are proven for Fj(p, p’) as a function of p* in 
the physical region (p’? = m*, q* = (p—p’)* =p”). 
In Sec. 3 is discussed the approximate set of equa- 
tions which reduces to the solution of the Hilbert 
problem.’ A unique solution is obtained by making 
use of the boundary condition (13c) and the re- 
quirement that the solution, if it can be expanded 
in a power series in the coupling constant (weak 
coupling ), should coincide with the corresponding 
perturbation theory series. The asymptotic be- 
havior of Fj(p, p’) in p? and q? is found in the 
weak coupling case. The results obtained are dis- 
cussed briefly in Sec. 4. Section 5 consists of a 
mathematical appendix. 


2. DERIVATION OF THE EQUATIONS 


1. The dispersion relations for the meson 
Green’s function A (x -x’) 6jj =i <0| Tgj(x) 
x @ jf’) |0> and the nucleon Green’s function 
Gag(x-—x’) =i<0| TYa(x) $p(x’) |0> can be 
derived without particular use of the causality 
principle (see, e.g., reference 8) and have the 
form* 


Laie gin og we een 12) dq’? 
A (9) = Gar Set A (x) dx = Se + eee 
(3) (1) 
ip) pipe wie 4 e pr (p’2) + Pps(p'? ,_, 
ogee) dem | pepe 


~ *We assume here that A(q’) and G(p) fall off as their argu- 
ments increase; x’ = x, - x; i,j =1,2,3 are the isotopic in- 
dices of the meson; @, B (=1,... 8) are the spinor and iso- 
topic indices of the nucleon. 


\ 
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Here g(x) and ~(x) are meson and nucleon 
field operators in the Heisenberg representation; 
m and w are the nucleon and meson masses; 
p and py are real spectral functions with the 
properties: p = 0, pov pe +0, >0, pg >O0; all 
quantities are renormalized quantities. 

Making use of the equations of motion 


(Che 2?) 92 (%) = je(x), — (ige— m) b (x) = (x) 
(where 
(Oy S sae q(x) =i nae : 


S being the S-matrix operator: 
where the states |n!™> correspond to incoming 
and the states |n°4'> to outgoing waves) as well 
as of the expansion in terms of a complete set of 
states |nl®> (or |n%t>) we find 


p (9?) = & (2n)8 Sp D} (u%—q?) <0 | j; (0) jn?" <n] j (0) | n> 


x8(Pa—Q); (3) 


p1 (p2) + pps(p®) = (2n)* Dj (m — p)-? <0 (0) | nin» 


x <ni® [4 (0) [n> 8 (Pn—p). (4) 


Thus, in order to find p and p) for all values 
of the arguments, one would have to know all the 
matrix elements <0|j|n> and <0|n|n>; in 
practice this is an insoluble problem. The follow- 
ing expressions are found from covariance consid- 
erations for the simplest matrix elements 
<O|jjlpipe> and <0|n|pi.q;>, where |py,p2.> 
is a state of a nucleon (p,) and antinucleon (p,), 
and |pj,q,;> is a state of a nucleon (p,) anda 
meson (qj): 


g = Pit Pao: 
(9) 


(2410)? <9 | | P191> = Yet (Fi (p?) + pFae *)) U_(P1); 
P=P—Pit (6) 


<O| jf; | pis Pe) = U, (Pi) rsuF (G2) U_ (Pe), 


where Uz are solutions of the Dirac equation for 


a particle and antiparticle, and F and F) (A=1,2) 


are invariant functions.* 
Introducing Eqs. (5) and (6) into (3) and (4) we 
obtain 


6(q) = (w— q?) 7? g*(16n?)7 


(1 — 4m?/q?)'2| F (g?) 20 (q2—4m)+ >, (2) 


*The function F(q?) may be called the mesonic form factor 
of the nucleon. 


[agers ns 
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pr (P*) +P pa (P*) = spare (D°—(m + y)2)'(p*—(m —p)2)" 


9 (\Fil? 


py? (p2+- m?) 
ae ) 


p*| Fee) + 5 (1 — 
p? 2 
Pl s-a( — (| Fale p? | F2|?) 


$+ ae (PYF +FAy} +a Carer (8) 


us eee 


AE Petr fa) 


The 224 «2 Vin Equi (@?)andsthe 2.4 <a | th 
Eq. (8) denote the contributions of all remaining 
terms to p and p, respectively. Since each term 
in Z’ and 2” gives a positive contribution to p 
and fp», the study of the asymptotic behavior of the 
first terms on the right side of Eqs. (7) and (8) 
gives important information on the renormaliza- 
bility character of the theory’ (see also subsection 

4).* Consequently, as a first approximation, one 
may start the study of the properties of p and py 
from an analysis of F(q?) and F,(p?). 

2. The analytic properties of F and F) follow 

from the analytic properties of the vertex Green’s 
function t 


Fi (ps p') = \ efr—tau(Q— 
x<O|T 4 (x) @ (y)| p’> dxdy = (22) (p — q — p’)i\e™* 
x (iys— m) (0| T $ (x) jz (0)[ p’> dx = (22)*8 (p —q — p’) 
x i fe-t(],— u*)<0| Tn (0) ge (y) | P'> ay. (9) 


It is not difficult to see that [in the following 
we omit the factor (27)46(p—p’-—q) from 
FS(p, p’)] 


U (p) Fi (p,p’) > <p| jz (0) | P’> 


p?)(iy.— m) 


=U (p) ysF (q2)U(p'), p?> m®, po> 0; (10) 
Fi (p, Pp’) > (2q0)'*KO| 9 (0) |p’, 92> 
= 5%: (F1 (p?) + p Fo (p*)) U (p’); 
q?— vp, qo> 0. (11) 
In the general case 
FS(p, p') = ts (Fi(p%, 9°) + Pp F2(p%, 9?))U(p’), (12) 


*We observe that the nucleon + antinucleon state is not the 


lowest energy state in = in Eq. (3); therefore a study of this 


state does not lead to any quantitative results whatever about 
the behavior of A(q’) in the region q* <m’. Apparently states 
|n> in Eq. (3) with 3,5... (up to n= 2m/p) mesons play a 
dominant role in this region. However an analysis of these 
states is beset by great mathematical difficulties. The meson 
+ nucleon state in Eq. (4) is the lowest energy state [since 
p2,> (m+ y)*] and so the contribution of this state may be de- 
cisive in determining the behavior of G(p) in the region 
|p?| <(m + 2p)’. 

+The vertex Green’s function should be distinguished from 
the vertex part [ see below, Eq. (14). 
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and it follows from a comparison of Eqs. (10), (11), 
and (12) that 


F (q?) = F, (m?, q?) + mF, (m?, q?), (13a) 
Pulp i Ex (psa): (13b) 
F (u®) = F, (m®*, p?) + mF, (m’, p*) = g, (13c) 


with g the renormalized coupling constant. 
The vertex Green’s function FE (p, p’) and the 
vertex part I'3(p, p’) are related by 


F?(p, p’) = (u2 —4®) A (q®) (m — p) G (p) TS (p, 0’) U(P’). 
(14) 


Let us begin by studying the analytic properties 
of FE (p, p’) asa function of q?. For p? <0 


Piro) =F 7 (p, 2’) 


= if e- (. — p?) 019(2) [1 (*), 1 O11 P> ae 


5a) 
i.e., FE coincides with the retarded Green’s 
function. Let us also introduce the advanced 
Green’s function 
Fz (p, Pp’) 
= — ile (TQ —y) (0/8 (— x) [ac (2), (1 p’> de. 
(15b) 
' In the system p’=0, as a consequence of the 
identities 
2 g2 — m2? p? + m? — q? 
Jo = a ’ LE Sa ae PF SESE 
__ ((g2 — m2 — p?)? — 4p2m "le 
lpi =lal=( mie Vig (16) 


the functions Fj and Fj can be directly analytic— 
ally continued into the upper and lower half planes 
respectively of the complex variable z = q*. Since 
on the real axis we have Fj (p, q’) = Fj (p, q’) for 
q’ < (3u)*, a single analytic function Fj(p,z) ex- 
ists, regular in the entire complex plane cut along 
(3u)? <q? < o* with 


lim F;,(p?, z) = Fr (p?, 2). (17) 


z>Grtie 
In an entirely analogous manner one proves that 
for q?< 0 there exists a single analytic function 
Fj(z’, q’) regular in the entire complex z’ = p? 
plane except for the cut (m+)? <p*< © onthe 
real axis. Here 
lim F;(2’, g?) = F# (2’, @)=+i \er (iV, — m) 
2’>p*trie 
x0] 8 (Ex) 1h (x), je OV) [P'D dx, 
FH (p%, @) = Fi(p, p’), g<0 (Imz=Imz'=0). (18) 
*Strictly speaking it is the invariant functions F,(p’, z) 
and F,(p*,z) of Eq. (12) that have these analyticity proper- 
ties. 
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Since for Rez < (3)? and Rez’ <(m+yp)* the 
functions F;(p’, z) and Fj(z’, q?) coincide it 
follows that they represent a single analytic func- 
tion Fj(z’, z) of two complex variables z’ and z. 
For real values of z and z’ the expression 


— 2 ineys (FF (p*, 9?) — Fi (p?, g?) + P (Fa (p*, 4°) 
— Fy (p*, q?))] 
is equal, for p* < 0, to 


= (2n)* 5} <0 | § (0) | 2) <a] (0)| p> 8 (Pn — 4). (19) 


and, for q2 < 0, to 
= (2n)4 S$} <0} (0) | 2 <2] § 0) |p") 8 (Pn — P) (20) 


The expression (20), which is the absorptive 
part of F(p’, q*) for q?< 0, can be analytically 
continued to the physical point q? =p? provided 
that p?=(m+yp)*. Indeed, the matrix element 


(2n)* <n | j (0)| p’> 8 (Pa — p) = Ve" <n| j (x) | p> ax 


goes over as q’?—-u?, gq) >0 [since, as a conse- 
quence of conservation of nucleon number, p%, = p? 
= (p’+ q)* = (m+ y)?]* into the matrix element 
for the scattering of a meson by a nucleon into a 
final state n in the physical region of total en- 
ergy Py = (pp + q)). Thus it is rigorously proved 
that the functions F}(p*) [see Eqs. (6) and (13b)] 
are boundary values of analytic functions F)(z) 

= F(z, q’)(q?—?) regular in the entire com- 
plex plane except for the cut (m+ p)* < Rez < 
(im zZ'=.0°)3 

As regards the absorptive part (19), it is not 
possible in the general case to prove the validity 
of analytic continuation to the point p* =m? for 
an arbitrary ratio of m to mw starting from only 
the covariance, causality and spectrum properties 
of the theory,!! although such proof is possible in 
any order of perturbation theory.'? In what fol- 
lows we shall neglect the terms in Eq. (20) with 
ph < 4m? so that in our approximation F (q’) 
[see Eqs. (5) and (13a)] is the boundary value of 
an analytic function regular in the entire complex 
plane except for the cut 4m* < Re z< ~. Wedo 
not explicitly write out the dispersion relations 
for F(q?) and F,(p?) since this requires a 
knowledge of the asymptotic behavior of F(z) 
and F,(z) as |z|—. This question is clari- 
fied in Sec. 3. 

3. In essence, Eqs. (19) and (20) express the 
unitarity conditions for the vertex Green’s func- 
tion F;(p, p’), which make it possible to relate 
Fj(p, p’) to other matrix elements. It is much 
more difficult to decide now what is a reasonable 
~~ *Electromagnetic and weak interactions are ignored. 
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approximation than in the case of p and Py» 
Since the contributions of the various terms to 

the summation over n in Eqs. (19) and (20) have 
different signs. At this time we can suggest noth- 
ing better than a restriction to the simplest terms 
in Eqs. (19) and (20), i.e., keeping the term corre- 
sponding to the nucleon-antinucleon pair (in the in- 
termediate state) in Eq. (19), and the term corre- 
sponding to a nucleon and meson in Eq. (20).* We 
then obtain, in place of Eqs. (19) and (20), the ap- 
proximate equations (see Sec. 5, item 1) 


F* (q?) — Fo (q?) = iA (q) (F* (q?) + F-(@?), (21) 


FY (p®) — Fy (p®) + p (FF (p?) — Fy (p®)) = i (Ai (p®) 
+ pAs (p?) [FT (p?) + Fy (p?) + p (FE (p?) + Fa(p?))], 
A (q?) = Re A, (q) / (1 —Im A, (q°)), (22) 


where Aj(q’) is the partial amplitude for elastic 
nucleon-antinucleon scattering in the singlet spin 
and triplet isotopic spin S-state in the barycen- 

tric frame (q= 0); 


A, (p?) = "2 (as -+ ap), V p?As (p?) = 1/2 (as — ap), 
As, p (Pp?) = Re As, p (p”) / (1 — Im Ag, p (p?)), 


with Ag, p/( p’) the partial amplitude for elastic 
meson-nucleon scattering in their barycentric 
frame (p=0) inthe S- and P-state respec- 
tively with total spin and isospin HAS 

It is easy to see on the basis of conservation 
laws precisely why these states entered into Eqs. 
(21) and (22). We leave out the details of the calcu- 
lations. Let us only note that in the derivation of 
Eqs. (21) and (22) we took into account the fact that 
F*(q’) = (F7(q’))* and F}(p?) = (Fx(p2))*. This 
reality condition on the absorptive parts, Eqs. (19) 
and (20), can be satisfied in the approximation 
under discussion by taking half of the sum over 
[n!2 and |n°%4t> states on the right side of 
Eqs. (19) and (20). 

If the contributions from inelastic processes 
are ignored, then 


A(g?) = tan 8)(q2), sp (p?) = tan 8, 9(p"), 
where 6)(q2) and 6g )(p*) are the phase shifts 
in the above-indicated states. 

In Born approximation f 


~_ ¥The asymptotic vanishing of F(q’) and F)(p*) with in- 
creasing q’ and p* would provide some justification for the 
legitimacy of this approximation. However, (see Sec. 3), in 
the weak coupling approximation, when the asymptotic be- 
havior can be determined explicitly, the functions do not 
vanish. On the other hand, for small p* < (m + 2)’, the indi- 
cated approximation may turn out to be not bad for F(p’). 


tThe expression A>(q’) is given in reference 13. 


A(g) = AP (q) = — 32 (1 — 4, (23) 
b 2 73—E—1 ] 
b, 2 7E +4 ] 


Here we have for simplicity put y =0 and intro- 
duced the dimensionless variables £ = q?/ 4m? and 
£=p*/m-;. for. and. £21 


Apiye = 3g? / 16n, 


Ab > — 3g? [30% wile. ohne (lene 


3. STUDY OF THE APPROXIMATE SYSTEM 


1. Let us assume A(q’) and A,(p?) to be 
known functions, independent of the unknown func- 
tions A, G and Ff. Then the approximate system 
of equations (1), (2), (7), (8), (21), and (22)* sepa- 
rates and in fact reduces to a study of the last two 
relations, i.e., to the solution of the homogeneous 
Hilbert problem:! to find an analytic function F(z) 
(analogously for F)) regular in the entire plane 
except for the cut and of finite order at infinity, 
given the boundary condition on the cut F*(q?) 
= K(q’) F-(q’) where K(q?)(1 + iA (q?))/ 
(1-iA (q? )) is a known function which vanishes 
nowhere. 

As is wellknown, the solution of such a prob- 
lem is not unique. To obtain a unique solution ad- 
ditional boundary conditions must be imposed on 
F(z). In our case one such additional boundary 
condition consists of the relation (13c). However 
in the approximation under consideration this is 
not sufficient. If the validity of perturbation the- 
ory for g—0 (weak coupling) is assumed then 
one can demand that the solution that was found 
should coincide with the corresponding perturba- 
tion theory expression. If on the other hand (as 
is quite permissible ) perturbation theory has no 
region of applicability (i.e., the solution cannot be 
expanded in a series near g = 0) then the question 
of additional boundary conditions becomes much 
more complex and has not been solved so far. f 
Nevertheless the absence of additional constants 
and unphysical singularities may be taken as ad- 
ditional criteria for determining a unique solution. 

2. The solution of Eq. (21), satisfying the stated 
conditions has the form 


| eae: 


4m? 
*We assume that the terms &” and &” are omitted from 
Eqs. (7) and (8). 
tThis question is of general importance for the theory of 
dispersion equations.“ 


F (z) = gexp a 


wv 


(26) 
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It is easy to see that the asymptotic behavior of 
F(z) as |z|— © is determined by the proper- 
ties of the integral 


4 
= 

4m? 
If the integral J converges then F(z) -— const 
as |z|—o. If the integral diverges* then there 
are two possibilities: 

a) tan“! A(z) const =a>0. In this case 
F(z) falls off asymptotically. In particular for 
WZ SO AUN F(z) —~g|z|~°, 

b) tan! A(z) ~ const = 8 <0. Then oe 
increases asymptotically: F(z) —g|z |-B for 
Rez—-— (Imz=0). 

It is interesting that for A(z)—~-+° as 
z— © the asymptotic behavior of F(z) is in- 
dependent of A(z): F(z) —~g|z|*¥”?. 

If it is assumed that perturbation theory is 
valid for F(z) in the weak coupling case (g—0) 
then, taking into account ee AY 2! ) <1, we:ob- 
tain by replacing tan™} ae (z’) by A?( 2’) and ex- 
panding the exponent in Eq. (26) in a series, the 
following 


tan—A (2’) 
erage 


J= 


F(2)= 


Z— p2 ¢ AG 2’) dz’ 
Shree a ceria |b ao 
4m* 

Expression (27) [with AP(q?) given by (23)] 
coincides with the renormalized vertex Green’s 
function calculated to terms of order ~ g*. The 
asymptotic behavior of F(z) in the weak coup- 
ling case not using perturbation theory is found 
by substituting expression (23a) into Eq. (26): 


Rosacea, 


Thus, in the weak coupling case, F(q?) in- 
creases asymptotically. 

3. Equation (20), equivalent to the Hilbert prob- 
lem for two analytic functions F,(z) and F,(z), 
cannot be solved in closed form. It can be re- 
duced to the solution of two Fredholm equations f 
with singular kernels.’ An exact solution of this 
system may turn out to be not a bad approximation 
to reality in the region |p?| < (m+ 2u)* and 
would express the dependence of the vertex func- 
tion on the values of the meson-nucleon scattering 
phase shifts in the S12 and Py, states. We do not 
discuss this question, but consider instead the 


Rez—— oc, 


Imz = 0. (28) 


ge =i , , 
tan~” A(z’ )dz 
*We assume that \ ten Se converges. 


4nt 
iThese equations follow from the dispersion relations for 
¥4(z) obtained under the assumption of a definite asymptotic 
behavior for these functions. 
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asymptotic solution of Eq. (22) for p* >m*. In 
this case, if we let uy? =0 (and discard terms of 
order p?/p* and higher) we can find an exact so- 
lution for the system (22) satisfying the boundary 
conditions formulated above. As is shown in Sec. 
5 (item 2) the Sees has the form 

dz’ } ; 


(4 - of (2’) + 19%, (2’) 
FE (p?) + pFa ( => C, exP 1a \ See eri 
(29) 


, "9 yan 
af 1+47- (G+ Ag+ Apt 4Ay AY] 
Gialp) tan (— ao = 2) Ail ), 
(29a) 
1+ A?— A? 
2 oy" (p?) = tan-! a i TS 
V p92” (p*) ( Fi 
t+ A? + A?) — 44? A? ys 
4 Ml a tet 2)" 1 2 | ): (29b) 
2| Ay | 
Az (p®) = V p® As (p*). 
The constants C; and C, are related by 
2 oo r r 
4 $1 (2) + Mg, (2) 
Sevem{t | MOP. go (0 


r=1 


(m+u.)? 

which leaves the ratio C,/C, arbitrary. This ar- 
bitrariness can be removed by requiring agree- 
ment with renormalized perturbation theory for 
g—0. Otherwise the arbitrariness in the choice 
of a solution remains. It is important to empha- 
size that in the weak coupling case (A, and Aj} 

« 1) only the term ~C, enters into the corre- 
sponding expressions for F,(p*) and F,(p?) cal- 
culated by perturbation theory. Setting C,=0 in 
Eqs. (29) and (30) and expanding in powers of Ab 


and Ap we find (for g—0) the expression 
, lee A®(z) dz 
F, (p*) + pF2(p?) = g (1 +o" \ a= ieesed 
(m+)? 
~ AP (2) dz AP (z) dz 
p 2 m 
sees \ z—p oe ad (31) 
(m+n)? (m+n) 


which coincides with the result of renormalized 
perturbation theory accurate to terms of order g’. 
The asymptotic behavior for weak coupling not by 
perturbation theory is given by 


2 |\ 3g7/3277 
ite ye py ~ (EA) (32a) 
; 3g?/32n%— 
Ftp") ~ (in us y( La \e ds eum (S2b} 


Thus, in the weak coupling approximation, F,(p?) 
increases asymptotically and F,(p”) decreases. If 
Eqs. (29) and (30) with C, = 0 are taken as the so- 
lution, then F, and F, fall off asymptotically 
(Re z—-—«, Im z= 0) in the weak coupling 
approximation: 
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—n-1 tan 2 (397/302 
i leyaeaielaig ‘tae (33a) 


P(e eR PSE, (33b) 
in disagreement with perturbation theory. 

4. To conclude this section we discuss briefly 
the role of inelastic processes in the determina- 
tion of the asymptotic behavior of F(q’). If the 
omitted terms in Eq. (21) are denoted by W(q?) 
then we are led to the inhomogeneous Hilbert 
problem: 
4+ iA (q?) p- ¥ (q?) 
T—TA@? + Ta: 

A solution of Eq. (34), satisfying condition (13c) 
and not involving additional constants, is given by 
foo) 


FE (qty 2 Fe (pey(Cu—Y ¥ (2) dz | 
(y= Fe @)( \ eRe Fm + |): 


Y@=PROl+A) “FE Or, 


ON i (34) 


(35) 


with Fj(z) the solution of the corresponding ho- 
mogeneous problem [ Eq. (26)]. 
From a physical point of view it seems most 
natural to assume that A(q?)—0 as q?—o. 
In that case Fy(q?) approaches a constant and 
only one possibility exists for making F(q?) in 
Eq. (35) fall off asymptotically: 
cane OL 
Tw a pe 
(3u)? 
i.e., W(q?) must vanish for g?— ©.* In an anal- 
ogous manner the necessary conditions are found 
for F(q?) to decrease asymptotically for a differ- 
ent possible behavior of A(q’). The contribution 
of inelastic processes to F)( p*) may be similarly 
considered and a condition of the type (36) is eas- 
ily obtained by introducing an inhomogeneous term 
W,(p?) + PW,(p2) into Eq. (22); however, all this 
is not necessary since at the present time nothing 
is known about the asymptotic behavior of partial 
waves, nor about the other matrix elements that 
contribute to (q?) and Vy (p? Ne 


(36) 


’ 


4. DISCUSSION 


1. The renormalization constants Z, and Z; 
are expressed in terms of the spectral functions 
p(q?) and p.(p2) by [see Eqs. (7) and (8)]: 


oe) 


Zet=1+ | pa?) da?, (37) 
: (3p-)? 

Zz'=1+ 02 (p?) dp”. (38) 
(m--e)? 


*At the same time, condition (36) may impose limitations 
on possible values of the constant g. 
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In the approximation considered here the con- 
vergence of the above integrals is determined, ac- 
cording to Eqs. (7) and (8), by the asymptotic be- 
havior of F(q*) and F,(p”): if these functions 
vanish at infinity sufficiently fast so that the inte- 
grals in Eqs. (37) and (38) converge then Z, and 
Z3 will be finite; otherwise Zz' and Z;! are di- 
vergent constants. It is important to note here 
that the latter result cannot be improved upon by 
taking into account higher approximations for p 
and p, so that the falling off of F(q?) and 
F) (p?) is a necessary (but not sufficient) con- 
dition for finiteness of the renormalization con- 
stants Z, and Z;. As has been seen in the pre- 
vious section the asymptotic behavior of F (q’) 
and F)( p*) can be determined only very crudely, 
since in the strong coupling case (g~ 1) itis 
not clear what serves as an expansion parameter, 
and in the weak coupling case in the lowest ap- 
proximation an increasing asymptotic behavior 
is obtained for F(q?) [see Eq. (28)] and F,(p*) 
[see Eqs. (32a,b)]. We are thus led to the con- 
clusion that in the first approximation for weak 
coupling the constants Zy 1 and Z3 1 diverge. It 
follows from the dispersion relations for A (q?) 
and G(p) that in this approximation these func- 
tions decrease at infinity slower than the corre- 
sponding free particle Green’s functions A) and 
Gy [the explicit asymptotic behavior is easy to 
derive starting from Eqs. (1), (2), (7) and (8), (28), 
(32a) and (32b)]. 

2. It is important to note the following: inde- 
pendent of whether F(q’) and F,(p*) increase 
or decrease asymptotically it is impossible in 
the approximation under consideration to run 
into an internal inconsistency of the “zero-charge 
type,® characteristic of certain approximate so- 
lutions of the Schwinger-Dyson equations. This is 
related to the fact that the vertex part Tr (pe pes 
determined by the relation (14) for given A, G 
and FS (p, p’), decreases for increasing values 
of its arguments as is easy to deduce from Eqs. 
(1), (2), (7), (8) and (14).* 

3. It seems to us that as a consequence of the 
great mathematical difficulties that arise when one 
attempts to estimate the importance of higher order 
approximations in the dispersion relation approach, 
as well as due to the absence of an effective expan- 

*It follows from the work of Lehmann, Symanzik, and Zim- 
merman’ that in the approximation in which inelastic processes 
are ignored the falling off of [',(p,p’) as a function of q’ (for 
p? =p’?=m’) and p’(p? = m’, ¢ =p’) is a necessary and suf- 
ficient condition for the absence of unphysical singularities 
(‘‘ghost states’’) in A(q’) and G(p). 


” 
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sion parameter in the asymptotic region, progress 
on the question of internal consistency of such an 
approach and its relation to the Lagrangian formu- 
lation of quantum field theory wiil have to await the 
application of new, in particular statistical, meth- 
ods of calculation of the many-particle matrix ele- 
ments which play an important role at high energies. 


5. MATHEMATICAL APPENDIX 


1. In order to obtain Eqs. (21) and (22) we made 
use of the partial wave expansion for the nucleon- 
antinucleon and meson-nucleon elastic scattering 
amplitudes, <pj,, J; pj, l’| U:(p) 7 (0)|p’r’> and 
<q; pi!j (0)|p’>. If terms that do not contrib- 
ute to F*(q?) — F-(q2) and FX (p?) — Fj (p*) are 
omitted this expansion looks as follows (in the 
barycentric frame for the corresponding process): 


(q? / 2)" (4)? <p, L; py U | U4 (p) 9 (0)| p’, > 


=|p|76,--8),- | (21 + 1) A; (gq?) P: (cos 9) 


MY 


-+ isotopic triplet terms (39) 
7 (20)"E(E +0) * pyri ili lpn 
=|? SU + 1) Arg (0%) PHY (cos ©” 
L 
+ 1A;— (p?) Pi’ (cos 6’)). (40) 


The notation in Eq. (39) is as follows: q=p+p’ 
=p,+pj, 4=0, @ is the angle between p and pj; 
Aj(q2) is the partial wave amplitude for nucleon- 
antinucleon scattering in the singlet state with or- 
bital angular momentum / and total isospin 1; 

(r, l)(r’, l’) =1, 2 are the indices denoting the 
antinucleon and nucleon states; Pj(cos 6) are 
Legendre polynomials. If the inelastic processes 
are small then Aj(q*) ~ exp (—i67 (q?)) sin 67(q?) 
with 67(q”) the phase shift in the corresponding 
state. 

The notation in Eq. (40) is as follows: p=p’+q 
=Pi+ qi, P=0; pp = Pio = E is the nucleon energy; 
do = dio = w is the meson energy; 6’ is the angle 
between p’ and p,; Aj(p*) are the partial wave 
meson-nucleon scattering amplitudes in states of 
total angular momentum I=1+ ¥, and isospin ¥, 
with Ay.(p’) = Ag(p*), Ay (p®) = Ap(p"); 

Py es (cos 6’) are the angular polynomials intro- 
duced in reference 16. 


A; (p”) = exp {— i8;+ (p?)} sin 8,4 (p?) 


in the energy region (m +p)? <p*= (E+)? 
<(m+2u)*, where 67,(p*) is the phase shift 
in the corresponding state. 
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2. We now prove that Eq. (29), together with 
Eqs. (29a) and (29b), constitutes a solution of 
Eq. (22) for p2=0. For p? #0 we obtain from 
Eq. (29), making use of Eq. (16) with q? = pu” 


F* (p) — F7(p) =i { tan[(?1 (22) -+ Ps (p?)) 9 (p? — (m + 4)?)] 


‘tan ex ((m + u)* — p*)%*(p? — (m — wt 


xt | B24 6m + u)* —p*)0(p*— (m —u)*)]} 


(m+u)* 
x (F* (p) + F°(P)), 

Sry ee ant 4 >i0% 
F* (p) = Fi (p) + PFE), OG) = 1) 7S aD 
where e is a unit vector in the direction of p. It 
is seen that for 1» —0 the second term on the 
right side of Eq. (41) vanishes and we obtain Eq. 
(22) under the condition 


tan(¢, (p2) + Pos (p®)] = Ai (p?) + PAs (p?): 


from which one obtains Eqs. (29a) and (29b). It is 
elementary to prove that at infinity the solution 
(29) is of finite order if it is taken into account 
that y,(z) falls off not slower than i/vz as 
z—~ [see Eq. (29b)]. 
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The transition radiation emitted in the forward direction by a charge in oblique inci- 
dence at the boundary between two media is considered. It is shown that the intensity 
of the radiation is essentially independent of the angle of incidence of the particles so 


long as this angle is far from 90°. 


‘Tue total intensity of the transition radiation 
emitted by a relativistic particle in the forward di- 
rection in passing through a boundary between two 
media is proportional to the particle energy.! It is 
of interest to investigate the intensity of the transi- 
tion radiation as a function of the entrance angle of 
the particle into the medium. The problem of a 
charge moving into a medium at oblique incidence 
has been solved earlier in general form? (cf. also 
reference 3). In the present note the energy losses 
due to the forward radiation of an extreme relativ- 
istic particle which moves into a medium at oblique 
incidence are calculated by the Landau method? 
and by a direct calculation of the energy flux. 

Let the plane z = 0 be the boundary separating 
two media characterized by dielectric constants 
€, and €. The particle moves with velocity v in 
the yz plane. As has been shown in reference 2, 
the Fourier component of the electric vector of the 
radiation field in the second medium is given by the 
formula 


E; (k) = xe, + jeosy —M (x7€: + Ryery)/ro, 


Pee ei Apre {—t/Ay —v,/o €4/2A1 + V,/o 
et cineca k2 — we,/c? Rk? — weg /c2 (1) 
kyvy (k, — he +a) ( 4 ~ \ 
WAAg hk? ws, /c2 2? — w%en/c2 f 2 


pices et vy, w(Aq == aly 4 4 
Bd ee Tae Cc R2— wre, /c2 —— R® — wey /c2) ° 


(2) 


Here w = kev = kyvy + kzvz; i, j and n are unit 
vectors along the x, y and z axes; k is the com- 
ponent of the wave vector k in the xy plane; 
Ate = wre, o/c? — x’, where the real and imaginary 
parts of A; and A, are taken as positive. We also 
introduce the angle of incidence of the particle at 
the boundary between the media y;v, = v cos y 
and hppa sin 9. 

In carrying out the calculation it is convenient 


to rotate the coordinate axes about the x direction 
through an angle g such that the new z’ axis coin- 
cides with the particle trajectory. Then, denoting 
all quantities in the new coordinate system by 
primes we have 


Ezz (k’) = [Ry sin ¢ — (%2/he) COS G] eax 
+ [sin ¢ — (Ry/A2) Cos ] eay, 
Ear (k’) = i’Ry ene + j’ ([Ry CoS. @ + (2/Ay) Sit @] ex 
+ [cos¢ + (R,/k) sin 9] ey}, 
H, (k’) = cw 2 [x + (n’ cosp — j’ sing) 2] x E, (k’)] (3) 
where Ej+/(k’) is the projection of the Fourier 
component of the radiation field on the plane per- 


pendicular to the direction of motion of the particle. 
We must keep in mind the fact that 


© =k,v, ky =v ‘sing + ky COS g, 


k, = 00 cosg — ky sing, * = i'ky + (j’ cos¢ +n’ sing) ky. 


Using Eq. (3) we can compute the force due to 
the radiation field which acts on the particle (cf. 
reference 4) 


co 


Fy (9) = e0\ dt \ Exe (k) 


0 


xlexp \ivt (rs Ek sino = cos 9) cos @ dk’, (4) 
as well as the Poynting vector in the second med- 
ium ata plane z’ = const (cf. reference 1): 
ye 
S22 (9) = KE \ [Es x Hy]e dtdx'dy’. 

We now sketch the calculation for the second 
case. Since k* ~ we, /c? = k’? — we,» /c?, the 
denominators of the total-radiation expressions 
contain factors characteristic of normal incidence 
of the particle on the separation boundary; for an 


(5) 
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extreme relativistic particle these factors lead to 
the emission of transition radiation at very small 
angles to the direction of motion of the particle. 
Furthermore, since 
w? 


Aye = [Ss (cos? ¢ — (1 — 8?) =) 


; : Y, 
—2 ky singcosp—x’2 + Rk? sin? | 
if 
cos p > V o4,9/w?, cose > V1 — 8? (6) 


(o, and o, are the plasma frequencies of the media) 
we find that 


, BR 1 a 
Ey (kK) = 55% (a 


Qn e902/c2 kh’? — 20%) ‘ 


(7) 


In the present case the magnetic field is 
H, (k’) = 6 [n’ X Boy (k’)], 


so that the further calculations are very simple 
and for w >Vo 4,2 we obtain formulas which coin- 
cide with the formulas for the case of perpendicu- 
lar incidence. 

If the condition in (6) is not satisfied the quanti- 
ties d4,2 become purely imaginary and since the 
expressions for the radiation fields contain the fac- 
tor exp (iA»z) these fields fall off exponentially 
with z. 

The condition in (6) can be understood on the 
basis of the following qualitative considerations. 

As is well known, transition radiation is formed in 
some region of space around the trajectory of the 
particle in the first and second media. For oblique 
incidence of the particle it is evident that the trans- 
ition radiation will be generated (just as in the 
case of perpendicular incidence ) if the formation 
zone satisfies the same conditions. For example, 
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in the second medium the formation zone for radi- 
ation of frequency w is a cone with opening angle 
(relative to the particle trajectory ) given approxi- 
mately by Vo,/w (for frequencies w < Vo,/V1— 82). 
Hence it is clear that it is only when cos g < Vop/w 
that the formation zone in the second medium is 
affected, because part of it extends into the first 
medium. 

Thus, as the angle of incidence of the particle 
increases the softer photons tend to be suppressed: 
with further increases in ~ the suppression ex- 
tends to harder and harder photons. This effect can 
be used for generating transition radiation ina 
narrow frequency range since the long-wave por- 
tion of the radiation spectrum can be suppressed 
by rotation of the medium. The total number of 
emitted photons remains almost the same because 
the lower frequency limit appears in the formula 
logarithmically [cf. reference 1, Eq. (14)]. 

Results similar to these have been obtained by 
Korkhmazyan,° who used the method of images. 
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of Continuous Media) Gostekhizdat, 1957. 

5. A. Korkhmazyan, Izv. AN Arm. S.S.R., 
Ser. Fiz.-Mat. Nauk (in press). 
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The dispersion relation technique is used to study the electron propagation function G ( D) 
and the current matrix element <0|7n(0)|p’, k> as functions of p? = (p/ + k)*. It is 
shown that in the two-particle approximation (no more than two particles in the interme- 
diate state) the analytical properties of the matrix element under study (with respect to 
the variable p*) lead to a Hilbert boundary problem, which is then solved. Explicit expres- 
sions for the electron spectral propagation functions are derived in the given approximation, 


and the asymptotic behavior of G(p) and I'y(p, p’; k) is determined for —p?— , p 


=-—m?’ and k*=0. 
1. INTRODUCTION 


Ar the present time it is possible to develop a 
new approach to the study of the problems of quan- 
tum field theory. This method is connected with 
the use of the dispersion relations for different 
Green’s functions (or matrix elements) of the in- 
teracting fields. In such an approach, an infinite 
set of interlocking integral equations is generated; 
these connect all possible matrix elements on the 
energy surface, and definite boundary conditions 
are necessary for the solution of this set. 

In quantum electrodynamics, and especially in 
quantum field theory, the dispersion technique has 
already furnished a number of interesting results; 
in these cases, correspondence with perturbation 
theory is chosen as a reasonable boundary condi- 
tion. Thus, for example, in the work of Fainberg,! 
the behavior of the photon propagation function 
Dyy(k) and the matrix element of the current 
<0|jy(0)|p, p’> were studied as functions of the 
square of the photon momentum k? = (p+ p’)* for 
p? = p’?=-—m?*. Im addition, a number of other 
problems was also considered. In this connection, 
the study of similar quantities as functions of the 
square of the electron momentum p® is of inter- 
est. This is the object of the present research.* 

By definition, 


Gap (x —y) = (O| Ta (x) Op (y) | 0) = = 


(It) 


*A similar investigation into the application to mesody- 
namics has been made in the research of Malakhov, Rashev+ 
skaya, and Fainberg.” 
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where ~(x) is the renormalized Heisenberg op- 
erator which satisfies the equation 


(Vit m)p(x)=4(x), Ve = 11.0/O%p, 
‘w=, 


XY = xXy + XaY4, (E22) 


xg = 1X4. 

It is known that the Fourier transform of the 
electron propagation function has the spectral 
representation 


—m? 


is pe (sl ats — ips (p’) + pap) 7 v0) . 
G(p)= i eee re eh p?—p?—ie dp be % 
2a) 2 —_ 2 
px (D8) = ee aa SP {(2m + ==) 
x 2}<0|9(0)| n> <n|4(0)|0>8 (p— pa), 
a (2x)8 2mp?\ 
(P= ges ap SP {(m— p+ 


* 2401 (0)|2> <n] (0) |0>8(p — pa). (1.4) 
Thus the spectral functions p, and p, are ex- 
pressed bilinearly by the current matrix elements 
<0|n(0)|n>. In the present research, the be- 
havior of the first non-vanishing matrix element* 
<0|7(0)|p’, r; k, A> is studied by the disper- 


sion relation technique as a function of p? = (p’+ k)?. 


2. ANALYTICAL PROPERTIES OF THE FORM 
FACTOR 


We consider the electron form factor 


ei (20)? Fi?’ (p) u_(p’) =i 0|(O)|p’, 7; &, d; ind, (2.1) 


*For brevity, we call the matrix element i<0|n(0)|p’,k> the 
form factor of the electron. 
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where p+p’+k=0; Ch S en = kk“? (eAk) (1 -vdj;) 
are the four photon polarization vectors in arbitrary 


scale; u_(p’) satisfies the equation (ip’ + m)u_(p’) 
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for x)<0, x*>0, and is therefore regular in the 
upper half plane of p’. 
In addition, 


= 0. 


It is easy to prove that for p’*=-—m? and k*=0, 


Fy (p) = ie (— ip + m)G (— p)Ty(—p, p's &) 


The requirements of relativistic and gauge in- 
variance lead to a general expression for the form 
factor: 


in p, k k 
Fy (p) = (1.— a) Fy (p*) + ioypyky Fe (p?) 


(2.2) 


p 
; ‘A k 
+ thy Fs (0°) + by RFa(p2) +e, (2.3) 
where oyy = (Yp¥v — Yv¥y). In accord with 
(2.2),* 
kuP." (p) u_(p’) = eku_(p’). (2.4) 


We now investigate the analytical properties of 
<0|m(0)|p’, k> in the variable p?. Making use 
of the reducing formula of reference 4, we trans- 
form to the relation 


2h (20) Fy (p) u_(p!) = \dxe-#Pe fi" (x, h) u_(p'), (2.5) 


where 
x (x, k) = — e-#** {6 (— x0) 


x0] [n(0), PIA }(— Vs + m) =0 
fOr. xs 05, x" >\0: 

By virtue of the fact that k?=0 in the system 
of coordinates p’ = 0, we have |p| =-—py)—m. 
Therefore, for py —py)+ il, the factor 
exp {I |x) + e°x|} appears under the integral in 
(2.5), thus guaranteeing the regularity of the de- 
sired function in the lower half plane of the com- 
plex variable py or, what is the same thing, the 
regularity of p?. (The indeterminacy at the cone 
x* = 0 is removed as usual by the addition of the 
factor exp {—ex?} « —+0). 

Similar to the above, the quantity 


@ Qo)" Fo (p) a. (p') =i <0|4 (0) |p’, 15k, 3 out 


~ Say p, k i j - 
=)" (= 2B) ey + nk 


+ thaFS(p") + babFi(p) +e LEE | wp! (2.6) 
can be put in the form 
Bh (20) Fel (p) u_(p') = \dxe-tre pS" (x, B) uP") 
Cut (x) = e- ike {0 (x9) 
O| In (0), P(x), 1k, }(— Ve + m) =0 (2.5") 


*Here we have used the relation:* 
G" (-p) ~ G* (6’) = -k,TCp, ps k). 


En (20) ”* [F,." (p) — Fe (p)] u_(p’) 


= — (2n)* D0 (0)|n><n | (0) |B, > 8(p + pa) = 0 
n (Pave) 
for p* > —m?. 

Consequently, there exists a single analytical 
function Bh (2w)-¥2 F(z) u_(p’) which is regular 
through the complex z plane, with the exception 
of the cut along the real axis from the point —m? 
to —, so that 

_jim , ey (20) Fy, (2) u_(p") = €p (20) Fy? (p) w_ (p'), 

lim @:(20)~* Fy. (z) u_(p') = en (20) Fo (p) u_(p’)- 

tes (2.8) 


3. THE HILBERT PROBLEM FOR THE FORM 
FACTOR 


We have thus established the analytical proper- 
ties of the form factor as a function of p*. For 
the determination of this function, however, it is 
necessary to have some sort of condition on the 
line of the cut. Such a condition is usually ob- 
tained in the expansion of @\(2w)~¥? [ FiN(p) 

- FOU (Dy )] u_(p’) over the complete set of states 
|n>, if we break off the resultant infinite series 
at some term. We note that for such a cut off it 
is necessary to sum over the intermediate states 
of |n> in the following fashion in order to pre- 
serve the Hermitian character of i[F;,(p”) 

— Fi (p?)]: 


n> <n! =4 > {1a, ind <n, in| +|n, out><n, out |}, 


Taking into account the vanishing of the current 
matrix elements over the vacuum and the single- 
particie state, and limiting ourselves to the first 
term in the sum over |n> (the two-particle ap- 
proximation), we obtain 


~ 1 in Ou Ul 4 
ep (20) [Fu'(p) — Fu (p)]4_(P") = samye 


x \ 4p: dk, >) en ae CAL aa 


Tr M4 Oy 


meet (pie (Pil Taree oe elt (3.1) 


where fp‘ k,,p’,k is the Compton effect amplitude. 
This relation makes it possible to express the de- 
sired form factor in terms of the phase of the 
Compton scattering, but we shall limit ourselves, 
for simplicity, to the solution of the problem for 
the case in which the amplitude fos ky pk is 
computed by perturbation theory in the Born ap- 


1310 
proximation: 
eae ees ie? (2n)48 (p', A epee) (4a) ” 
ee 
— poy [smile +k) + mora 
X u_(P;) [e “(p+ kz mm 


(3.2) 


a eee yo +m 7A, / 
rent 6™ |u—(P') 


Then, after a number of calculations, we obtain 
2 
F, (p*) — F;(p?) = ) ig,,(p?) [Fx (p®) + Fx (p?)] + ig, (p%)e; 
k=1 


m? (pt — 4p2m? — m?) 
2p* (p? + m?) 


e2 2 
Bu (p*) = — 5 8(—p?— m?)[1 + 


mipeiae =A 
(p? oh m?)? m2 ? 


2 +3 p? + m? 
12 (p*) = — = sae aml |- 2p? 


Ye eee 
£1 (p?) = — ae p? — m?) 

Ce er ea 
802 (p?) = — eS 0 (— p? — m?) 

[1+ eee 4 ine, 
&20(p*) = — <6 (—p* — m?) 

aig Uae! ae: (3.3) 


The gy, for 1= 3,4 are certain functions (for 
brevity, we shall not write them out) having the 
following asymptotic values for —p* — o: 


2 2 e 2 nee he 
&31 (p*) eeu £32 (p?) ar > &30(p") > — oe re ; 
de? , — p2 Bo fee 
En (p*)— — ie pel ae? a2 (0?) > — 8x pe” 
2 ies 
Sao (p”) > Se 
We note that, since g,,.(-m?)=0, 1=1,...,4, 


we have F7(—m?*) — F/(—m*) =0 and, conse- 
quently, in contrast with the work of Fainberg,! no 
difficulties arise here connected with the infrared 
divergence. 

The relations (3.3) represent the inhomogeneous 
Hilbert boundary problem. for two unknown func- 
tions F,(p*) and F,(p*), which are analytic in 
the region described above. An exact solution of 
this problem meets with considerable difficulty 
and we shall therefore solve it by the iteration 
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method. Assuming that F9( p*) falls off at infi- 

nity not more slowly than a finite power of p’, 

and neglecting the asymptotically small term 

igj.(F, + Fz) in (3.3), we get 

F, (p®) — Fy (p*) = igs (p®) [Fi (p®) + Fi (p?)] + igo (P*) , 

F2 (p?) — Fa (p?) = iges (p?) [F1 (p?) + Fi (P*)] 
+ ies (p*) [Fs (p®) + Fa (p*)] + igen (p?) e. 


The general solution of the Hilbert problem 
with the boundary condition (3.3’) has the follow- 
ing form:° 


(3.3’) 


is Heit g, (t) dt 
Hale) See Rte) {Pr (@) — an i (¢—2) exp [T} (H)] } iy 


where the notation 


—m? 
r z+ m ( arc tg g,, (t) dt ah rereni, 
1G) ™ Ny GEG ey” &1 1+ ign ’ 
—0oo 
eel (Fi + Fj) +g2e 
ao 1 + igo: 
is used. 


The solution (3.4) of the Hilbert problem was 
determined with accuracy up to an arbitrary poly- 
nomial 77(z). Here as always in the dispersion 
approach, there is the problem of the boundary 
conditions that set off the solution uniquely. As 
such a condition, we require that the expansion of 
the imaginary part of the resultant solution in a 
series in the coupling constant coincide with the 
corresponding series of perturbation theory, which 
in this case does not contain any divergences. 
Furthermore, we get still another condition from 
(2.2), F,(—m?) =e. 

The solution satisfying this boundary condition 


is 
Fy(p") =e exp (Ty (py {1 — 2 
xf gro (t) di 
3, (t+ m®) (4 + iga (¢)] exp [TF (¢)] (¢ — p?+ ia) J’ 
exp [Ty (p)] 
F:(p) SS 


—m? 


821 (t) [Fa (t) + Fy ()] + goo (t) e 
S [1 + iges (t)] exp [Py (¢)] (¢ — p? + is) os 


Tj (p?)= lim T(z). (3.5) 
2—>p* Fie 
As —p?— », 


9, €2/gn? 
F,(p*) > const - (SEY, F, (p?) > a (=F) ", (3.6) 


m2 m2 


It is not difficult to note that further iteration 
does not change the asymptotic value of F,( p*), 
and of F,(p*) either. Thus, for —p*?— ©, we 
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get 


t u =a eee 
igeyee (p) — const - Tl e) é 


m2 
which differs significantly from the known result 
—p=p’, when (ib +m)G(p)I'y(p,p; 0) Saw 
const ° Yu (Ward’s theorem ). 
The Solution (3.5) found for the Hilbert problem 
is the asymptotic solution of the set of dispersion 
equations 


Peart Fi) Fe) 2,» 
EGR O AE Se a rete merece 
1 et a(t) —Fy(8) 
Fs(p") =5— \ = ste 


—oco 


with F]- Fy determined from (3.3). 


4. THE ELECTRON PROPAGATION FUNCTION 
IN THE TWO-PARTICLE APPROXIMATION 


The results we have obtained make it possible 
to compute the spectral functions p, and p, in 
the two-particle approximation in the following 
fashion: 


2h 2 2 2 * * 
pi (p?) = ge{-t- [F,??}—m® i (FF, + FiF2) 
a es 4 * 
+ Fo" | Fa P—e(Fi + Fi) 
2 2 . 3n2 — m2 * 
— ee (Fy + Fy) — OE ed (Fs + Fa) 
2m (m2 — p? 
+ FE edi (Fat Fi) +p (— 
3p* — p2m2 + 24 
+(1—d) Poem |. 


1 
2 (p?) = 1672 


| Fe? 


{ean Lett ay ce + FiF2) + 2m24 te 


Be(Fi + Fi) +35" e(Fa + Fi) 


oe enh F3) + m2 ed, (Fa + Fa) 


+e [-St+-a = = (4.1) 


It. is natural that the functions F3;(p*) and 
F,(p 2) which are connected in elementary fash- 
ion with F,(p? ) and F2(p" ), drop out of the ex- 
pressions for p,; and p, inthe case dj = 0, 
since, in such a case, as is seen from (2.1) and 
(2.3), they do not enter into the current mata 
element. In calibration with d;=1, in the e? 
approximation, the relations (4.1) egingide with 
the results of Gell-Mann and Low.® 

It is seen from (4.1) that p1(P. ) and 2(p* ) 
have a simple pole at the point py="=—M*,-as 
was to be expected. This corresponds to he in- 
frared divergence in G(p), but it is not impor- 
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tant for the asymptotic case of interest to us. 
Asymptotically, we have for —p*— «: 

—— p2 \—1+e?/an? pa, —1+¢2/an? 
pr (p*) ~ (=) , palp?)~m (SP) 4.2) 


whence we find that the renormalization constant 

| ex (p*) dp? 
is infinite. Nevertheless, it is not possible to con- 
firm that this result is preserved upon considera- 
tion of higher approximations, because it can be 
shown* that the exact spectral functions vanish 
more rapidly than in the two-particle approximation. 

In the given approximation, we get from (2.2), 

(3.6), and (4.2), 


ca~ (Gey, 


(4.3) 


m2 


2 \ 07/87? 
DP, (p, P') ~ tw (=) - (4.4) 


Thus, in the two-particle approximation, in spite 
of the infinity of the renormalization constant Z5 : 3 
a false pole does not arise in G(p), by virtue of 
the vanishing of D,,(p, p’) as =p — oo.’ However, 
complete investigation of this problem in the dis- 
persion method, as also of a number of other simi- 
lar problems, requires consideration of higher ap- 
proximations, which entail great difficulties. 

In conclusion, the authors wish to express their 
sincere thanks to V. Ya. Fainberg for his constant 
attention to the research and for numerous discus- 
sions. 
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*The complete set of states in quantum electrodynamics 
includes states with a negative norm. Furthermore, it must be 
remembered that the result (4.2) coincides with the Born ap- 
proximation for fp: 4,, pk: 
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The (n, 2n) reaction is treated as a stripping reaction. The angular distribution of the 
center of mass of two neutrons simultaneously emitted as a result of direct interaction is 
computed. It is found that it is important to take into account the interaction between the 
emitted neutrons in the final state. As an example, the angular distributions are calcu- 
lated for the reactions Be®(n, 2n) Be® and Pb? (n, 2n) Pb*”’ corresponding to the 2.9- 
and 1.63-Mev levels of the final nuclei. It is shown that it should be possible to elucidate 
the mechanism of the (n, 2n) reaction and determine the characteristics of the nuclear 
energy levels by investigating the angular dependences in the spectra of neutrons emitted 


from targets irradiated with neutrons. 
1. INTRODUCTION 


Ever since Butler! showed the possibility of 
using reactions of the stripping and pick-up type 

to obtain data on the spectroscopy of the nucleus, 
there have appeared a large number of papers con- 
taining valuable data on the characteristics of nu- 
clear states. The angular distributions of these 
types of reactions differ in their sharply pro- 
nounced structure, which allows one to obtain in- 
formation on the relation between the spins and 
parities of the initial and final states of the nuclei 
that take part in the reaction. Data which are 
identical from the viewpoint of different formal- 
isms have been obtained for the angular distribu- 
tions of the products of these reactions.* Thus, 
the stripping and pick-up reactions have occupied 
an important place in the methods of nuclear spec- 
troscopy. 

At the same time, it has been shown that the 
Coulomb scattering of the products of these reac- 
tions lead to appreciable disparities with the re- 
sults based on theories that do not take into ac- 
count the effect of the charge of the particles. The 
Coulomb scattering of the deuteron and proton 
waves in the (p,d) and (d, p) reactions lead, in 
the case of light and medium nuclei, to a shift of 
the angular distribution maximum towards the 
larger angles, to a broadening and lowering of 
these maxima, and, in the case of heavy nuclei, 
to a complete distortion of the shape of Butler’s 
angular distributions. These effects are especially 
strong at comparatively low incident particle en- 
ergies. 


In the present work, the (n, 2n) reactions are 
considered as reactions of the pick-up type. It 
has been shown previously that the energy distri- 


bution of the products of reactions in which several 


particles are emitted, among which are two neu- 
trons, has a narrow peak, which is caused by the 
interaction of these neutrons in the final singlet 
state.2-° If the strong interaction of neutrons of 
small relative energy is taken into account, one 
can speak of the possibility of a pick-up mechan- 
ism, i.e., the simultaneous emission, almost in 
the same direction, of the two interacting neutrons 
as a result of a direct interaction between the in- 
cident neutron and the nucleus. An analogy with 
the (n, d) and (p, d) reactions occurs in the 
case of the (n, 2n) reaction, also because the 
direct interaction in reactions in which two nu- 
cleons are emitted is essentially of a surface 
character.°® 

It is possible that in the distribution of the 
total momentum of the two emitted neutrons 
there appear peaks corresponding to the energy 
levels of the nucleus A—1 in the reaction 
A(n, 2n) A—1. As shown later on, for specific 
examples, the dependence of the area of these 
peaks on the direction of motion of the center of 
mass of the two neutrons has the same character 
both in the stripping and in the pick-up reactions 
(see also reference 7). 

Thus, taking the (n, 2n) reactions, instead of 
the (n, d) and (p,d) reactions, one may expect 
to obtain the characteristics of the energy levels 
of medium and heavy nuclei from the shape of the 
angular distributions, since the Coulomb effects 
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| in the ordinary pick-up reactions have a large 
_ value for such nuclei. Neudachin drew the atten- 
_ tion of the authors to this fact. 


2. CALCULATION OF THE ANGULAR DISTRI- 
BUTIONS 


The effective differential cross section of the 
(n, 2n) reaction, under the assumption of the si- 
multaneous emission of both neutrons with rela- 
tive energies in the interval between Enn 2nd 
Enn + dEpn as the result of the direct interaction 
calculated in the Born approximation, kas the same 
form as in ordinary stripping theory:® 


do > 2s PngM nM on Rk 
GE, pAQydQy 16n2h2y2 


onknn 2 
7 (B(Q)I 


x VeA(|Ey| +2) 2 *Lj(2a)—g, (na) (za)? , 
(1) 


where 


tno MnM: | (Mi+Mn), thy = MnM; | (My + Mn), 


TR? R2p2 
on — 2M,M; if (M; + 2M,), M. sf tea : 
M k 
= ke — (55 See ayn’ 
z= ky (rea) Heo Gaaeet the. 


M; and Mg are the masses of the initial and final 
nuclei; Kyo, Kon, and Kpyn are the wave vectors of 
the incident neutron, of the center of mass of the 
two emitted neutrons, and of their relative motion; 
E and Ep are the energy in the c.m. system after 
collision and the binding energy of a neutron in the 
initial nucleus; dQ, and dQ, are elements of the 
solid angle for the vectors k,, and Kyy; 6? isa 
dimensionless normalized width; J is the orbital 
angular momentum of the picked-up neutron; a 
is the radius of interaction; 


(xa) : : 
x — 
&; rh) (ixr) dr 


(rh\? (ixr)) 

is the logarithmic derivative at the boundary of 

the nucleus expressed in terms of spherical Hankel 
functions of the first kind; x = 2un| Ep |)/?/n; 

the function jjz(za) is the same as in reference 9. 
The interaction in the final state of the two neu- 
trons emitted as a result of the reaction is in- 
cluded in the matrix element in the integral 


\ Vane’ yn (¢) dp. 


Here p is the vector between the neutrons and the 
final state, Vpn is the interaction potential of the 
neutrons in the final state expressed in the form of 
a potential well of depth V) and radius py = 2.65 
fermi. The radial part of the wave function of the 


UBS} 
two neutrons has the form! 
pf) = Asinkp/p (2 < po), 
yes le than? __ pf Fane Ve er 
a Rane faa In a Ran p pris (p = Po): (2) 


The coefficient A and the modulus of the wave 
vector k are found by matching the logarithmic 
derivatives of the functions g$) and yg) at 

P = py. These values depend only on the choice of 
the form of the interaction between the neutrons, 
the scattering length, and the magnitude of the 
relative energy of the two neutrons; ag is the 
generalized scattering length; 


1 /ors = 1 /otso — B2npo/2, aso = Vue / hs 


€ = 70 kev is the interaction energy of the neutrons. 

In formula (1) the integral given above takes the 
form 

Po . 
pee \ Str Ae sin kp dp. 
0 

The energy distribution described by expres- 
sion (1) has a narrow maximum caused by the in- 
teraction of the two neutrons in the final singlet 
state in the region Enn = 0 to 160 kev. The mag- 
nitude of k weakly depends on the relative energy 
of the two neutrons and is equal to 11.04 x 10! 
cem-}, 

We list the values of A? for different values of 
relative energy of the two neutrons Epp: 
Enn, Mev 0502) (00455 10.065 40:08 50402 O20 ZOMG 
A2x1072, cm? 298 237 159 139 114 97 84 60 

The angular distribution relative to the motion 
of the center of mass of the two interacting neu- 
trons for the angle # in the c.m. system of the 
two neutrons and the final nucleus is obtained by 
integrating the energy distribution over the nar- 
row region Eny from 0 to 160 kev for each ¥#. 
By comparing the absolute values of the cross 
sections for transition to different levels of the 
final nucleus, we can determine the relative val- 
ues of the normalized widths. 


3. REACTION Be®(n, 2n) Be’. EXAMPLE OF 
CALCULATION 


As an example of the use of this method of cal- 
culation, the angular distributions have been plotted 
for the center of mass of the two emitted neutrons 
from the (n, 2n) reaction on Be’, at an incident 
neutron energy of 14 Mev, for the 2.9-Mev excited 
state of the Be® nucleus. 

In Fig. la are shown the angular distributions 
for an orbital angular momentum of the picked-up 
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FIG. 1. Angular distribution of the center of mass of two 
interacting neutrons from the reaction Be*(n, 2n) Be® for the 
2.9 Be® level at an incident neutron energy of 14 Mev. a) /=1, 
dotted curve was calculated according to Butler’s theory; 
b) 1 = 0 and 2. 


neutron equal to unity. This case agrees with ex- 
periment, since the neutron is probably picked up 
from the p shell of Be’. It is seen from the fig- 
ure that the angular distributions have a marked 
dependence on the radius of interaction a. Since 
the final state of the two neutrons is unbound, the 
maximum of the angular distribution is somewhat 
different from the maximum on Butler’s curve 
(dotted curve in Fig. la) for the emission of a 
bound state (dineutron). The angular distributions 
for 1=0 and l=2 (curve in Fig. 1b) are con- 
siderably different from those shown in Fig. la. 
Comparison of the curves of Figs. la and 1b shows 
that the angular momentum of the picked-up neu- 
tron can be determined from the experimental an- 
gular distributions by comparison with their cal- 
culated angular distributions, just as is done when 
the usual Butler curves are used. 


4. REACTION Pb? (n, 2n) Pb2"’. EXAMPLE OF 
CALCULATION 


The interaction of two neutrons in the final 
state distorts somewhat the shape of the usual 
Butler curve (Fig. la), especially at large angles. 
Therefore the angular dependence for the reaction 
Pb? (n, 2n) Pb2"", with an excitation energy of 
1.63 Mev for the Pb?*’, was calculated with only 
those terms of our formula similar to Butler’s 
formula taken into account. The radius of inter- 
action was obtained from the formula 1.4 x 107}8 
A’3 cm. In this case the orbital angular momen- 
tum J=6 is uniquely determined, since the levels 
of Pb2°§ and Pb?" have been studied in detail, and 
their spins are equal to 0* and Ae The levels 
neighboring on the investigated level of Pb?%", 
namely, 0.89 and 2.34 Mev, are sufficiently far 
apart, and the angular distribution for them is 


determined by orbital angular momenta of differ- | 


: iy aes | 
ent parity. The calculated curve is shown in Fig. 2., he 
IB ss! 
FIG. 2. Angular do ] i! 


distribution of the cen- av | 
ter of mass of two in- i] 
teracting neutrons 
from the reaction 
Pb?*(n, 2n) Pb*°” for 
the 1.63-Mev level 

at an incident neutron 
energy of 14 Mev (in 
arbitrary units). 


D 0 @ i 60 | 


The maximum of the distribution lies at an angle 
large enough for experimental measurements to 
be conveniently carried out. The value of the ef- 
fective cross section at the maximum is approxi- 
mately one order lower than the value of the cross 
section at the maximum of the angular distribution 
for 7=1. 


5. POSSIBILITY OF EXPERIMENTAL VERIFICA- 
TION AND CONCLUSIONS 


Special investigations to reveal the marked pe- 
culiarities in the angular distributions of neutrons 
from the (n, 2n) reaction were not carried out. 

It is almost impossible to obtain directly by experi- 
ment the distributions of the total momentum vec- 
tor of the two neutrons, except for individual cases, 
for example, the reaction Be? (n, 2n) Be®. How- 
ever, the energy distributions of the emitted neu- 
trons can be investigated. 

The peak of these distributions, which is due to 
the interaction of the two neutrons at small rela- 
tive energies, should occur when Ey is equal to 
half the maximum energy of a neutron from the 
(n, 2n) reaction for an infinitely heavy nucleus, 
and, when the energy is M¢/2Mj times the maxi- 
mum for a finite nucleus. It should be mentioned 
that there is a possibility of erroneously determin- 
ing the energy states of the nuclei from the peaks in 
the energy distributions of inelastically scattered 
neutrons, since these peaks may be caused by the 
(n, 2n) process with simultaneous emission of 
two neutrons in the same direction, and not by the 
(n, n’) process. 

The spectra of inelastically scattered neutrons, 
taken at different angles with respect to the direc- 
tion of the incident neutrons, contain neutrons pro- 
duced as a result of the investigated process in 
the (n, 2n) reaction, statistical processes in the 
(n, 2n) reaction, the cascade process in the 
(n, 2n) reaction, the (n, n’) process, and, finally, 
the accompanying reactions, for example, (n, pn). - 
It is possible that the great majority of neutrons 
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_in the spectra owe their origin to the enumerated 
competitive mechanisms. Independently of this, 
one can determine the effect of the simultaneous 
emission of two neutrons in the same direction, 
since in this case the neutrons will be concentrated 
in a narrow region (of the order of hundreds of 
kev ) of the spectrum corresponding to a definite 
state of the final nucleus. 

The experimental problem consists of investi- 
gating the angular dependence for the narrow en- 
ergy region of the neutron spectrum corresponding 
to the investigated state of the nucleus A-—1 for 
the reaction A(n, 2n)A-—1. In this case, one may 
expect a typical angular dependence similar to that 
shown in the figures, which allows one to deter- 
mine the characteristics of the investigated levels 
or groups of neighboring levels, if the experimen- 
tal method employed does not have the required 
resolving power. 

The investigation of the spectra of inelastically 
scattered neutrons was not sufficiently complete 
to find any experimental confirmation of the above 
discussion. Rosen and Stewart! have shown that 
the probability of direct interactions in the (n, 2n) 
reaction on some medium and heavy nuclei at an 
incident neutron energy of 14 Mev was 10 — 15%. 
The angular distributions of the emitted neutrons 
in the energy interval 4—12 Mev, as shown in 
that work, resemble the angular distributions in 
the (n, d) and (p,d) reactions. In the work of 
O’Neill'! the spectrum of neutrons inelastically 
scattered on lead was measured for an incident 
neutron energy of 14.8 Mev. The maximum ob- 
tained at an energy of E, = 2 Mev may be due to 
the interaction of neutrons from the (n, 2n) re- 
action. 

The experimental difficulties of the problem 
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we are treating are offset by the possibility of 
elucidating the mechanism of the (n, 2n) reaction 
and determining the characteristics of the states 
of medium and heavy nuclei, and also of determin- 
ing more accurately the states of the light nuclei. 
Of special interest is the determination of the 
characteristics of active nuclei which cannot be 
investigated by other methods, and also the inves - 
tigation of secondary excited levels of even-even 
nuclei in order to consider the question of the 
splitting of these levels into a number of states 
with different angular momenta. 

The authors thank S. S. Vasil’ev for discussion 
of this work. 
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The thermodynamic potential of a gas of electrons, positrons, and photons is determined by 
the methods of field theory, taking account of the interaction between these particles with an 
accuracy up to terms proportional to e* In e*. Divergences which appear in the high momen- 
tum region of the virtual particles are removed by renormalizing the charge and mass of 

the electron and redefinition of the vacuum level. General expressions including relativistic 
effects are derived, and asymptotic formulas for the exchange and correlation energies are 
obtained. Corrections to the black body radiation energy due to the interaction between the 
photons and electron-positron pairs are obtained. 


li It is shown in a number of recent papers that 
the methods of quantum field theory can be used 
for the investigation of the thermodynamic prop- 
erties of various systems of mutually interacting 
particles. The idea of using these methods goes 
back to Matsubara,! who proposed a thermodynamic 
perturbation theory which is the analog of the per- 
turbation theory of field theory. In the later work 
of Abrikosov, Gor’kov, and Dzyaloshinskii? and of 
Fradkin®»* a considerable simplification was 
achieved by going over to momentum space and 
using Green’s function methods. It then became 
possible to set up rules similar to the Feynman 
rules in quantum electrodynamics for the solution 
of problems in quantum statistics. Fradkin?»4 ex- 
tended the method of Matsubara to relativistic sys- 
tems and undertook the renormalization of the 
thermodynamic Green’s functions. However, the 
divergences appearing in the calculation of the 
thermodynamic potential are not discussed in this 
work, and the thermodynamic potential including 
the relativistic effects is not computed explicitly.* 

In the present paper we determine the thermo- 
dynamic potential of a system of electrons, posi- 
trons, and photons with account of the interaction 
between these particles with an accuracy up to 
terms proportional to e* In e*, where e is the 
charge of the electron. 

We shall first consider the idealized problem 
of the thermodynamic potential of a gas of elec- 


*The thermodynamic potential of a nonrelativistic Boltz- 
mann gas including only the Coulomb interaction between the 
particles was found by Vedenov and Larkin*® 
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trons and photons in the presence of a uniform 
background of positive charge which compensates 
for the electron charge and makes possible the ex- 
istence of thermodynamic equilibrium states of the 
system; later we shall investigate the role of the 
ions which are present in real physical systems 

in the region of moderately low temperatures, and 
we shall also discuss the problem of the energy of 
black body radiation with account of the interaction 
between the photons and electron-positron pairs. 

2. We give first the fundamental relations of the 
thermodynamic perturbation theory, which is based 
on the methods of quantum field theory.?#3 

If the system is characterized by the Hamilto- 
nian H= Ay = Ay, where Hy is the free field 
Hamiltonian and Ay describes the interaction be- 
tween the elementary excitations (the operators 
are defined in the Schrodinger representation), 
the equilibrium density matrix is given by the 
expression 


p (8) = exp {— 8 (1 —uN)}, 


where £ is the inverse temperature, p is the 
chemical potential, and N is the operator of the 
number of particles. In the case of a system con- 
sisting of electrons and photons, which we shall 
consider later on, N is to be regarded as the dif- 
ference of the number of electrons, No and posi- 
trons, N*. 

The thermodynamic potential Q is connected 
with p by the relation 


Q = —B1In Sp p(Q). 


USE OF THE METHODS OF 
Assuming 


p(B) = po (8) S (8), 


where p)(8) = exp{—8(H,)-uN)} is the density 
matrix of the free system, we obtain for S( X4) 
the equation 


AS (%4) | dxq = — Hy (x4) S (x4), S (0) = 1, 


where Hj,(x,) = po! (x4) Hyp9 (x4). This operator 
may be called the interaction Hamiltonian in the 
“interaction representation.” In general, an op- 
erator F in the “interaction representation” is 
defined by 


F (a) = p51 %4)F po (Xa), 


where F is the corresponding operator in the 
Schrodinger representation. The solution of the 
equation for S(x,) obviously has the form 


X4 


S (x4) = Texp {—| Hi (x) axi} , 


where T designates the chronological operator 
acting on the variable x,. 

In the case of a system of electrons and pho- 
tons the interaction Hamiltonian has the form 


Hy (xs) = —\ je (2) Ay (x) ax, 


where j,(x) is the operator of the electron- 
positron current density, which is proportional to 
the unrenormalized charge of the electron ey), and 
Ay(x) is the electromagnetic field operator. It is 
easily seen that 


V <T Ci, (x) A, (x) S (B)}> 


<S (B)> ‘ 


where <f> =Spp)(8)f and V is the volume of 


the system. 
Let us introduce the thermodynamic Green’s 
functions for the electrons and photons: 


G(x, x’) = <T {b (x) $(x') SBD /<S B), 
Gi (x, x’) = <T {Aa (x) Ay (x') S (B)}D/<S (8), 


where » and ~ are the operators of the electron- 
positron field. The thermodynamic Green’s fune- 
tion for the electron satisfies the equation* 

(6) n , 
(tae Te + mo) G (x, x’) 

= JE (x, x") G(x", x/) dx” =8(x—¥’),. 


where the mass operator = is defined by the re- 
lation 


*Here and in the following we set h=c=1. 
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yee ae, <7 tA, (8) 19) F(#) S (BD 
PEG AE iW ORG Oa ar We Pe terme fs me tal Un aL ee lee 
J2 (x, 2") G(x", x’) dx = ig SB) 

It follows immediately from this formula that 


dQ. 
dey 


=— <\sp U(x, x’) G(x’, x) dx’ 


or, in momentum space, 


dQ V a He 
ee — ap Ga SP 402 (6) G (P), 
where p= (p, py), Py = (2n+1)7/B + ip, and 
the summation goes over all integer n. 

In a similar fashion it can be shown that 


dQ 
dey i 


V 


EOF 2) Akh (#) Gh. @). 


Re 


where k= (k, ky), ky = 2mn/B; GY(k) is thermo- 
dynamic Green’s function for the photon, which 
satisfies Dyson’s equation 


G” (k) = D(k) + D (k) Ik) G* (), 


(1) 


D(k) = 1/k? ~— (2) 


and Ii(k) is the polarization operator. In first 
approximation the polarization operator is given 
by the expression 

= e = AS 

TY (e) = gees i) PSP 7,5(P)1,S(@—k), (8) 

Pa 

where S(p) = (iyppy + m))7! is the thermody- 
namic Green’s function for the electron in zeroth 
approximation and m, is the unrenormalized 
mass of the electron. 

It follows from (2) that I1GY = kM (1—k~m)7}. 
This expression cannot be expanded in powers of 
k~*II, since the integration over k in formula (1) 
leads to an infrared divergence. The quantity IIGY 
in formula (1) must therefore, in first approxima- 
tion in e%, be understood as representing the ex- 
pression k~*11%)(1—k7*m®))-!. The family of dia- 
grams represented in the figure corresponds to a 
formal expansion of this expression in powers of 
e?. This family is generated from the first dia- 
gram by inserting various numbers of simple elec- 
tron loops. Together with the term proportional 
to e? this infinite family of diagrams leads to a 
quantity of higher order than e}, but smaller 
than ej, on account of the infrared divergence. 
The omitted higher order diagrams give a contri- 
bution which does not exceed the order ef. Re- 
placing IIGY by the quantity km (1 —k-*m@))-1 
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we therefore account for terms proportional to ef 
and terms of the form eff(e%), where £(0) =. 
Integrating (1) over e), we obtain 


Q = Q) + AQ, (4) 


where 2) is the value of Q for e) = 0, and the 
quantity AQ is in this approximation given by 


— weap Dae| ae lie 
m OF baal det ees _ 1 Ae rie (4). (5) 


The superscript (2) in iy will be omitted from 
now on. _ 

3. The polarization operator [I,p(k) must sat- 
isfy the condition of gauge invariance: 


AQ = 


Tl, (2) Ry = 0. 


However, the quantity II,, calculated according 
to formula (3) does not satisfy this requirement. 
To make the operator Il), gauge invariant we in- 
troduce the polarization operator Il,,(k, iky) of 
quantum electrodynamics, which can be obtained 
from I,)(k, k,) by setting u = 6! =0 and chang- 
ing ky to iky (Kp is real). 

Writing II,, in the form 


Thy (k, Ry) = (Ixy (k, ky) ae Ih, (k, R,)} qe II, (k, ky), 


we see easily that the first term {I,,—M,,} does 
not contain any divergences and satisfies the re- 
quirement of gauge invariance; replacing the sec- 
ond term I[I),(k, ky) by the gauge invariant ex- 
pression 


IIyy (k, Ra) — = 8yy] Tao ( k, ork, 


we then obtain a gauge invariant expression for 
II p- 

As is known, the gauge invariant polarization 
operator Il,,(k) of quantum electrodynamics has 
the form 


Thy (2) = (Raky — dak?) G(R) N Oy VET; 2) 3:94), 


where C(k?) = C, + Cp(k?) is a certain function 
of k’ which is related to Ty): C(k?) = 44k? 

x Ty ke ); Co is a logarithmically divergent con- 
stant, and Cp(k”) the regularized value of C (k?). 
The gauge invarient expression for Ths therefore 
has the form 


De (k, Ry) —— = Saco (k, i | k |) as {Ty (k, Ry) ai Thy (k, k,)} 
+ (Raky — 8rvR*) C (R?), (6) 
In the following II,,(k, k,) will be understood to 


stand for this gauge invariant expression. 
The polarization operator Il,,(k) must be in- 
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variant under spatial rotations of the vector k. || 
II,p(k) can therefore be written in the form 


esi 


cs = (8) — pr kus) A (W?, ba) 


Re 
+ big BURY, be) (i 7 = 1,2, 8), 


= i 4 
— A Thy: (&) = — Ua () = — Gr Piha (&?, ba), 


— sq Ta (*) = BU, ka), 


related to My): 


Rk 


1 —— 
B= —~, Iu, AchaSE ae tai, 


It is easy to see that 


ERY aaa 3), 


=(1+¢ Hae) 
A rt Ilaa — Ia 
Ch > oes 


Formula (5) then takes the form 


V Tl 4 (Rk) — Iga (R) 
AQ = ae >} ak fn E a Be 


[1+ C@] e 


(Die (R) ae 1H (Rk) 


TI4a (k) — II (Rk) 
+2in]1— i+ empae + 2 } 


[i+ C(®] 2k? | 


eo (7) 


4. The charge and the mass of the electron in 
the expression for the thermodynamic potential 
Q = Q) + AQ must be renormalized. As is known, 
the physical charge of the electron, e, is connected 
with the “bare” electron charge, e9, by the relation 
e” = e2 (1+ Cy)~!, whereas the physical mass, m, 
of the electron is related to “bare” electron mass, 
my, by m= my)+ 6m, where 6m is the electromag- | 
netic mass of the electron. For the renormalization | 
of the mass and charge of the electron in AQ in our | 
approximation it is clearly sufficient to neglect the 
quantity C(k) in the first two terms of (7) in com- 
parison with unity, and to make the expansion 
3 In{1+ C(k)] * 3C(k) = -k°I,,(k) in the last 
term, replacing everywhere e, by e and my by m. 
As a result we obtain the following expression for 
Q: 


Q= Q) + AQ, + AQ,, (8) 


Bs Vie Pete ' 


Re 
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AQ, = seas Da {In| 4 any 


(Rk) — e?Ay (k 2A (k 
+ 2in[ 1 - PO ee Oy) AO (10) 
where 
e Rie 4 TI e2 1 
“Re = Sa 0 vy)» opr Aa = — Ge (Tea — My). 


The quantity AQg, which is proportional to e%, 
is called the exchange part of the thermodynamic 
potential, and the quantity AQ e, which contains 
the charge in higher powers than the second, is 
called the correlation part of the thermodynamic 
potential. 

For the calculation of the quantities A(k) and 
A,(k) we use expression (3) for Ty p(k) and the 
relation 
per yt 

8 = ef + Dy 


== | =< = 1—*fNp, 


eee cal. 2 tp ale et 4. iy 


py = (2n + 1) a/B + ip. ay 
Then we idemel 
k 
eee te ee 
= p pk — 2pa (ka — Ppa) 
Ay (Rk) —— aan iw Re|< 8p Np hk? — 2pk \pa=iey a2) 


After integration over the angles we find 


2 2 22 
(Rk? + 2pw)? + 4enka\ 


2 r 2d 2m? — k2 
A(o, ky) = 2e\ Sn {1 4 Ea Shs 


& po (k% — 2pw)? + 4e2 he | ‘ 
0 
A, (@, Raq) 
co 9 

a x) \ p2dp mt 4 — 1k (R?2 + 2pm)? + Aen ke 

Tw? 2 lee T Spe (22 — 2pw)® + 402k? 
a eka m 4 8pwe ka (13) 

po Aen ke — 4pm? + k4 


(Here as in the pons we use the notation w 
=|k|, k = w+ ki, “po Vp2+ m2.) 

In the nonrelativistic approximation, when 
|u—-m|<«<m, £7! «m, the expressions for A 
and A, become much simpler: 

4 4 
“B2 A (®, R4) 7s “Be Ay (®, R4) 
4 (@? — 2pk) / 2m ea 
~ 2r8@? ee ay oan: ke eee. 


(2 + 2pm)? + 4mhe 


n = (14) 
(w2 — 2pw)? + 4k 


where Np = [1+ exp B (p2/2m — p’ )}7! and p’ 
=, —m. The correlation part of the thermody - 
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namic potential takes the form* 

MQ. = so ae she A] — =A}. (15) 
5. Let us now calculate the exchange part of the 


thermodynamic potential, AQ,. For this purpose 
we write (9) in the form 


AQ, = AOR + AQ™ + AQS, (16) 
where AQ?® is the value of AQ, for p= gol = 
and 
m _ 4Ve ( dp dk p(p +k) 
at (2m)? ep xe \ hk? k® — 2pk |py=iey ’ 
dk =dkdk,, ky = iko; (17) 


REN Ns m 
28 (27)3 yl ak {h, (cue) AQ" = AOS) 
Rs 


AQk = — 

It will be shown below that only the first term of 
(16) is finite, whereas the other two terms contain 
divergences in the region of large momenta; we 
shall therefore restrict the integration in these 
terms to a finite relativistically invariant region 
in the form of a four-dimensional sphere of radius 
L. 

The quantity AQ® coincides with the value of 2 
for =p '=0; this quantity represents a displace- 
ment of the vacuum level due to the interaction of 
the fields, and should be discarded. 

We now show that the quantity AQ™ is connected 
with the renormalization of the electron mass. To 
this end we consider the expression for the thermo- 
dynamic potential of an ideal gas of electrons, posi- 
trons, and photons: 


)B 
— arg {lap tin (1 ee ee 


+ In(1 + em for Fy) —\dkin (1 —e-#8 JI, 


Qia = 
(19) 


Here the first and second terms define the thermo- 
dynamic potentials of the electron and positron 
gases, and the third term gives the thermodynamic 
potential of the photon gas (the chemical potentials 
of the electrons and positrons are equal in magni- 
tude but of opposite sign, since there is equilibrium 
between the formation and annihilation of the elec- 
tron-positron pairs® ), 

The above-mentioned quantity &) can evidently 
be obtained from Qjq by replacing in the latter the 
mass of the real electron m by the mass of the 
“bare” electron my=m — 6m. Therefore 


OQ ig = Qo £=Q,-+ 


2Vmsm( dp 
aS \ Nps (20) 


r om (21)8 Ep 


*This formula for AQ, was obtained by Fradkin.* 


1320 ie 


Let us now compute the quantity AQ™, Per- 
forming the integration in (17) and recalling that 
in the approximation under consideration the elec- 
tromagnetic mass of the electron is given by the 
expression’ 


3me? Ie 1 
om = Toy (In aaa) )s 
AQ™ can be easily brought into the form 


3V e2m? jie 1 \( dp 2Vmsm ( dp 
AQ” = 5 ;(In — \ Np = eye 
2 (2n)P m ' 2) fy P (2n)* J} e, B 


Comparing this expression for AQ™ with the ex- 
pression (20) for the thermodynamic potential of 
the ideal gas, we see that 


Op AAO On. (21) 


To calculate AQk we make use of the gauge 
invariant expression (6) for II,,. Noting that 


Il, (k, i) 


> ae nt \ dp.\ dp 


—too 


2m? + p(p—R) 
(m? + p?) [m? + (p —k)*] ky = iw’ 


and using formula (17) for AQ™, we write oe 
in the form 


4V e? 4 2m? —- p(p—k) 
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AOe = 


\dp dk {=} [ay 


Ry Ds 


p 2m + p (p —k) 
* (mi? + p) [m+ (p — k)] 


SU) (m= p?)\ (im? (pF)? 


te 


} — AQ, 
Ps=lEp 


dka p(p +h) 
k2 k® — 2pk 
loo) 


ae? 


208, 


Performing the summation over p, and ky with 
the help of relation (11) and the formula 


2 
k 


4 


1 
w? + ke 


SN EA, 


Na = (e8® —1)2 (t= =) (22) 


we obtain after some simple transformations 


2Ve2 


R 
AQ! = ~~ (2x)? 


;\dpdkU, (p, k) nN, 
Tony \ dP dq (U_(p, @) (nha + nent | 


+U,(p, q)[n-n-+ ni ni }}, (23) 


where the functions Ui(p, q) and Uo(p, K) are 
defined by 
[m* m 


Leip 2 


Epo 


m™ — pq + 8,84 i] 


20 
U2 (Psa &p8, (Pp + q)? + pq? — (pq)? 


(24) 
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The superscript R in aa will be omitted in the 
following. 

In the nonrelativistic case (|u-m|<«m, 67! 
«<m) the quantity U,(p, q) goes over into the 
Fourier transform of the Coulomb potential: | 
U,(p, q) = 47/(p + q)? and the quantities U_(p,q) | 
and U,(p, k) vanish. In the nonrelativistic case 
the exchange part of the thermodynamic potential 
is therefore given by the formula 
(25) 


Nour: 


2 apa 
Ve loa Nha: 


(2n)* \(p+ a4? 
In the extreme relativistic limit (u >>m or 


B-'> m) we have U,(p, q) = —2m/pq, Upo(p, k) 
= —2r/pw and the quantity AQ, takes the form 


AQ, = 2 Ve? {(an/Ou)® + (4/38%) On/du}, (26) 


where 


ya (any (n= — nt) dp. (27) 


6. Using (8), (16), and (21), we finally write the 
thermodynamic potential of a gas of electrons, 
positrons, and photons in the form 


= 0 AO! NO oman (28) 


where Qig, AQg, and AQ, are given by formu- 
las (19), (23), and (10). Eliminating the chemical 
potential » from the expression for AQ by ex- 
pressing it through the number of particles n with 
the help of (27), we obtain the correction to the en- 
ergy of the system under consideration: 


AE = AE, + AE,. 


The exchange energy AE, contains the correc- 
tion to the energy of the ideal gas Ejg which is 
proportional to the square of the charge; it con- 
sists of a sum of momentum integrals of products 
of the equilibrium numbers of the particles and 
certain functions of their momenta which play the 
role of “potential energies” for the interaction in 
momentum space. The “potentials” U)(p, k) and 
U_(p, Kk) are always negative; the “potential” 
U,(p,q) can have either sign. Taking this into 
account, it can be shown that for small values of 
the average momentum of the particles, AEg < 0. 
For a certain value of the average momentum, 
which is of the order of magnitude of the mass of 
the electron, AEg goes to zero; for larger values 
of the average momentum of the particles, AE, 
>0. 

The correlation energy AEg contains correc- 
tions of higher than second order in the charge; 
it will be shown below that this quantity is pro- 
portional to e? for finite temperatures, and to 
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e‘ In e? for zero temperature. 


that AEg is always negative. 

7. At low temperatures (67! «<p —m) the 
correlation part of the thermodynamic potential 
has, according to (i0), the form 


It is easily seen 


AQ, = ear fat [ord {int +P) 


—_—s0 


eA (k) — eA, (k) 
if 21nf1 as an ee) 


eA oI ‘ 


As was emphasized in Sec. 2, the region of small 
w and k, plays the main role in this integral due 
to the smallness of e?. Introducing, in the place 
of w and ky, the new variables k and g accord- 
ing to the formulas w=k sing and k,=k cos 9 
and assuming, wherever possible, that k is zero, 
we rewrite formula (29) in the following form 


Q, = oe (as sin? “| k'dk {inf1 + “2 O-®) (0, 2) 
0 
slain Lee ae Mg ea DM, (29) 


where A and A, are, according to (13), given by 
the formulas 


— tan ptan-!( Y= cs tang )t, 
1 Vitam 
D0, 9) asin a 


we -1(Vwer— 
— jp cot ptan Ge 


Integrating over k in formula (29’) and neglecting 
terms of order e*, we obtain AQ, for Bee eo =. 
in the following form 


Vetm In e? 
OE eRe. 


\e [A 0, 9) 


A, (0, )]?} sin? edo. (30) 


The quantities A(0, ~) and A,(0, p) take the fol- 
lowing form in the nonrelativistic (u-m =p’ « m) 
and extreme relativistic (u >>m) cases: 


Ay (0, 9) = m2 {V Qu] m 
— cot ¢ tan *(Y2u’/mtang)}, wo <m; 

A (0, ¢) = p/n? m?, 

A, (0, ¢) =u? (1—¢cot ¢)/x*m*sin’ 9, 


A (0, oO) 


> m. 


Substituting these expressions in (30) and using 
(27), we obtain the following formulas for the cor- 
relation energy in the nonrelativistic and extreme 
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relativistic cases at low temperatures: 
AE, = (2n)4 (1 — In 2) Vinnet In (e2 mn—"*), 
Bi<ah/m<m,; (31) 
AE, = — (2m) 6 (3?) Vnise! In e2, 
nhSspt, nh Ssm. (32) 


Formula (31) was obtained by Gell-Mann and 
Brueckner.® 

The integration over the momenta p and q in 
the expiceion (23) for AQ, is easily carried out 


for Bi <«<p-m: 
Pt ary 
AQ. = gar if eV em file | 
— (yt — me\ (33) 


The exchange energy in the nonrelativistic and 
extreme relativistic cases at low temperatures has, 
according to (27) and (33), the form 


AE, = — (2n)4 (32?) Van's e?, Bi1<nih/m<m,; (34) 
AES = (2) *(3rt\*Vniee?, nhs 6, — n'hSm. (85) 


8. Let us now turn to the consideration of the 
role of the ions. For this purpose we must assume 
that the temperature is sufficiently high to allow us 
to neglect the possibility of the formation of bound 
electron-ion pairs. 

The thermodynamic potential of a system of 
electrons, photons, and ions is given by the general 
formula (1), in which Ty p( k) must be understood 
to represent the total polarization operator; this 
operator corresponds to the set of diagrams con- 
taining closed electron and ion loops. In first ap- 
pe cia von in the charge Il,,, = a + tee where 
ve is aiven by formula (3) and Thy is obtained 
from my, by replacing the chemical potential yu 
and the mass of the electrons m by the chemical 
potential y, and the mass of the ions M (here and 
in the following the index e refers to the electrons 
and the index i to the ions). The chemical poten- 
tials of the electrons and ions are connected through 
the neutrality condition for the gas: 


2 : + 
(2n)8 (1, —1,) 4P, 


Eee oe 


fk == ih! ne = 


(36) 


For definiteness we assume that the ions have spin 
’, and charge —e (protons). The ions can be con- 
sidered nonrelativistic in view of their large mass. 
The thermodynamic potential of the system of 
electrons, photons, and ions is given by the formula 


Q = Qig + AQ; + AQ + AQ, (37) 
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where Qjq is the thermodynamic potential of an 
ideal gas of electrons, photons, and ions; AQE is 
given by formula (23), and the quantity Aah is ob- 
tained from AQE by replacing uw, m by py, M. The 
correlation part of the thermodynamic potential ; 
AQ¢ is given by formula (10), where A = A®&+ A} 
and A, = Af + Al; the quantities A® and Af are 
given by (12) and (13), and Ai and Ai are obtained 
from A® and Af by replacing yu, m by py, M. 

9. The thermodynamic potential 2 can be easily 
determined for temperatures higher than or of the 
order of the temperature of degeneracy of the elec- 
trons (8 12|u-m|). Here the largest term in 
the sum over k, in formula (10) for AQe is the 
term with ky=0; the remaining terms give a 
contribution to AQ e which does not exceed e*, and 
can be neglected. As a result we obtain 


AQ, = at dw {In [! at eee] 
0 


+ 2in[1 ! eA (a, tee] e A (w, aE (38) 


20? w? 


Since e” is small, the small values of w play the 
most important role in this integral; therefore, 
assuming, wherever possible, that w is zero, we 
rewrite (38) in the form 


(oe) 


Va ( 2A (0, 0 2A (0, 0 , 
AQ. = gaa \ordofin(1 + “2 E-9) CACO} (38°) 


w2 


0 


Here we made use of the equality of the quantities 
A(0, 0) and A,(0, 0), which, according to (13), 
are given by the formula 


A (0, 0) = A,(0, 0) = A%(0, 0)+ A‘(0, 0) 


1 co 5 2 foe} 
p? dp | “E.) _ M i 
=5 \ :, Np (1 gear beg ni dp. 


0 


With the help of (36) it can be easily shown that 
A®(0, 0) = dn&/au and A4(0, 0) = dn4/du,. Inte- 
grating over w in formula (38’), we obtain the 
following expression for the correlation part of 
the thermodynamic potential* for B12 |u—m|: 


AQ, = — (Ve? / 128) (On? / Ou +- An! / Auy)*>. (39) 


It can be easily shown with the help of the neu- 
trality condition for the gas that in the considered 
region of temperatures AQ} is in order of magni- 
tude M/m times smaller than AQ§; the contribu- 
tion of the ions to the exchange energy at B7! 

% |u-—m| is therefore negligibly small. 

We note that the correction to the pressure due 

to the interaction between the particles, Ap 


*The analogous expression for the correlation part of the 
thermodynamic potential in the nonrelativistic case with 
m > B~* 2 |» -— m| was obtained by Vedenov.? 
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= ~AQ/V, is positive for |u-m|< p-!«m and ~ 
negative in the region 61 2 |y—- lies tin: 

10. From formulas (23) and (39) we i obtain 
the correction to the energy of the system of elec- 
trons, positrons, and photons for w= 0, i.e., to 
the energy of black radiation: 


ol 2V e8m3 os x2— 1p dx */s 
Anas 3x4 B ) (x2 = 1) Bm i] i‘ 
__ Whee ite oan | 
ee EEG (ramp V7 ana see a7 
ie dx t dy Pa ae 
mre ra Ua Vy 
= ny oe! | 
+VP—1p/(VP—1-V P—1)}f (40) 


The formulas (40) become much simpler for 
g-1>>m; recalling that for 67! >m the energy 
of an ideal gas of electrons, positrons, and photons 
is equal to Ejg = 337°V/18064, we find the follow- 
ing expression for the corrections to the energy of ~ 
black body radiation: 


Be? Ves 
AE = eRe 36x V3 BA 
29 
= spit Bia — rez) Om. (41) 
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A study is made of the propagation of magnetohydrodynamic waves in an infinite rarefied 
plasma with an anisotropic distribution of charged particle velocities. The conditions are 
derived under which instability appears as a result of the anisotropy of the distribution func- 
tion. It is shown that the kinetic treatment leads to an enlargement of the instability region 
compared with that obtained in the quasihydrodynamic approximation. 


l. It was shown by Rudakov and Sagdeev! that the 
anisotropy of the pressure in a rarefied plasma 
can lead to instability. Their results were gener- 
alized by Polovin and Tsintsadze? to the case in 
which the Alfven velocity is of the order of the 
speed of light. The considerations given in the 
works mentioned were based on the quasihydrody- 
namic approximation of Chew, Goldberger, and 
Low.® However, the quasihydrodynamical approxi- 
mation correctly describes only such plasma mo- 
tions in which there is no transfer of pressure 
along the force lines of the magnetic field. In the 
present research, the low frequency vibrations of 
an infinite plasma are considered for the case of 
an anisotropic distribution of ion and electron ve- 
locities; these considerations are made on the basis 
of the kinetic equation. Such an analysis for cer- 
tain special cases was carried out previously by 
Vedenov and Sagdeev,‘ and also by Chandrasekhar, 
Kaufman, and Watson.° 

2. The kinetic equation for small deviations of 
the distribution function fg (r, v, t) of particles 
of type a from the equilibrium distribution has the 
form 


Of, Of, Cy ) &a PF oc 
at a5 ie a My E OV m,C [vo 1] ov 
e. Of y 
Tee [vx'Ho] 5 =, (1) 


where E and H are the intensities of the electric 
and magnetic fields which are produced as a re- 
sult of the departure of the plasma from the state 
of equilibrium; Hy) is the intensity of the external 
magnetic field; fyg is the equilbrium distribution 
function, the index a =e ori for electrons and 
ions, respectively; mg =m, and mj; = M. 

The equilibrium distribution function evidently 
depends only on vy and vj! (vj! and v1 are the 


components of the velocity v parallel and perpen- 
dicular to Hj). We shall assume no fluxes of 
charged particles along Hj) in the equilibrium state, 
so that fog = fou (v4; vi) We shall also assume 
that the functions fyq fall off monotonically for in- 
crease in v’,. In references 4 and 5, the function 
fyq was chosen in the form 

Nog tt? M07 


mv 
octet ay (3p Se 
Cn) tla 2T 4 2T 14 i 


(2) 


where Tq and Tjq are the ‘‘longitudinal’’ and 
‘‘transverse’’ temperatures, and noq is the num- 
ber of particles of type a@per unit volume. 
Solving Eq. (1) and the Maxwell equations by 
the Fourier-Laplace method, we can show that 
after a sufficient time the Fourier components of 
the quantities E and H will be proportional to 
exp (—iw’t), where the complex frequency 
w’ = w — iy is determined from the dispersion 
equation. If the dispersion equation has the solu- 
tion with y < 0, then the equilibrium state is un- 
stable. To obtain the dispersion equation, we sub- 
stitute the values of fg, E and H in the form of 
plane waves in Eq. (1) and in the Maxwell equa- 
tions. We consider perturbations corresponding 
to magnetohydrodynamic waves for which the fol- 
lowing relations hold: 


|o' |< Oy, 
where k is the wave vector, WHq = €q~H)/mae, 
and the bar over a quantity indicates averaging 
over the equilibrium distribution. We shall also 
assume that the Alfven velocity VA =Ho (4mmyM)-¥? 
is small in comparison with the speed of light c (ng 
=Nye = Noj). In the approximations of (3), the dis- 
persion equation for electromagnetic waves in plas- 
ma divides into two equations: 


k?v2 <0}, (3) 
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n? cos? 6 — ¢,, = 0, (4) 
OR cg Se £7 5/€ 5 = 0, (5) 


where ¢;; is the dielectric permittivity tensor, 
n=kc/w’, and @ is the angle between k and Hp. 
The quantities ¢j; have the form 


2 
ESSE 
1 = 2 


a Ha 


[1 + n? cos? 6 (v2, /c? — 0? p22), 


a 


Q? 
S99 — 84, = — Yatn sin? 0 (uv v2 /c?) 
a Ha 


k, 0, @, (v7) 
12 Pa 
x|1 \ Ry Oy —o doy]. 
G 


% (04) 

r 

es = Yot\— {Fa (Pj do), 
a 


3 gi—kyoy/o’ 


a sin@ ¢ ®y% Po on 
=i Dat cos | kyo — doy, (6) 


where 


QO} = 4ne?no/ma, ky =kcos8, 
roa (4) = — 5 (a) gar | fon (OF 4) 404, 
0 
a CO 
no¥a (04) = —2n | U8 Foe (0% Of) d04 
figs 


noFa (03) = 4x a Chie v3) do,. 
lo 

The integration over v) in (6) is carried out along 
the contour C, which runs along the real axis from 
-—*to + for y <0; if y >0, then the contour C 
bypasses the singularity v} = w’/k} below for 
kj, > 0 and above for kj < 0. 

We write out the asymptotic forms of the inte- 
grals appearing in (6): 


( 221% (oi) dia — k v4 ,/40'203 ,, ioe 
ise feet oh Os, 1; 

( oY Fg (04) vee —3k* a v2 (o’), Neely 
et 1 oe ve 2 (Iu — ina [Ry [Pa (0), x4 S> 15 
— d ie i 08/20", Xa<l, 
Ate he ® Na + ino’ | ky [22 (0), xa > 1, 
where 


fg = BD J, ga = \ Oa(v4)d04, 


co 1 ? 
Te = \ Yo (v5) do), oe \ F, (v%,) do). 


In oecee of magnitude, Ng ~dq ~ 


hed 
Ug Vila: 
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3. Equation (4) determines the frequency of the || 
ordinary magnetohydrodynamic wave, which is the | 
analogue of the Alfven wave in magnetohydrody- 
namics. From (4) we find, with the aid of (6), 


yi e)/V%), | 
(7) >| 


wo? = V4 cos?0(1 + Oe + po%.)/2VA — (04s + 


where 1 =m/M. This result can be obtained in the 
quasihydrodynamic approximation also. Equation 
(7) was obtained for 6 =0 previously .!*4 It follows 
from (7) that the plasma is unstable if 


v4, yo, > Vat Z(H, + B04): (8) 

Equation (5) determines the frequencies of the 
extraordinary magnetohydrodynamic and ‘‘sound’’ 
waves, which are the analogues of the fast and 
slow magnetoacoustic waves in magnetohydrody- 
namics. We note that the component ehs/ €33 in 
(5) appears as the result of consideration of the 
component of the electric field E parallel to Hp. 
This component is essential in the consideration 
of waves with small phase velocities when |w’ /ky\ 
& |vyil- 

The study of the dispersion equation (5) is ma- 
terially simplified in a number of limiting cases. 

a) In the case of a strong magnetic field, when 
Vi > vi and vA > pv, we get from (5) the fol- 
lowing expressions for the frequency and damping 
coefficient of the extraordinary magnetohydrody- 
namic wave: 


oO = RV a, (9) 


qo = +VaAusin® 6 ar |z, (2, (Va/cos*®) — u2 


xIm . 
1—uzo| ky PS F, (0%, Y(0 y= @/& “2 do | imous| ky -1F (V2, /cos?0) 
ae (9’) 
For the anisotropic Maxwell distribution (2), Eq. 
(9’) is simplified: 


y mm sit OVT, JM /T,,\° 
zs T ex 


om 8M |cos@|V, 


[me +P few, (04 Xb yO y— @)-* do yt ire | ey OF, V7 leo] I 


mv, | 
lle nef. meat : 

The frequency of the ‘‘sound’’ wave in the case 
of a strong magnetic field (VA, Ss Vis uv) is de- 
termined from the equation 


E33 (w") = 0. (10) 


If Vin © LViios then the ‘‘sound’’ wave is strongly 
damped as the result of Cerenkov Papsorpuon in the 
ionized gas: y~w ~ [ky vl. If Vii <«K Vile then 


INSTABILITY OF PLASMA WITH 


o = ky V pa. 


The damping coefficient for @ not too close to 1/2 
is 


(11) 


1 = — (ru2/2| Ry |) F, (0) wo. 
In order of magnitude, y/w ~Vu «1. The damping 


in this case is brought about by Cerenkov absorption 


in the electron gas. If the equilibrium distribution 
has the form (2), then we get for the frequency and 
the damping coefficient of the ‘‘sound’’ wave 


wo=ky VT /M, 1 =|o|Vam/8M. 


The analysis just given shows that a plasma with 


an anisotropic distribution of electron and ion ve- 
locities in a strong magnetic field is stable. 

b) For a strongly non-isothermal plasma, in 
which the electrons are heated more strongly than 
the ions (uv? > Vii Vii or Lv’ 6 > Vii» vii iF 
we get a solution of the dispersion equation (5) in 
the form 


@/2 = ; k? (a+V a? — 46), 


a= V?, + wcos?8 (v2 /2 — v2) + sin? (1 — q,) oy 


+ wu? cos? 6 + uu2y? sin? 0, 
b = pu? cos? 6[V2, + uw cos? 6 (v4, ,/2 = v,.) 


+ pw sin? 6 (1 — q,) sl. (12) 


In the derivation of Eq. (12), it was assumed that 
lw’ |? > kijviy and |w’|? «k’vi.. 

The condition for instability b < 0 becomes 
especially simply for an anisotropic Maxwellian 
distribution (2). The regions of instability in this 
case are shown as shaded areas in the drawing. 
The dashed line in the drawing corresponds to the 
boundary of the region of instability, according to 
Rudakov and Sagdeev.! As is seen from the draw- 
ing, kinetic consideration leads to an increase in 
the region of instability in comparison with the 
region of instability obtained in the quasihydrody- 
namic approximation. 


Region of instability 
is shaded. The curves 
correspond to the equa- 
tions I: y=x-1, _ 

Il: y = +(x+V x" + 2x), 
Ill: y = 3x +V9x? + 3x, 
where x = Tye/MVi, 
y = Tye /MVa. 


NS 
HS 


INC 


If w’* > 0 in (12), then the damping of magneto- 
acoustic waves in an electron gas is determined 
by the expression 


(11’) 
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1 = 4 tk sin? Ow? | cos 6 | {@, (0) wo® , (1 — Re uu? /w?) 


bed 2 ae (0) puey, — ¥2F , (0) pus (1 — Re pu2/e2)1) 


x {207 ~- k? [Vis -+ u cos? Es ve w.) 
+ p sin? 6(1 — q,) 02 , + wu? (cos? 6 + 2 sin? 6). (13) 


In the case of an anisotropic Maxwellian distribu- 
tion (2), Eq. (13) takes the form 


1 = Vum/8M sin? 6 VT ye/M |cos6|4(T 1 e/T je)? 
x[o*? (1 — R27, ,/Mo*) + — QR T | 6/M] {20" — k? [V2 . 
eT AE SID VOL SS (= ayia yh dy ae (137) 


For Tje =Tile = Te, Eqs. (12) and (13) for the fre- 
quency and the damping of the magnetoacoustic 
waves transform to the equations obtained in ref- 
erence 6. 

c) We now consider the case in which the en- 
ergy of thermal motion of the particles in a di- 
rection parallel to Hy significantly exceeds the 
energy of thermal motion in the direction perpen- 
dicular to Hp, i.e., Vile >>Vi a In this case, one 
can neglect the quantity see in (5) in compari- 
son with €9 ~ €4,. As a result, we get the follow- 
ing expression for the frequency of the extraordi- 
nary magnetohydrodynamic wave 


lle 


w’? = k® (V2, — cos? 6 (v2, + 40% ,)]. (14) 


This formula also follows from the expressions 
obtained in references 1 and 2. 

If w’? > 0 in (13), then we have for the damping 
coefficient 


1 = — oV'a Im (x2 — 211 + €95/€95)/2C?. (14’) 


Here €99 — €44, €23 and €33 are determined by 
Eqs. (6) for w’ =w. it_w!~ Kivi then, in order 
of magnitude, y/w ~ (v4s/vin) <<ols 

d) Let the energy of the thermal motion of the 
particles in the direction perpendicular to Hp 
significantly exceed the thermal energy of motion 
of the particles in the direction parallel to Hp, 
i.e.,-Vii > Vii HVile OF HVie%e > HV ile» Viti- 
Assuming that |w’|? > Kivi and |w*|? « kiVite» 
we obtain the expression for the frequency of the 
‘*magnetoacoustic’’ waves: 


wf =e (c+V e—4a), 
c= V2.4 (1 Ae 7 00s" 6) (02, + po.) 
+ sin? 6 (uu24? — 0? .9,), 


d = — sin? 4cos?6 Fe of + pudn,v , + oF uueg,|. (15) 


It is evident that instability always takes place in 
the case under consideration. 


As: B.oKUTSENKO: and ik N. od ea NOW. 


If now Vie > Vile and LV4 de > vip vii which 
corresponds to a sufficiently large value of the 
energy of thermal motion of the electrons in the 
direction perpendicular to Ho, then 


w!? = k?(V4 + usin? 6 (uy? — 02 4q,)I.- (16) 


ae the q uasi ody ore Buea vanes for 
2 2 F 
LV Se > Vie: Viae Vili we have w’/" ~k HV in 


vuutrast to (16), where wr aw Kp Ie. > Lee lt 
w’? >0 in (16), then we get for the Goethicient of 
damping of this wave 


mm ksin®? 0 
Loe 2M | cos 0 | 


We write out the expressions (16) and (17) in the 
case in which the equilibrium distribution has the 
form (2): 

ay’? = k2 (V4 — sin? 07% ./T eM), 
1 = Vrm/8Mk sin? 6|cos6|4V T y-/M (T 1e/T e)?- 


[ngutF, (0) + 2ngu¥, (0) — 0% ,®, (0)}. (17) 


(16’) 
(17’) 


e) Above we considered the magnetohydrody- 
namic waves with high frequencies, in which 
|w’ |? >> kijivi;. We now find the solution of Eq. (5) 
for frequencies satisfying the condition |w’| 
<«< [ky vail Making use of the expressions (6), we 
get for 6 not close to zero and 7/2. 


y = [Ry | A/nB, 
A = {V4 + cos? 6 ‘Gi oy Sates) 


2 — 
ey | 


+ sin? 6 [0% (1 —4q,)+ po? (1 — 4,)]} puru?/(uue + U2) 


aie.) sin ¢, 


B = sin? 6[@, (0) v2 02 puru?/(uu? Se WAG casi) red i) E 
4. F; (0) {Via + cos? 6 es de a Ce | 
+ sin? 6[v? ,(1 — q,)-+ po, ecm (18) 


For @=0, the frequency w’ is determined from 
the relation (7). 

It follows oe (18) that even for weak aniso- 
tropy, when |1 — n,| «1, |1-a,| «1 and 
|1 Scene <«K 1; itis possible to produce in- 
stabilities, if the Mi snetly of a magnetic field 
is sufficiently small (Vv? A < v4 ti HV ae However, 
the intensity of the magnetic field in this case can- 
not be so arbitrarily small because of conditions 
(3). 

Expression (18) is valid not only in the case of 
weak anisotropy. It can also be used when the 
angle @ is close to 6) determined from the condi- 
tion A = 0: 


-sin?6, 


ae i+ por, ele (4 + po») _ v4, | 


cae Aut lle $02 0 le- gi)-tee? Ch— Ge)t-(0;— Ne) 2p? 2 | (pu? + uf : 
(19) 


As @ varies, y changes sign at the point @ = 4. 

It was shown above that the plasma is unstable 
if the inequality (8) holds. Let the condition (8) 
not be observed. Then it follows from (18) and 
(19) that the equilibrium state is unstable if the 
inequality 


Va+ 0% (1 — 


q;) + po, (1 —4,) 


+ puzu? (4, —1,)?/(uug + ui) <0 
is satisfied. In the case of an anisotropic Max- 
wellian distribution (2) for T);, =Ty; =Ty and 
Tile =Tyi =Ty, the inequality (20) takes the form 
Vig AT (N= Fla) Me (20’) 
The regions of instability for Tj, =T yj =Ty and 


The =Tii =T are shown in the drawing (here the 
quantity x = 2T y)/ Mv4 ‘is plotted along the abscissa 


} 
(20) | 


and y =2T,/ MV2 ‘, along the ordinate). 

We note here that the condition analogous to 
(20’) is written incorrectly in the work of Vedenov 
and Sagdeev‘ (the coefficient 2 appears instead of 
the coefficient 4. ) 

The authors express their thanks to A. I. 
Akhiezer, V. F. Aleksin, R. V. Polovin, and V. I. 
Yashin for valuable advice and discussions of the 
research. 
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The temperature dependence of linear (anisotropic) and volume (isotropic ) magnetostric- 
tion in the low-temperature region is studied on the basis of the phenomenological method 


of the theory of spin waves. 


he In a recent work of the authors,! the tempera- 
ture dependence of the ferromagnetic anisotropy 
constants was studied on the basis of the phenom- 
enological theory of spin waves. The results ob- 
tained in that work can also be used for discussion 
of the problem of the temperature dependence of 
the constants of anisotropic magnetostriction; this 
will be done in the present article. In addition, the 
temperature dependence of the volume (isotropic ) 
magnetostriction will also be considered here. 

The magnetoelastic energy density of a ferro- 
magnetic can be expressed in the general case, 
through terms linear in the components of the 
elastic stress tensor o7,, in the form 


Om, 0m 
HH me= — Ms; nynzn, Wstam™me — Gijis 315 a, (1) 
» MyNelNs x pea J or, or; 


Here m;,(r) = M,(r)/My are the components of 
the unit vector of the local magnetization; My is 
the absolute saturation; i, j,/,s,t = x, y, Z; 
Ny, Ny, Ng are integers such that n, + n, + nj = 2N 
is an even number; in (1), and generally in what 
follows, summation over twice occurring indices 
is understood. 

The first term in (1) gives the anisotropic part 
of the magnetoelastic energy, expressed in the 
form of a series of ascending powers of the com- 
ponents of the magnetization. The second term 
represents the change of exchange energy pro- 
duced by the stresses, so that 


Gij is =— 0A;; [ 0515; (2) 


where Aj; are the exchange-interaction param - 
eters. The specific form of the tensors A’ and G 
is determined by the crystal symmetry. 

We now note that the components of the elastic 
stress tensor 07g, in the problem under consider- 


ation, may be treated as parameters related through 


the elastic moduli to the equilibrium deformations 
of the crystal lattice, without allowance for thermal 


vibrations of the latter. For harmonic elastic 
vibrations of the lattice do not change the equilib- 
rium deformations of the crystal and consequently 
do not affect the mean magnetoelastic energy of 
the ferromagnetic; and allowance for the anharmon- 
icity of these vibrations leads to a thermal expan- 
sion, which in the first approximation combines 
additively with the temperature change of the mag- 
netostrictive deformations. Thus the temperature 
dependence of the magnetostrictive deformations 
will be basically determined solely by the thermal 
oscillations of the magnetization, i.e., by the spin 
waves. Therefore our problem reduces to the cal- 
culation of the energy spectrum of the spin waves 
with, as compared with the previous work,! addi- 
tional allowance for the magnetoelastic energy (1). 
It is easy to see that addition to the Hamilto- 
nian! of the magnetoelastic part (1) leads to the 
following expression for the energy of a spin wave: 


oie (u./Mo) {2 (Ai; a G;j1s81s) k;k; + MH 
—1 512 2N +1) —Aal fv )— 2x95, v OD, (8) 
N 


where 


Nipy Ney ts 
> Ns, nyfisn ex o, ce: (4) 
Nytn,+ny=2N 


Dis, N = 


is a homogeneous polynomial of degree 2N in the 
direction cosines aj of the equilibrium magnetiza- 
tion.* At the same time it is necessary to add to 
the energy K,) of the ground state a term of the 
form 


a »} SisPis; N (0). (5) 
N 


~*For the remaining symbols, see our previous paper.’ In 
the expression (3) for &,, as compared with the corresponding 
formula of the other paper, the magnetostatic energy has been 
dropped as nonessential, and saturation (4H =H) has been 
assumed (see correction of a misprint, JETP 38, 667 (1960), 
this issue, Soviet Phys. JETP 11, 1326 (1960). 
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If we now calculate the thermodynamic potential 
Q of the system according to the appropriate for- 
mula from reference 1 with allowance for (3) and 
(5), we can then find from it the components of the 
magnetostrictive strain tensor: 


aQ M (0) —M(T, H) 
am >! 2M (0) 


X 7s; v (0) + 2 ae D) Gejaskecky (087 — 1), (6) 
k 


here M(T, H) is the mean magnetization of the 
crystal in field H at temperature T, and M(0) 

= M, is the magnetization at T=0°K. The first 
sum in (6) represents the anisotropic magneto- 
striction, which causes a dependence of the linear 
dimensions and shape of the ferromagnetic speci- 
men on the direction of the magnetization. The 
second sum in (6) gives the isotropic magnetostric- 
tion, which leads to an additional temperature de- 
pendence of the volume of the ferromagnetic spe- 
cimen as compared with a nonferromagnetic (spon- 
taneous volume magnetostriction or thermostric- 
tion), and also to a dependence of the volume on 
the value of the magnetizing field in the paraproc- 
ess region (paraprocess magnetostriction ). 

2. We consider first the anisotropic magneto- 
striction. If for the polynomials Pis;N We use 
harmonic polynomials, for which Agjg.n = 0, then 
after substitution of (4) in (6) we can express the 
anisotropic part of the magnetostrictive strains 
in the form 


[2N (2N + 1)— Aa] 


ig —= 


Wis = > Mis; NyNyNs (7) ake ie a 
MyMeNs 
where the coefficients ’ have the meaning of mag- 
netostrictive constants at temperature T; here, 
independently of the symmetry class of the crystal, 
any magnetostriction constant of order N= ie (ny 
+N, +n3) satisfies the general relation 


[Aw (0) — Aw (T)]/Aw (0) 


= N(2N + 1){M(0)— M(T, H)\/M (0), (7) 


which exactly coincides in form with the corre- 
sponding relation for the magnetocrystalline- 
anisotropy constants. * 

As an example, we write the harmonic expan- 
sion of the magnetoelastic energy through terms 
of fourth degree in the direction cosines aj of 


*As is known, magnetostrictive strains lead to a certain 
change of the magnetic anisotropy constants: to the purely 
crystallographic anistropy constants Ky of order N there are 
added magnetostrictive corrections 5Ky = CAy,An,, where 
the C’s are definite linear combinations of the elastic moduli 
and where N,+ N,=N.?’ By virtue of the relation (7), the 
temperature dependence of the magnetostrictive part of the 
anisotropy constants is determined by the formula 


[9K y (0) — 8K y (T)]/8K y (0) = Py [M (0) — M(T, 4)]/M (0), 


BE. SAYS TURON andes 


MITSEK 
the magnetization (i.e., through N = 2) for crys- 
tals of cubic symmetry: 
Fine + MD [ax (202 — af — a2) + 0, (202 — at — a2) 
+ 6, (202 — a2 — a?)) + 202) [o, ao 7 + 60,0, +9. 
PP grey ea iles ep ae 


ere! (a2002 + a2a2 a2a2)] =e 2) {on} lone 3 (a202 


% 4] | 


+ ata? — a2a2)] + 2, [as — 3 (a2a2 + ava — 202) ] 
+ 6, [a4 — 3 (a2a2 4- ata? — a2 a%) |} 
a3 2 
+ 2n{8) {6,,0,%, [ 02 serge (Sits a2) | 
1 
+ 6,,0,01, [42 — = (a% + 2%) | 


+o ao [a2 — = (aj +02)]}. 


y2ue2 (8) 
Here the lower index on A corresponds to the order 
N of the constant, and the upper index enumerates 
the different constants of a single order. Since the 
generally used form of expression for Fme for 
cubic crystals differs from (8) and is nonharmonic, 
the relation (7) need not be satisfied by the mag- 
netostriction constants that enter into that expres- 
sion. Instead of (7) there are obtained more com- 
plicated formulas, in which “entanglement” of the 
magnetostriction constants of different orders oc- 
curs. For example, for the first constants ){!»?) 
we should have 


Anh? (T) x2”) (0) = PAM (T, H)/M (0), (9) 


where Pf!) = 3[1—-2a$?)(0)/aA{?(0)] and P® =3[1 
—r$)(0)/3A{??(0)]; whereas for the harmonic form 
of expression (8), according to (7), when N=1 
there is obtained the universal value of the coeffi- 
cients: Pj "= pi) ="3: 

Experiment shows that the constants A, often 
have the same orders of magnitude as the constants 
Ay. Therefore in the nonharmonic analysis of ex- 
perimental data, it is hardly possible to obtain any 
general law for the temperature dependence of the 
“nonharmonic” constants A,;: from formula (9) it 
is evident that, depending on the relation between 
A,(0) and A,(0), different ferromagnetics may 
differ not only in the magnitude but even in the 
sign of the temperature rate of change of the con- 
stants A,(T). The advantage of the harmonic form 


where Py = N(2N + 1) — 4N,N,, whereas for the crystallo- 
graphic constants Ky the same formula holds but with 

Py = N(2N + 1). For example, for a cubic crystal, to the first 
crystallographic anisotropy constant K,, for which P, = 10, 
there is added a magnetostrictive part 5K, with P, =6. Since 
dKy increases with decreasing temperature more slowly than 
does Ky, the relative contribution of the magnetostrictive 
strains to the anisotropy is smaller, the lower the temperature. 
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of expression for the magnetoelastic energy con- 
sists precisely in the fact that because it elimi- 
nates this random factor, it permits exhibition of 
the true law for the temperature dependence of 
magnetistriction. 

It should be remarked that, just as for the aniso- 
tropy constants,® the applicability of the relation 
(7) is apparently limited to a narrower range of 
low temperatures than the range of applicability 
of the “TY? law” for the temperature dependence 
of the spontaneous magnetization. Unfortunately, 
at the present time there exist almost no experi- 
mental investigations of the temperature depend- 
ence of the magnetostriction in the region of suf- 
ficiently low temperatures. 

A theoretical calculation of the temperature 
dependence of the magnetostriction constants on 
the basis of spin-wave theory was first achieved 


by Gusev,‘ who showed that in the low-temperature 
range, always, AA(T) ~ T¥2: but he did not in- 
vestigate the relation between the temperature de- 
pendences of the magnetostriction and of the mag- 
netization. A number of earlier works,° based on 
the molecular-filed approximation, led to the fol- 
lowing relation between the first constants of mag- 
netostriction and of spontaneous magnetization: 


hi (T) /y (0) = [M (T)/M (0)]", (10) 


where P, = 2. We remark that formula (7) for 
N = 1 in the low-temperature region, where it 
has its only applicability, can also be expressed 
approximately in the form (10), but with the dif- 
ference that P,; = 3. 

Among the early researches it is necessary to 
mention also the work of Vonsovskii,® who, within 
the framework of a special microscopic model, 
calculated the spin-orbit interaction of the elec- 
trons responsible for ferromagnetism; this en- 
abled him to give an explanation in principle of the 
nonmonotonic temperature dependence of the mag- 
netostriction constants that is sometimes observed 
experimentally. In this theory, however, there en- 
ter a number of undetermined parameters, so that 
comparison of it with experiment is difficult. In 
all the works enumerated, no attention was directed 
to the role of the form of expression for the mag- 
netoelastic energy. 

The present theory, being based on the most 
general modern ideas about the nature of ferro- 
magnetic and magnetoelastic phenomena, will pre- 
sumably, after its detailed verification, make pos- 
sible a number of definite conclusions regarding 
the limits of applicability of the existing spin-wave 
description of these phenomena. 


3. In conclusion, we give a few relations for the 
isotropic volume magnetostriction. From the sec- 
ond sum in formula (6) the relative change of vol- 
ume of the ferromagnetic can be found by calcu- 
lating the value of w = 6V/V) = Zujz correspond- 
ing to this sum. For temperatures kT >wH we 
have approximately 


W = Wy + Hdw/0H, 


where 


Wy = 3€ (5/2) T (F/2) wG (“er ‘1 


272Mo 2pA (1 1) 


is the spontaneous magnetostriction (thermostric- 
tion), and 


Ow ——_—-8E (F/2) T (5/2) w?G (ibe \e (12) 


0H 2n2®MoxT 2nA 


is the coefficient of paraprocess magnetostriction. 
Here we have for simplicity taken Ajj = Adjj and 
Gijz7 = G6jj (cubic crystal); ¢ and I are, re- 
spectively, the Riemann zeta function and the 
gamma function. We remark furthermore that 
according to (2) the parameter G can be defined 
as G=0A/8p, where p is hydrostatic pressure. 
By comparing expressions (11) and (12) with 
each other and also with the corresponding expres- 
sions for the spin heat-capacity Cg and for the 
temperature change of spontaneous magnetization 
AM,* it is not difficult to establish the following 
simple relations among all these quantities: 


| OS 


1 dw» ee ES: 9 % 
3 OT 6 » OH ~ 0, dp “S~~ ¥ ©, Op 


“AM. (13) 


Instead of the exchange-coupling parameter A, 
we have introduced here the Curie temperature 
@c, assuming a direct proportionality between 
them. 

The quantity ¥,8w)/aT = Aay represents an 
additional linear coefficient of thermal expansion, 
connected with thermostriction. As was to be ex- 
pected in accordance with Griineisen’s law,® it is 
proportional to the spin part of the heat capacity. 
A quantitative estimate of Aa) can be made by 
using experimental data on the paraprocess mag- 
netostriction.? For the majority of magnetic ma- 
terials in the room-temperature range, dw/9H 
= 107! to 107? oe-!. Hence, according to (13), 
Aay = 10-® to 10°. Experimental investigations 


*See, for example, the work of Kaganov and Tsukernik.’ 


In our notation, we have 


— 5€ (P/a)T (Fe) * ay — OL or 2 (P/2) 4 (Mox7 
S32 Ga) T Pa)» ah 2pA ) 
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of the volume magnetostriction at lower tempera- 
tures are unfortunately lacking. 

The authors are deeply grateful to S. V. Von- 
sovskii for valuable discussion and advice. 
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Formulas are deduced for the probabilities of single-particle electromagnetic transitions 
and of B decay, account being made for pair correlation of the nucleons in heavy nuclei. 


Ir is well known that single-particle electro- 
magnetic transitions in nuclei are determined 
at low excitations by the transition of the nu- 
cleon with the weakest bond. We shall show how 
realignment of the Fermi surface due to forma- 
tion of correlated nucleon pairs,!»4 influences 
these transitions. 

To describe the superfluid state of heavy nu- 
clei, we can use the canonical transformation of 
Bogolyubov,® which takes into account the corre- 
lation of nucleons whose states differ only in the 
sign of the projection of the total momentum on 
the symmetry axis of the nucleus:!»4 
Ay 4 = Uyty + WB), 


ay = uypy—vaer, uti, 


Avg is the operator of nucleon annihilation in the 
state characterized by the totality of quantum 
numbers v,o (o denotes the sign of the projec- 
tion of the momentum with modulus equal to ). 
The wave functions %pg are chosen such that 
the transition from %,4 to ~,— corresponds 
to time reflection. 

The ground state of an even nucleus is a vacuum 
&, for quasi particles: ay&)= By) =0. The 
ground and excited (with energy less than 2A) 
states of an odd nucleus can be considered as 
the ground state of the corresponding even nu- 
cleus plus one quasi particle: 


at@D,; Br@,. (1) 


The excited states of the even nucleus are 
characterized by the presence of at least two 
(in general, an even number ) quasi particles 


+ + + tot 
Gey, Ph; Ay, Ay, Do; By, Bv, Po- (2) 


The probability of single-particle electromag- 
netic transitions is determined by the matrix ele- 
ments of the operators of multipole moments of 


the system 


Marna = iy) <y, i) Ime. | vs oi » at y's’, 
where me?) ae the single-particle operator of 
the electric (~@ =0) or magnetic (@ =1) multi- 
pole moment of order 2. 

For a deformed odd nucleus we readily obtain 


the probability of multipole transition, wy (A): 
Waa (S) = |< ve + | Mpa | ve + > FF Wrytg + (—)* 04, ».)? 
+ |< vot | Mite | v2 — > |? (4,4, + (—)*Ov,0»,)?. (3) 


[ The probability of transition is defined as Ch )z 
| (My p12 2 where the averaging and summation 
are over the states of form (1).] The factor (—)@ 
is due to the relations 

Cv + [Meda > = (—=)* Cv | ita |Y¥ — >, 

Kv + | mie |v — > = (—)* C+ | Mita |Y— >, 
in accordance with the behavior of the operator 
Mi under time reversal. 

For a deformed even nucleus, the probability 
of transition from a state such as (2) to the 
ground state is given by the expression 


ws (d) = |< ve + | MMe | vn E> F (4,04 + (—)*0y, ,)? 
A [ <vy + | Ua [v2 — > |? (Wa, Ove +t (=) 20, s,)?- (4) 


The probability of transition between the excited 
states such as (2) is given by a formula analogous 
to (3). 

The selection rules yield A = |, — Q,| for the 
first term in (3) and (4) and A = Q, + Q, for the 
second. In heavy nuclei, transitions with A < Qy + 
Q, are realized as a rule. In this case the in- 
fluence of superfluidity of the nuclei on the prob- 
ability of single-particle electromagnetic transi- 
tions is expressed by the factors (Up Uy, + 


(-)°"!vy vy, )? and (up,Vy, + (-)°vy,up,)’, which 
can reduce the transition probability by one order 
of magnitude. (Near the Fermi surface, the fac- 


2 2 
tors (Up Uy, — Vp,Vv,? and (Uy,Vp, — Vy,Uy,) 
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are of the order (/p)A) ~?' where py is the energy 
density of the levels at the Fermi surface). 

A realignment of the Fermi surface changes 
also the probability of B decay. For B~ decay 
of an odd deformed nucleus without excitation of 
the collective-motion levels, we readily obtain, 
in analogy with (3), 


Wo = Wys (UPuP)?. (5) 


Here wy. is the probability of decay without 
allowance for ‘‘pairing’’; n and p denote re- 
spectively the neutron and proton fluids; v, and 
v, characterize initial and final states of form 
(1). 

The probability of B~ decay of an even-even 
(odd-odd) deformed nucleus from the ground 
states (to the ground states) is given by the 
expressions 

Wie = wee (opuP)’, Wig = w? (uro?)?. (6) 

The transition to B* decay is made by the sub- 
stitution n= p. For a decay from a ground state 
to a ground state, the factors occuring when 
superfluidity is taken into account are approxi- 
mately Ya. 


M. G. URIN 


Formulas (3) — (6) can also be obtained in a 
different manner, by expressing Wj, in terms of 
a single-particle Green’s function and wy) (A) in 
terms of a two-particle Green’s function. The 
latter is expressed, in turn, in terms of the 
single-particle Green’s function and the correla- 
tion functions. The equations for these functions 
have been solved for the case of superfluidity in 
references 5 and 2. 

The author expresses his deep gratitude to A. 
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We consider cyclotron resonance in semiconductors with degenerate valence bands. We have 
determined the frequency spectrum (effective mass spectrum) for the case where the mag- 
netic field is along the [001] axis. We have shown that there is a branch of negative cyclotron- 
resonance frequencies in germanium and silicon. By solving the transport equation we have ob- 
tained an expression for the absorbed power and we have considered the problem of negative 


absorption. 
1. INTRODUCTION 


Dousmanis and co-workers’ have given in a re- 
cently published paper experimental data on nega- 
tive effective masses as obtained by cyclotron 
resonance in germanium. Using a circularly po- 
larized high-frequency field, these authors ob- 
served, with the sign of the magnetic field negative 
(corresponding to resonance on electrons), a new 
resonance localized in a frequency interval which 
was appreciably different from the known values 
of electron-resonance frequencies. (The magnetic 
field was in these experiments along the [001] 
axis; since the electronic energy spectrum in 
germanium is described by a set of ellipsoids of 
revolution situated along the [111] axes, only one 
frequency value can occur in these experiments. ) 

The new resonance occurs not as an absorption 
but as an emission resonance, in strong contra- 
distinction from those observed earlier. Strictly 
speaking it is observed as a gap in the absorption 
background which occurs when H = 0. 

Krémer? has somewhat earlier drawn attention 
to the fact that the energy spectrum of the ‘‘heavy’’ 
holes in germanium and silicon allows a change in 
sign of the second derivatives of the energy with 
respect to the quasi-momentum, so that the com- 
ponents of the inverse-effective-mass tensor mix 
can become negative in some region of phase 
space. He expressed the hypothesis that negative 
values of the components of mj should manifest 
themselves in the occurrence of a negative resis- 
tivity under well defined circumstances. Guided by 
Krémer’s arguments, Dousmanis and co-workers, 
concluded that they observed resonance on negative 
effective masses, in the sense of the inverse-ef- 
fective-mass tensor. From our further exposition 


it will become clear that this point of view is, 
strictly speaking, incorrect. 

One must note, among the other effects observed 
in reference 1, a new clearly resolved resonance, 
which corresponds to a positive effective mass 
smaller than the ones usually ascribed to the 
‘‘light’’ holes. 

The notes by Kaus® and Mattis and Stevenson 
appeared in connection with reference 1. The for- 
mer considered the problem of a negative resist- 
ance and its connection with negative effective mas- 
ses. The whole consideration neglected the magnetic 
field, and the problem of the cyclotron resonance 
was not considered at all. In the second note the 
authors superficially analyzed the problem of nega- 
tive absorption during cyclotron resonance, intro- 
ducing purely formally two kinds of particles, with 
positive and negative effective mass. 

The new results obtained by Dousmanis and co- 
workers force us to give a careful analysis of the 
whole problem connected with hole cyclotron res- 
onance in semiconductors with degenerate bands, 
such as germanium and silicon. This is the more 
necessary as all results mentioned here are es- 
sentially not included in the analysis given up to 
now (see, for instance, references 5 to 8). For 
the sake of simplicity, all considerations in this 
paper will be for the case where the magnetic 
field H is parallel to the [001] axis. It is easy in 
principle to generalize this to the case of an ar- 
bitrary direction of the magnetic field. 


2. QUASI-PARTICLE HODOGRAPHS:. FREQUENCY 
(EFFECTIVE-MASS) SPECTRUM 


Under the conditions which are usually realized 
for cyclotron resonance experiments, the inequai- 
ity kT/fia > 1 is satisfied, where wy is the fre- 


4 
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quency of the electric field. Since most carriers 
are due to the external energy source, the average 
energy of the particles is as a rule larger than kT. 
The conditions for the quasi-classical approxima- 
tion are thus known to be well satisfied. We shall 
take this into account and analyze the hodographs— 
the trajectories of the quasi-particles in a mag- 
netic field in quasi-momentum space—for degene- 
rate valence bands in germanium and silicon. The 
dispersion law can in this case, if referred to the 
cubic axes, be written in the form®-8 


© = 5 {Ap? + [B%pt + C*(p2p2 + pip? + p2p?)"*}, (2.1) 
0 


where p is the quasi-momentum of the particles, 
my the free electron mass, and A, B, and C con- 
stants (the plus sign refers to the ‘‘light’’ hole 
band; the minus sign to the ‘‘heavy’’ hole band). 

Let the magnetic field be along the z axis. We 
change to a cylindrical system of coordinates and 
introduce the notation 


x=s[p?/2m)*, y? = p® / pr. (2.2) 
We have then instead of (2.1) 
x= A (+ 1) E(B? + 18 
+ C? (*/ey? (1 — cos 4g) + y*)I'*. (2.1’) 


The quantities ¢€ and p,, and therefore also x, 
are clearly conserved in a magnetic field. It fol- 
lows from (2.1’) that similarly shaped trajectories 
will correspond to a fixed value of x in the planes 
perpendicular to p,. To find the explicit form of 
the hodographs, we solve (2.1’) for y?. After some 
simple transformations we find 


yf? = (— wR~V 2 — 41118); 
nies A? — B® 1 C2 41 C2 cos 49, 
a2 (A— B= C2 An, 
Nr EI SI EE Tes 


(2.3) 
(2.4) 


We shall analyze these solutions by using the 
experimental values of A, B, and C for Ge and 
Si. There are clearly no trajectories for small x. 
They begin at x,;, which is the solution of the equa- 
tion y3 = 4y3y;(y = 7/4), in the form of four sym- 
metric points on the bisectors. When x increases 
further, the area of each of the four hodographs 
increases up to the point x), when the hodographs 
' touch the px and py axes. The value of x, can be 
found from the equation 3 = 4y3y,(o =0). In the 
range between x; and x, there are thus four hodo 
graphs which possess mirror symmetry, with re- 
spect to the planes through the bisector (type I 
hodographs ); the cubic symmetry is realized only 
by the four together (see Fig. 1). 
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FIG. 1 


When x >xX, Eq. (2.3) has two solutions. We are 
led to two kinds of hodographs with cubic symmetry 
(see Fig. 1), where the area of one kind increases 
steadily with increasing x (type II hodographs ) 
while the area of the second kind contracts to a 
point when x = x3 (type III) for x3 =A — B. When 
X >xX 3, the double-valuedness ceases but appears 
again at x = x, =A +B, corresponding to hodo- 
graphs of a new kind (type IV). These begin in the 
point y = 0 and increase steadily with increasing 
x. One can show that the first three hodographs re- 
fer to the ‘‘heavy’’ hole band and the last one to 
the ‘‘light’’ hole band. We note here a result, 
which is important for what follows, that when the 
dispersion law (2.1) holds along with hodographs 
which are the boundaries of an area that increases 
with increasing x (or ¢€ for fixed pz), there exist 
also hodographs with the opposite x dependence 
(type III). 

We study now the frequency spectrum corre- 
sponding to all types of hodographs. If we consider 
the motion of quasi-particles in p-space for closed 
energy surfaces, we find easily the following ex- 
pression for the frequency (see, for instance, ref- 
erence 9 and also reference 10) 


(2.5) 


where § is the area enclosed in p-space by a ho- 
dograph with a given value of € and p,. Using the 
notation (2.2), we get for the case under considera- 
tion 
i ASS Promos aa @. XP OS’ 

w (x) 2n eH Ox w(x) 2n Ox’ 
where we is the cyclotron frequency correspond- 
ing to a free positron, and 


we § do. (2.7) 


We can write for the effective mass defined by the 
cyclotron resonance 


(2.6) 
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m* (x) / my = (1 /2n) 0S’ / Ox. (2.8) 
We must draw attention to the fact that both the fre- 
quency and the effective mass are functions of x 
only. In other words, we shall have in p-space 
conical surfaces with their vertices at the point 
p = 0, corresponding to fixed values of m* or 
w/ We. 
We consider type I hodographs corresponding 
to the range x; < x < Xp. We change variables: 
y=/4 + y’. The expression for S’ is then of 
the form ; 
Sei 
oe am 
= 
where gy is determined from the condition that the 
expression under the radical sign vanishes 


ee > arc sin V 14] (aC? » 
Ye ye 45 1B) aC”. 


We introduce instead of y’ a variable » through 
the relation 


4x175 dg’, 


(2.9) 


V 7sC? /%4 sin 29’= sin 2h. 
The limits of integration are then equal to +7/4. 
Differentiating with respect to x under the inte- 
gral sign we get after a transformation 


as’ _ 2A(— 1) pe Aa 
Ox V ysC? (A? — eye 4) ih, (3, jie VC? ade 10) 


Here K and II, are respectively the complete el- 
liptic integrals of first and third kind. The argu- 
ments # and k are determined by the expressions 


9 = C*R? /(4A?—4B2?—C%2), kk =W 44/5? 


We can use one of the Legendre transforma- 
tions}! to change the complete elliptic integral of 
the third kind to incomplete elliptic integrals of 
the first and second kind. As a result, only tabu- 
lated functions will enter in the right hand side 
of (2.10) (see, for instance, reference 12). 

An analysis of the expression obtained shows 
that the frequency w decreases monotonically 
in the interval x, to x, tending to zero as 
x — x». Let us find the limiting value of the fre- 
quency corresponding to x,;. AS x —~ xX;, we have 
k— 0 and Il, (3, k) + 2/2, K(k) > @/2. The 
result is 

D~ 4 


(2.11) 


een (A 
~ 2V Ys (x) C? L ( 
We use the values of A, B, and C for germanium 


Aya (xi) | 
n)— po oF | 


Oy 


and silicon, which are given in the most recent 
6,8 
papers” . rs C 
Gow ald b8.35 01230 
Sie Ie 4,1 (2.12) 
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We find then for w, 
Ge: @, | O30; m: | my = 0.33; 
Si: @, / Wo = 1,56, m: | ty 0:64, 2. (2513) 


One can show that (2.10) tends logarithmically 
to infinity as x > x». This occurs because the 
condition d¢€/8p) =0 for g=0, 2/2, 7, 32/2 is 
realized for x = x, in a saddle point. In that 
sense we have a situation similar to the one that 
occurs in metals when one changes over from 
closed to open surfaces (see, for instance, refer- 
ence 9). 

We consider now type II hodographs. We write 
the expression for the frequency as 

2x 


o, /@ = (2n) \ (dy? /Ox)_de. 


Using (2.3) we obtain after a number of transforma- 
tions the expression (x2 < x < xg and x, < x < ©) 


(2.14) 


A 4(A—x) 


@ 
ee k 
@ (A? — B? — C2/8)? — (C?/8)? ee arin ae TY x4 K ( ) 
2A is 
— ayn BoB owE Ta (2.15) 
9 = C? / (4A? —4B*—C%), k=Vy3C?/ 1. (2.16) 
For X3 < X < x4 we have 
OS fees Vinee Sg ee ee eee) 
2 V (A? — B2 — C2/8)2 — (C28)? 7Veunwe” 
- ae iO 
m (A® — B*) V ta + | 73] C? Ly 8) 
k=V/%s/C7/ (ya +1 73/C2),  %=—C?/4(A?— B?). 
(2.17) 


A study of Eqs. (2.15) and (2.17) shows that the 
frequency increases monotonically from zero at 
x =x, toa value wo a8, X>> ©. AS X—= xX) +0; 
the period tends logarithmically to infinity. 

Let us determine the value w.. AS x—~ © 
[see (2.16)] 


kV C?/(C?-+ 4B), (2.18) 


and the frequencies and effective masses of Ge 
and Si are respectively equal to 
Ge: @q_/ @. = 3,6, m,, | My = 0,28; 


Sit @.5,/ @ez= 2,16, m,, | tM, == 0.46. (2.19) 


For type III hodographs the integration of (2.14) 
leads to the following final expression 


Wo fa(A—x) (As) A 
o VeVi KO — VR Oy Cee 
2A (— 72) 4 
is nV 4 A? — B2 — C2/4 tl, (>, a. (2.20) 


Here 3 and k are defined according to (2.16). 
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The expression within the curly brackets is 
always positive in the range where type III hodo- 
graphs occur. We are thus led to a branch of 
negative frequencies and, hence, of negative ef- 
fective masses [defined in the sense of (2.8)]. We 
must note that the sign of the effective mass in 
(2.8) depends on the first derivative d¢/dp, and 
is not directly connected with the sign of the sec- 
ond derivatives. 

The absolute magnitude of w increases steadily 
in the region considered, from zero (at xX = X2) to 
a limiting value ws corresponding to the disappear- 
ance of this kind of hodograph (x= x3). At x = x3 
= A —B the quantity k vanishes and one checks 
easily that 


I1,(%, 0) =2/2V1+%. (2.21) 


Substituting this value into (2.20) we get after some 
transformations the following simple formula 
for w3 


— (C? + 2B? — 2AB) / 2B. (2.22) 


W3 / We 


This expression depends only on the constants in 

the energy spectrum. Using the values (2.12) we 

find 
Ge: @3 / Oe — 4.6, my / tM) =~ — 0, 22; 


Sir 3 /@.=—4,7, mj/m,~—0.21. (2.23) 


For type IV hodographs the frequency is deter- 
mined by the same expression (2.20). Now, how- 
ever, X, <x < ©, and the expression within the 
curly brackets is always negative. We are led to 
a branch of positive frequencies corresponding to 
the ‘‘light’’? hole band. Hodographs of this type ap- 
pear first at x = x, = A +B with a finite frequency 
wa. When x increases further, the frequency de- 
creases steadily to a value w’. 

At x =x, the quantity k tends again to zero and 
Il, attains the value (2.21). After an appropriate 
transformation we are led to the expression 


(C? + 2B? + 2AB) / 2B. 


4 / We 


(2.24) 
For germanium and silicon we have respectively 
Ge: Wg /O.  30.8, mm) / my) ~ 0,032; 


; (2.25) 
Wg /@e~ 12.7, m,/ m= 0.078. 
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FIG. 3 


As x— © the quantity k tends to the value 
(2.17) and for w’, we find from (2.20) 


co 
Ge: w,, | O¢ = 22.3, 
Si: 


In Figs. 2 and 3 we have given the whole fre- 
quency spectrum corresponding to the valence 
band of germanium with H along the [001] axis. 
Clearly the behavior of the cyclotron resonance 
depends essentially upon the form of this spec- 
trum. In particular, the appearance in reference 
1 of negative effective masses is intimately con- 
nected with the negative branch of frequencies 
corresponding to type III hodographs. The pres- 
ence of three free ends of frequency branches, 
where the frequency attains a maximum absolute 
value, is noteworthy. 


my, | tt) = 0.045; 


@,,/ 025.7, my, / mM ~ 0,18. (2.26) 


3. SOLUTION OF THE TRANSPORT EQUATION 


As was noted in the preceding section, the 
condition for quasi-classical behavior is satisfied 
under the normal experimental conditions for 
cyclotron resonance. We restrict ourselves there- 
fore to a consideration of the classical transport 
equation 

a ev + 5 (cE + = Ivx H]) = L(f—f™)+N—M, 
Vv = de / Op. (3.1) 


Here L is a linear operator corresponding to the 
collision integral, and N and M are terms de- 
scribing respectively the creation and absorption 
of quasi-particles and referred to a unit volume 
(M is generally speaking a functional that depends 
on the distribution function of all the kinds of 
quasi-particles ). 

The need for introducing N and M into Eq. 
(3.1) is connected with the fact that, because of 
the low temperature, the cyclotron resonance 
experiments are performed on non-equilibrium 
carriers which are produced either by illumination 
of the semiconductor or by secondary ionization 
when the carriers collide with impurity atoms. In 
order to be specific we shall assume that the car- 
riers are excited by illumination. We can write 
the solution of Eq. (3.1) in the form 
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f= fo(t, P) + fi(r, Pp, t), 


where fy) is the stationary solution corresponding 
to E =0. Assuming that the diffusion length is 
large compared to the mean free path and that the 
electrical field is sufficiently small, we can use 
the fact that the operator L is linear to write 
down the Sees set of equations 


Vfo + lv XH]! = L(f,—f) +N —M, (8.2) 
0 
ws mdb 08% = 149. (2) 
We can easily transform Eq. (3 .3) into 
Bae i gfe i cE 5 = may (3.4) 


where w is a eu eee of the rotation of the 
quasi-particles in the azimuthal plane, which is 
determined from (2.6), and w is defined by the 


expression 
© 
>= = (S do 
ie Ox ye 


0 

The solution of Eq. (3.2) when the creation and 
absorption terms (and the appropriate boundary 
conditions) are present leads to a value of fy which 
is in general a function of p. It is therefore nec- 
essary to find the solution of (3.4) for an arbitrary 
dependence f)(p). (r enters into the equation 
purely as a parameter and will not be specially 
designated in the following.) 

The problem of solving the transport equation 
for an arbitrary dispersion law ¢€(p) and of apply- 
ing it to galvanomagnetic phenomena in metals was 
first considered consistently in a paper by I. M. 
Lifshitz, Azbel’, and Kaganov!® and also by Mc- 
Clure,'4 We use in the following a method for 
solving (3.4) which is along the same principles 
as the method given in these papers. 

At the temperatures under consideration the 
carriers are scattered by impurities. We use this 
fact and introduce instead of L(f,) approximately 
~f,/r(p). Taking into consideration that E ~ elwot 
and thus f; ~ elWot we change ‘ .4) into 


oS + 7, as ek Si LN: 


A solution of ae equation suet satisfies the ob- 
vious periodicity condition can be written in the 
form r 


p=—% | Ber{—t\ S (1+ togs)} dg’. (3.5) 
y’ 


We introduce instead of T some value of this 
quantity averaged over the hodograph, according to 


$dy/z(@~p)=1/  =*(Pa 9). 
We expand of)/ap in a Fourier series in y 


Of,/Op= Dy F em. 


m= —oco 


(3.6) 
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After some simple manipulations we get then 


fr=—eE D>) Fave’ /(1 + i,t’ + imor’). 
m=—co 
We can write the corresponding expression for the 
current in the form 
e J ohm, ; 
== 9) Onis y | Per VF mae / (I + iwyt’+ imwr’). 
es ae (3.7) 


= 


(Summation over repeated Greek indices is im- 
plied throughout. ) 

We expand v ina Fourier series in ~ and per- 
form in (3.7) the integration over ~. Returning 
again to the integration over the whole phase vol- 
ume, we get 
D | ape V5, Fra [(1 + iage!+ imor’). 

m=—00 (3377) 

Let us determine the power absorbed per unit 
volume of the semiconductor. We consider the 
case of circular polarization of the electrical field 
in a plane perpendicular to the magnetic field, i.e., 


i= 


Ey =iEx. Omitting the intermediate steps, we can 
then write the final expression in the form 
=} Re(jE*) = 
er < 
— oa 4 2 Sep: {1 + (mwr’)? — (@,7’)?]? 


$4 (09t!)3 9X {(Omx Fe + Ong F my) UL +(mor’)? + (092')?] 


4+2mo or’*1m (Ome F my —VmyF mx)} (3.8) 


Equation (3.8) enables us to analyze the problem 
for any type of p-dependence of fy. 

We restrict ourselves to the case where the light 
is incident along the direction of the magnetic field 
(as was the case in the experiment by Dousmanis 
and co-workers!). Taking into account that 
wT’ >>1 and that in (3.8) the main contribution 
comes from carriers with w near to wo, we can 
assume then that 


lo = ie (s, pz). 


Equation (3.8) simplifies then and becomes equal to 


(3.9) 


, 


CARAS Ofo 7 
a — 2 Gaye Der (Fe SE hare PEE 
m=1 


< {(| Omx|? + | Omy!?) [1 + (m’’)? + (aot’)?] 


+ 4m wt’? Im (UmeUmy)}- (3.10) 


When the hodographs possess a symmetry axis 
of the fourth order, one can transform the expres- 
sion obtained into the form 


2 co 
JR met >) f G? pUsminxLamia (4), (3.11) 
m=0 
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' 1+ [wo + (— 1)(2m + 1) o]?0” 


[41 + (2r + 1) (we’)® — (wot’)?]? + 4 (wot’)? (3.12) 


Lomti ehh 


We use the expressions for the velocity com- 
ponents, which can easily be found from the equa- 
tions of motion 


t= (1 / m’) (Opy / OY) pa.» 


Taking into account that all types of hodographs 
possess mirror symmetry, we find 


Vy = —(1/m*) (Opx | OY) pz. 


|P2| 


Unx | pea] ee ie sin nddb = f(x), 
0 


: on 
in We 
2m c )|Pa| 


Let us expand y =p; /|p,z| ina cosine Fourier 
series (when considering type I hodographs we 
assume that the origin is chosen on the bisectors 
in the points where the hodographs start ) 


cos nod = f’(x).(3.13) 


i > Ym(X) COS mo. (3.14) 


m=0 
One shows easily that the Fourier components of 
the velocity are determined by the quantities 
Yn (X). 

We change in (3.10) and (3.11) to the integration 
variables ¢€,p,, and y. Taking into account the 
fact that w(x) is not single-valued for the ‘‘heavy’’ 
hole band we have 


5 Xp 3/2, es 
\@%p eA =n \ dp. {4 \ mids... + \ mds... 
i. x1p2/2m, x=p>/2m, 
xap3/2m, 
af \ (—m')de...} (3.15) 
X2p/2m, 
and for the ‘‘light’’ hole band 
\ Op... = On \ dpz \ Ade a (3.157) 
eh xp] 2m, 


[In (3.15) the m*’s are in the sequence of integrals 
over de determined with respect to the first, sec- 
ond, and third branch of the frequency spectrum. } 
The infinite upper limit was chosen in the conven- 
tional way: we assume that the distribution func- 
tion vanishes with increasing p,(¢) before any 
deviations from (2.1) in the dispersion law become 
apparent. 

We substitute (3.13) into (3.10) and (3.11) and 
use (3.15). One sees easily that the integrand turns 
then out to be proportional to the frequency. As a 
result, singularities occur sometimes in the res- 
onance spectrum curve, not only at extrema of 
the frequency, but also near maximum values at 
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the limits of the frequency-spectrum branches. | 
To be sure, the realization of such a possibility, | 
together with the shape of the singularity, depends 
essentially on the steepness of the change in fre- 
quency and on the character of the behavior of the 
complete integrand near these points. In partic- 
ular, the position is alleviated when the second end 
point of the branch corresponds to zero frequency. 

We have shown in the preceding section that for 
the dispersion law (2.1) there are three such points 
in the frequency spectrum. If we turn to the cyclo- 
tron resonance spectrum in germanium, which was 
obtained in reference 1, it turns out that w 3 is the 
same as the observed resonance frequency for 
negative effective masses, and that w, lies near 
the frequency of the second new resonance, which 
corresponded to holes with m* lower than the 
effective mass of the ‘‘light’’ holes. [We are deal- 
ing here with the normally determined values — 
they are the same as the m{ in (2.26) ]. 

The frequency w, is near Wo, the frequency of 
the usual ‘‘heavy’’? holes [compare (2.13) and (2.19)]. 
Since the latter corresponds on the spectral curve 
to a wide resonance with a large intensity, the res- 
onance at frequencies near w, cannot appear ex- 
plicitly. It is, however, possible that there are 
some singularities in the resonance curve near 
w,, which are connected just with the first frequency 
branch. 

We note that since the hodographs connected with 
the first frequency branch do not possess a sym- 
metry axis, even harmonic frequencies may occur 
under well defined conditions near the frequency of 
the ‘‘heavy’’ holes. 


4. CHARACTER OF THE CYCLOTRON SPECTRUM 


Let us briefly analyze the conditions under which 
the usual increase in absorption near a resonance 
can be replaced by a decrease (with respect to the 
level of absorption for H = 0) or even change over 
to an emission spectrum. It can be seen explicitly 
from (3.10) and (3.11) that P is always positive if 
Of)/8e < 0. In order that the sign of P change it is 
thus at any rate necessary that there be in p space 
a region with the opposite character of level popu- 
lation. This condition is, however, not sufficient. 
The fact is that the inevitable decrease of fy at 
sufficiently large energies leads in the most favor- 
able case to the simultaneous occurrence of re- 
gions with df)/d« >0 and 8f,/de < 0. Larger val- 
ues of the energy correspond, however, to a larger 
phase volume. In the case under consideration this 
leads, in particular, to P >0 for any form of the 
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function f)(¢€)* (see below), if fy is a function of 
the energy only. 

For the sake of simplicity we shall consider 
only the first harmonic. Using (3.10), (3.11), 
(3.12), and (3.15) we can write the expression for 
the ‘‘heavy’’ hole band in the form 


2p /2m, 


¥4p2/2m, 5 
ss \ (Fe or eae YoL yds 
X2pz/2m, 
xap>/2m, 
oe ec ea (4.1) 
x2pz/2mg 


[The expression for Lj can be obtained by com- 
paring (4.1) with (3.10) and taking (3.13) into ac- 
count.] If f) is not an even function of p, (in the 
given point in the volume of the semiconductor ) 
we must understand by fy in (4.1) (and in the fol- 
lowing) the quantity 3[f)(-—pz) +f (p,)]. 

We integrate by parts (with respect to €) in 
the expression obtained. One sees easily that the 
integrands tend to zero for all finite limits of in- 
tegration. Changing from « to the variable x 
[see (2.2)] we get then 


Saat 4x e ES e, > a0; Oi @ nz sen 
1” mo (2h)3 PzPz {3 D Gell @. yl | 
0 


x, 


| fode[S ati] + | oe [(—a) ati] a. 
X- *2 (4.2) 


Since f, is essentially positive, the negative 
contribution to p, can only be connected with re- 
gions where the derivative 


(6) wo 
ax| | oa. 


becomes negative. 

Let us consider the region of negative frequen- 
cies (x, <x < x3). In that region (and only in that 
region) 9*y?/x < 0. If we take into account that 
yo (x) > 0 as x — Xz, it follows from (4.3) that 
the integrand in the last integral in (4.2) becomes 
negative near xz. When w3 approaches w this 
ean, for a well defined form of the function fy, 
correspond to a decrease in p; or even to a nega- 
tive value of that quantity. 

We give here an approximate discussion that 
enables us to make some observations about the 
corresponding form of the function f). To do this 

*We assume all the time that f, vanishes with increasing 
energy before the dispersion law changes appreciably. 


Cpa = 


4] (4.3) 


® {Pets 
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we consider a value of the magnetic field which 
selects an interval of negative frequencies far 
from the end point of the branch. Let woT’ > 1 
and let the integrand in (4.1) change sufficiently 
smoothly in the range of x defined by the reso- 
nance denominator in L;. Neglecting the first 
two integrals and changing first the order of in- 
tegration in (4.1), we find after some manipula- 


tions 
@ (%0) | | do re = af, 
dx | \ eae Gea). 


2 
Yo (Xo) 
P, = const - 24" 
xh 
2 
Pz =2mM €/x4 


(4.4) 


Here xX) is the value of x for which the frequency 
w is equal to wy. 

One can consider fy in (4.1) to be a function of 
De. Taking this into account, we have 


__ ae — = te 4, 20 (ae 
Oe Pz po=21Mmge/x, de Xo \ Op? € 


We substitute this expression into (4.4) and inte- 
grate the first term by oo 


nfo (2) 
It can be eee seen from this expression that if 
fp depends on the energy only, p, will always be 
positive. For an emission spectrum to occur in 
the frequency interval considered, it is thus at 
any rate necessary, that, together with the regions . 
where ee pz, > 0 there exist a region where 
( 0f)/0 p2) « <9, or more precisely where 
4 moe (0 1n S 
3 Xo ( Op? } e|pz—amue/x, 

We note that, other things being equal, inequality 
(4.5) is best satisfied for the minimum values of Xp. 

The condition obtained here is physically con- 
nected with the necessity of a steep decrease in 
the number of particles which give a contribution 
to p, in that energy range where (0f)/9€ )p, < 0. 
(It is clear that an equivalent result might be 
obtained if the dispersion law (2.1) were changed 
in that energy range in such a way that the given 
interval in the frequency spectrum would vanish. 
Compare a similar remark in reference 4.) 

We must note that the ability to emit rather 
than absorb energy in cyclotron resonance experi- 
ments for an arbitrary initial non-equilibrium 
distribution is, apparently, not an exclusive privi- 
lege of the negative frequency range. In particular, 
an approximate analysis similar to the one given 
in the foregoing might also be used for the first 
frequency branch. (Although the first term in 
(4.3) is positive, the second term, which can change 
sign, will lead to a negative value of the integrand 


2 e 
Pz=2M,€/X, 


2 . 
Pz=2Mge/Xq 


<—l. (4.5) 
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when the distribution has an inverse character.) 
We require here, to be sure, additional limitations 
on the function fy, which are connected, moreover, 
with the fact that the second branch possesses also 
the same frequency interval. 

The author uses this occasion to express his 
sincere gratitude to L. D. Landau and M. I. Kaganov 
for valuable discussions of the results of this paper. 
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An investigation is carried out of the composition of bremsstrahlung appearing at the boundary 
of a medium with account of the Landau-Pomeranchuk-Migdal effect. 


As is well known,’ multiple scattering leads to 
the suppression of bremsstrahlung of extremely 
relativistic electrons in a dense medium. Quanti- 
tative calculation of this effect was given by Mig- 
dal?*4 for an unbounded medium. In the present 
paper, the effect of the boundary of the medium on 
this phenomenon is investigated. 

1. Let a relativistic electron move with velocity 
Vy and enter normally on the surface of a semi- 
infinite medium at the time t= 0. The intensity of 
the radiation with frequency w in the direction n 
is given by the expression: 

lee) Cc 

joes ean \ dt, ( dtpA*(1)A(2), A= [nx v] ei(er—o0), 


(1) 


428 


r and v are the coordinate and velocity of the 


particle at the time t, k= nw/c is the wave vector 


of the photon. If we divide the linear portions of the 


path into integrals over t, and t», then Ep.) is di- 
vided into three components: 


Bata bir fe Fe. 


0 0 
: era? e [nxvo]? 
Eno = joes \ dt, | dteA* (1) AQ) = gas Gave OF’ 
a ee (2) 
Eno = soey Re | dt,\ désA*(1) A(2) (3) 
0 ty 
refer to t< 0 and t> 0, respectively, and 
Eno = fee Re dt,\ dtyA*(1) A (2) 
—oo 0 
veNs th dado A (2) [nx vo] 
= — SS Im \ats4 a (4) 


0 


is the interference term. 

The term E{,, contains only the linear portions 
of the path, while the other two terms depend on 
the motion of the particle in the medium, and must 
be averaged over all possible trajectories. Fol- 


lowing Migdal,* we consider a distribution function 
w(t, r, V; Vy) which satisfies the kinetic equation 


ow Ow 


at Vor =nv \o (v, v’)[w(v')—w(v)ldv' (8) 


(n is the number of atoms per unit volume, @ is 
the elastic scattering cross section), with the 
initial condition 
w(0, r, V; Vo) = 8(r)8(v — vp). (6) 
Averaging of (3) and (4) yields 


” 2, 
Eno = — — sr i ( drdvdtw (t, r, V; vo) evel nae, (7) 
2¢,)2 re oa 
Eee =i Re | \ drdvdtw (itv vo) | | dedpdv'w 
0 0 
X (t, ps V3 Vv) [nxv] [nxv’] efKe—27), (8) 


The latter expression leads to Migdal’s result 

for radiation in a homogeneous medium after a 
time T; it may seem necessary to use the sum of 
the remaining terms E’ and E’’ in the calculation 
of the boundary effect. One can verify that this is 
not so, however, by considering the limiting case 
of a low-density medium, n-> 0. The radiation at 
the boundary should vanish, while E’ + E’’ ap- 
proaches a finite limit. This paradox is resolved 
if we note that the formally infinite (for T — ©) 
quantity E’’’ contains a finite part which pertains 
to radiation at the boundary. In order to separate 
it, we make use of the following procedure: we in- 
troduce damping, assuming that the radiating 
charge falls off for t> 0: e =e) exp(-d6t). Then 
E’’’ can be represented for small 6 in the form 
E’”’ = Ag !+B. The first term gives the radiation 
in the unbounded medium; the second component 
represents the desired contribution to the radia- 
tion due to the boundary:- 
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co 


AE” =B=— = lim Re | de—28 dt \ drdvw (oT, V5 Ve) 


Tatar | 


x \ <4 \dedv'w (c, p, V'; Vv) [nxv] [nxv’] ef(e—2), (9) 


0 


2. In the kinetic Eq. (5) we change to the small 


angle approximation, ° setting 
v =vn (1 — 67/2) + v6 (né = 0). (10) 
For the function 
(E2070) == 07 \ Wty te VR Voor Rear (11) 


we get from (5) the equation 


du (8) | 
Gt 


© (12 + 6°) u (6) = nv 2 (6 —6') [u(0") —u (0)] 40" 
[ for brevity, we write u(@) for u(t, 9; 6); 
X= mc?/E] with the initial condition 

(0, 0; 0) = 8 (0 — 6). (13) 


We proceed in (12) to the Fokker-Planck ap- 
proximation* 


= + 2 (X? + 67) u = qAotle 


We seek the solution of this equation in the form 


(14) 


u = exp [a (t) 6? + B (t) 600 + ¥ (¢))- (15) 
The system of equations obtained for a, B, y 
a+ —dga?, Bp = Agus, 
T= 94 (858% + 4a) — 4 iw? (16) 


has the following solution, which satisfies the 
initial condition (13): 


a= Vio/2qcothV diwg t, § = Viw/2qsink VY ag ¢, 


{= — iot/2—In sinh Y 2iwgt + 65V iw /8q cothY 2iwg t 


+ InV iw /8xq. (17) 


If we substitute this solution of the kinetic equation 
in Eqs. (7) and (8), we get 


BE" e2 a? 1 
nw 2 2 
TC 2 2 
Ae ota 8: 


Im \ dz f(t, 0), (18) 


ee es Taig \didedve (t, e, V; Vo) Re \ def (<, 6), (19) 
QO 


where the following notation has been introduced: 


*An investigation of the integral equation (12) was carried 
out earlier by the authors’ and confirmed the results obtained 
by the method of Fokker-Planck with the expression under the 
logarithm sign as corrected by Migdal.* 
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\ a0" (06’) u(<, 0; 0) =f (x, 6) 
4 rc bh d or Pa eas } 
hs gion 7/2 exp = 62 V @ tanh V wg ). (20) 


3. Equation (19), integrated over n, gives 
Migdal’s result: 


Ew =| Fnodn = \ at 8d & (5), 


3ncn2 (2%) 


ee) — 

: US 
D(s). = 125? \(cothx — +) e—*s* sin 2sxdx, Se V2 . 
0 


The radiation connected with the boundary is 
the sum of three terms which, after transforma- 
tion to dimensionless variables 

t= x/V 2ugi, 
have the following form: 


05 / =z, o = 2(1 + i)s 


e2 


Ene = wae OEY (22) 
co 
re ++ ;Re| dxe—o* © ps2 tanh *, (23) 
% 0 
AEne = — a Re \ dxoxe—* Aen tanh x | (24) 
0 


If we integrate these expressions over the angles 
of the photons (d@)— ™7dz), we obtain (after 
some simple transformations) the following for 
the radiation due to the boundary: 


co 


ioe) 
E= ae Re {2\ pe3\ oe—ox—oz tanh x 
i) 0 


TC 


+{ ( coth x— +) (1 —ox) e-edx — 2h. (25) 
0 
In the limiting case of small s, 
e 1 
E=—|ln-, (26) 


i.e., the radiation differs from the radiation in- 
volved in stopping Eg, = (e?/7c) In (E/mc?) 
only in the factor under the logarithm. If the 
energy of the electron E > Ey (for lead, Ey ~ 3 
x10” ev), then s > 1 in all frequency regions and 
the approximating formula (26) is thus valid. The 
total energy loss at the boundary in this case in- 
creases linearly with the energy and exceeds the 
so-called transition radiation (see references 6 
and 7) by six orders of magnitude. In the case 
E < Eo, Eq. (26) is valid in the region of not too 
hard quanta hw < E?/ Ey. For the calculation of 
the energy lost by the particle at the boundary, 
quantum considerations are necessary. 

I take this opportunity to express my gratitude 
to A. B. Migdal and G. M. Garibyan for discussion — 
of the results. 
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The optical model is used for an analysis of the polarization of nucleons scattered from nu- 
clei with non-zero spin. It is shown that, in general, such nuclei lead to an additional polari- 
zation as compared to nuclei with the same optical parameters and zero spin. 


Tue introduction of a spin-orbit interaction in the 
optical model of nuclear reactions allows us to 
compute the polarization of the nucleon as a re- 
sult of the interaction with the nucleus. 

The polarization P, as all quantities predicted 
by this model, is the result of an averaging over 
many resonances. The transition from the unaver- 
aged quantities to the averaged quantities is con- 
veniently made by averaging the phases of the 
scattered waves.! The relative amplitudes 7 of 
the divergent waves are averaged. 

Eder at al.” also considered the polarization in 
the scattering of nucleons from nuclei with zero 
spin. The polarization was found here to be com- 
pletely determined by the elastic potential scatter- 
ing. The expression for the polarization has the 
form 


P = (A*e A) / (do / dQ), (1) 


where A is the amplitude of the elastic potential 
scattering. The resonance part of the scattering 
does not give a contribution to the polarization; 
the corresponding terms drop out after the aver- 
aging.” 

This is the situation in the case of spherical 
even-even nuclei. 

It is of interest to generalize these considera- 
tions to the nuclei with spin I = 0. The corre- 
sponding phase analysis shows that for an unpo- 
larized incident beam and unpolarized target the 
final state is described by the function 


1 


1 V3er Fa) 
x >) Em.&m,f (msm, LO | mymyl'm) Hp Ore), ae) 
Dies « ; 
where x, © is the spin function, f(...|...) is 


the amplitude for scattering from a state charac- 
terized by the first set of quantum numbers to a 
state defined by the second set; the summation 
goes over all quantum numbers. The e are anal- 
ogous to those introduced by Blin-Stoyle.*? The po- 


larization of the particles after the scattering is 
defined by 


P = (d; 4) / (bby) (3) 


where o is a vector whose components are the 
Pauli matrices for the particles s (nucleons). 
Substituting (2) in (3), we obtain 


Sie iP ) 2 > {Si (mam 10| + myt'm) 


ms mymyr JABS 


* f (msmL/0 | — = my lL" m') Pi (cos 8) P% (cos 6). (4) | 


If the expression (4) written in terms of the un- 
averaged quantities 77, is then averaged over the 
resonances, we obtain an expression different 
from (1). This procedure was used in the specific 
case I=I’ = ¥,. We restrict ourselves to the con- 
sideration of the s and p phases (J =1) and ob- 
tain after averaging (1, as opposed to 7, is 
averaged over the resonances ) 


d : x P 
oP = const e’? Im [ye (H22 — Y11)" (1 — foo) PoP i 


2V2 3 . 
Si us [2 | maa |? — | nee 2 — quites + 3 (q22— qur)] Po Pi 


— const e Im {47 yia— 3qqe+ 3V 2 | rail? 
Paps 
36 == P oot ay i Ped: (5) 
where ns» is the coefficient of the outgoing wave 
with angular momentum j’ generated by the incom- 
ing wave with angular momentum j, both waves 
corresponding to an intermediate state of the sys- 
tem with total angular momentum J. The systems 
of levels corresponding to different J are as- 
sumed to be uncorrelated. The index 1 of the 
phases corresponds to the state px / 29 the index 2 
to the state py/2, and the index 0 to the s state. 
Expression (5) is made up of two terms. The 
first term is the polarization of the particles cor- 
responding to a nucleus with zero spin, and coin- 
cides with (1). The second term corresponds to 
the additional effect due to the fact that the nu- 


=O. V2| Vie | = 2 V 2 momar} 
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cleus has nonvanishing spin. In a transition to 

I = 0 Padd vanishes, since in this case all nj. and 
No; vanish. We also note that in (5) the terms that 
correspond to transitions with Al = 2 are neg- 
lected; they also enter in the quantity Paqq. This 
may be regarded as the result of the correlation 
of the systems of resonance levels over which the 
phases are averaged. In the case of non-overlap- 
ping levels these correlations can be quite impor- 
tant, since they receive a contribution of the same 
sign in the averaging over the levels from all 
resonances. 

Thus, of the two nuclei with approximately the 
same optical properties (lying close to each other 
in the periodic table), one even-even (spin I = 0) 
and the other odd (I #0), the latter will lead to an 
additional polarization. This difference should be 
observable in experiment. The nuclei Pb?" and 
Pb2"8 are convenient for this purpose. These nu- 
clei are spherical, and the term Ppo¢ will be very 
nearly the same for both of them, since it is de- 
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termined mainly by the nuclear radius. The addi- 
tional term appears in the case of Pb”’’, where the 
polarization should differ by Pjgq from the po- 
larization caused by the neighboring even-even 
nuclei. This type of experiment would be helpful 
in estimating this quantity, which cannot be calcu- 
lated from the optical model. 

During the course of this work the author had 
frequent discussions with P. E. Nemirovskil, to 
whom he expresses his sincere gratitude. 


1p, E. Nemirovskil, Doctoral Dissertation, 
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2 Adair, Darden, and Fields, Phys. Rev. 96, 503 
(1954). P. E. Nemirovskii and Yu. P. Elagin, 
JETP 32, 1583 (1957), Soviet Phys. JETP 5, 1293 
(1957). 

3R. J. Blin-Stoyle, Proc. Phys. Soc. A64, 700 
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It is shown that the invariance of the universal V — A Fermi weak interaction with respect to 
the Fierz transformation forbids the capture of a 1 meson by a proton in the triplet S state. 
The capture of a p meson by a proton in the singlet S state with the emission of one photon 

is also forbidden. It is shown further that the state of two fermions, or that of two anti- 
fermions, produced in any weak-interaction process, can be described by one wave function if 
we neglect the effects of other interactions of these particles; functions describing the corre- 
lation of the polarizations are given. The asymmetry of the angular distribution of the neutron 
emitted by a nucleus after capture of a » meson is discussed. 


ie Zel’dovich and Gershtein,! and also Chou 
Kuang-Chao and Maevskii,”? have shown that the 
capture of a uw meson by a proton in the triplet S 
state is forbidden within the framework of the uni- 
versal Fermi weak interaction proposed by Feyn- 
man and Gell-Mann? and by Sudarshan and 
Marshak.‘ Later Dye and others® remarked that 
radiative capture of a uw meson by a proton is 
also forbidden in the singlet S state with emission 
of one photon. It is interesting to see whether the 
vanishing of the matrix elements that describe 
these processes is due to the existence of some 
symmetry law. Since the consequences that come 
from symmetry properties are usually of quite 
general validity, their study can be useful in test- 
ing the universality of the V—A Fermi weak inter- 
action. On the other hand, since the presence of 
strong interactions usually leads to the disappear- 
ance of certain symmetry properties of weak in- 
teractions, such a study could also be useful in 
finding out the effects of the renormalization of the 
strong interactions on the weak interaction. 

In the following section it is shown that the 
state of two fermions or of two antifermions pro- 
duced in any weak interaction can be described by 
one wave function, if we neglect the effects of 
other interactions of these two particles. In their 
center-of-mass system these two particles have 
zero total angular momentum. We shall give a 
rigorous proof of the results of Zel’dovich and 
Gershtein! and of Dye and others,” which were 
previously obtained by the use of the nonrelativistic 
approximation and by taking into account only the 
first nonvanishing approximation of perturbation 
theory. 
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In the third section we present a function that 
describes the correlation of the polarizations of 
two fermions or two antifermions produced in any 
process described by the universal Fermi weak 
interaction, when other interactions are neglected; 
we consider the various possible forms of the 
Fermi interaction proposed by Gell-Mann and 
Feynman.’ Measurements of the correlation of the 
polarizations can be used for testing the univer- 
sality of the V—A Fermi weak interaction, and 
can also give information about the effects of the 
renormalization of the strong interaction. In con- 
nection with the two-component spinor theory? we 
also consider the polarization of a photon emitted 
in a weak-interaction process. 

In the last section it is pointed out that the 
presence of relativistic effects can cause an asym- 
metry in the angular distribution of the neutrons 
emitted by nuclei after the capture of » mesons, 
even if we neglect the influence of renormalization 
and the effect of interaction in the final state. 

2. It is well known that the universal Fermi 
weak interaction 


H, ={(A, B)(C,D) 
= (G/V2)9,7, (1 Ae %5) Pp lo%e (I st 5). Ups 


(1) 


where va; YB, Yc, and yp are the fields that de- 
scribe four types of particles A, B, C, and D with 
half-integral spins, has a number of interesting 
symmetry properties. For example, under the 
transformation studied by Fierz:® 


3 = ¥p» 


(2) 


we have 
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(A, B)(C, D) = (A, D) (C, B). (3) 


For convenience in our further arguments it is 


helpful to subject the operator (1) to the trans- 
formation of charge conjugation: 


Hi = —(G/V 2) 5%, (1— 15) babe ty (1+ 5)%>. (4) 
Here A and B denote the respective antiparticles; 
thus YA is the operator that annihilates the anti- 
particle A or produces the particle A. After the 


Fierz transformation the operator (4) takes the 
form 


Hi =V 2G$¢ (1 78) bz bg(1 + 15) $y: (5) 


Let us study a process in which two fermions 
A and C are emitted as a result of the interaction 
(5). If we neglect other interactions of the parti- 
cles A and C, the Feynman diagram can be repre- 
sented schematically by Fig. 1. The corresponding 
element of the S matrix in the momentum repre- 
sentation is of the form 


Dias Sar Por S.er| S/d 


(ys S-) (I aay eihes Pa> —s,)R, (6) 


where pa, SA, and po; Sc are respectively the 
momentum and spin of particle A and the momen- 
tum and spin of particle C; r denotes all other 
quantum numbers of the final state; |i >is the 
wave function of the initial state; the factors u, v, 
and (1—y;) represent respectively the external 
lines and part of the vertex shown in Fig. 1, u 
being the wave function of a state with positive 
energy and v that of a state with negative energy; 
and, finally, R represents all the other parts of the 
diagram, which are represented in the drawing by 
a block. The final state of the system can be repre- 
sented in the form 


One Be Soa Pars aiPar Sci T1 Sib (1) 


In particular, when the energy and momentum 

pa + Pc imparted to the system consisting of 
particles A and C are prescribed, the wave func- 
tion W of this system is 

W (py, S43 Po S) = {u (Po S,) (1 Ean 5) U (= Pa» = 5),)} 

X UP 4s 84) 4 (Por Sc) (8) 
and does not depend on R. Thus the wave function 
of the partial system consisting of particles A and 
C does not depend on what has happened in the 
intermediate state, if the energy and momentum 
imparted to this system are prescribed and if we 
neglect the other interactions of the particles A 
and C. 

It is easy to calculate the wave function W. in 
the center-of-mass system of particles A and C 
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FIG. 1 


their total internal angular momentum is zero. 
Thus W is a superposition of 'S) and *P, states. 
If one of the particles is a neutrino, the 'S) and 
3p) states have equal weights. If, however, the 
velocities of A and C are small, then the contri- 
bution of the *Py state is small — of the order of 
v (v is the speed of particle A or particle C, 
with the speed of light taken as unity). This re- 
sult is easy to understand directly from the ex- 
pression (5). 

It is convenient to regard particles A and C 
as a single system. If we denote Jc (1—Ys5) YA 
by ®, then Eq. (5) takes the form 


Hi = V 2G@$5 (1 + 75) ¥p- 


® behaves like a scalar under proper Lorentz 
transformations. Thus the intrinsic angular mo- 
mentum of the system consisting of the particles 
A and C emitted as a result of the interaction (5) 
must be zero. 

The results obtained earlier!»*,* are now easily 
understood. Capture of a y meson by a proton is 
rigorously forbidden in the 3S state because of the 
law of conservation of angular momentum. Since 
a radiative transition from a state with J = 0 to 
another state with J = 0 with the emission of one 
photon is impossible, radiative capture of a p 
meson by a proton in the ‘S state with emission of 
one photon is also rigorously forbidden. 

3. Since the wave function W does not depend on 
what happens in the intermediate state, it is very 
convenient for applications. As an illustration let 
us consider the correlation of the polarizations of 
particles A and C. The table shows the relative 
probabilities of the various combinations of polari- 
zation states; these probabilities are easily ob- 
tained by the use of the function W. 

(In this table va and vc are the speeds of parti- 
cles A and C, and @,4c is the angle between pa 
and pc). The functions in the third column of the 
table give the amounts of correlation of the polari- 


(9) 


SA, PA Sc ,PC Relative probability 
parallel parallel */9(4—v 4)(1A—v¢)(1—cos 6 4c) 
parallel antiparallel 1/a(1—v 4)(1+0¢)(1-+cos 8 yc) 
antiparallel parallel 1/9(4+-0 4)(1—v¢)(1-+c08 9 ac) 
antiparallel antiparallel 1/o(4-+0 ,)(1+0¢)(1—cos 8 4) 


daniel Seta re I Oe 
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zations of fermions emitted in any weak interaction, 
under the condition that we can neglect the other 
interactions of these fermions. Let us investigate, 
for example, the correlation of the polarizations 

of the neutrino and neutron in the radiative capture 
of a # meson by a proton. Let A denote the neu- 
trino and C the neutron; then it can be seen from 
the table that the neutrino must be a left-hand 
screw particle, and the degree of longitudinal po- 
larization of the neutrino is 


(cos 8 — v) /(1 —vcos 9), (10) 


where v is the speed of the neutron and @ is the 
angle between the momenta of the neutrino and the 
neutron. The table can also be applied to the decay 
of the # meson, to B decays of nucleons and 
hyperons, and so on. 

Since the theory is invariant with respect to 
time reversal, the correlation functions given in 
the table can be used to describe the dependence of 
the transition probability on the polarization states 
of the fermions in the initial state, and in particu- 
lar the dependence of the rate of capture of pu 
mesons on the hyperfine structure of the p -mesic 
atom. In this last case we can assume as a first 
approximation that only the iS; state of the pu 
meson and proton contributes to the capture. For 
amore accurate treatment, one must take into 
account the contribution of the °Pp state. 

Since the V—A Fermi interaction is invariant 
with respect to combined inversion, the functions 
that describe. the correlation of the polarizations 
of antifermions can be obtained from the table by 
the replacements 


A A, Cc (11) 


together with change of sign of the spins of parti- 
cles A and C (the operation ‘‘parallel = anti- 
parallel’’), Lack of agreement between the con- 
clusions obtained by using these functions and ex- 
perimental results would either cast doubt on the 
universality of the V—A theory of the Fermi weak 
interaction or indicate an influence of other inter- 
actions, for example, a renormalization effect. 

As Feynman and Gell-Mann have remarked, ?® 
one could equally suitably take as the Hamiltonian 
of the universal weak interaction either the ex- 
pression 


H; = (G/V 2) $41, (1 — 15) bp %o%q(1—%s)%p, (12) 
or the expression 
Hz = (G/V 2) b41, (1 — 15) Pebc%e (1 + 7s)b5. (18) 


To settle which of the Hamiltonians (1), (12), or 
(13) is the correct one, it is necessary to find out 
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whether they lead to different physical conse- 1 
quences. Therefore it is useful to note that Eqs. 
(1), (12), and (13) give different correlations of the 
polarizations. 

The expression (12) can be obtained from (1) by 
space inversion, and consequently all formulas ob- | 
tained from Eq. (1) are converted by space inver- | 
sion into formulas that follow from Eq. (12). In | 
particular, scalar quantities will remain unchanged, | 
whereas pseudoscalar quantities will be changed in 
sign; thus to distinguish between Eqs. (1) and (12) 
one must measure pseudoscalar quantities. The | 
correlation of the polarizations of the fermions in | 
the process described by the Hamiltonian (12) can | 
be obtained from the table by the interchange 
‘parallel = antiparallel’? mentioned earlier. The 
correlation for antifermions can be obtained in a 
similar way. 

After a charge-conjugation transformation the 
expression (13) can be written in the form 


—(G/YV 2) bay, (1 + 5) abet, (+ 5) bp: 


Thus the correlation of the polarizations given by 
the Hamiltonian (13) can be obtained from the table 
by the replacement 


(14) 


ALOE: (15) 


Accordingly Eq. (13) leads to a universal correla- 
tion of polarizations between fermion and anti- 
fermion. 

The expression for the interaction Hamiltonian 
composed of two-component spinors, as proposed 
by Feynman and Gell-Mann,? leads to interesting _ 
consequences regarding the polarization state of a 
photon emitted by a fermion in a weak-interaction 
process, if the fermion is initially at rest. Let us 
take as an example the process described by the 
diagram of Fig. 2. The vertex represents the 


ra 


EG, 2 


V—A Fermi interaction, and the photon is emitted 
by particle B. The corresponding element of the 
S matrix is of the form 


Ax 


i (py —h) Sm}, e 
(pp — 2)? + my V20 


Ra (1 + 45) U (Sp, Pa): (16) 


R represents the rest of the diagram, excluding 
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the part that begins with the external line B and 
ends at the weak-interaction vertex. The rest of 
the notation is obvious. We have (particle B is 
initially at rest) 


{i (DP, —k) —m,} & = & {ik — ip, —m,). (17) 


Since 


{ip, +m,} u(S,, pz) = 0, (18) 


the expression (16) takes the form 
iRy, (1 + 1,) e Ru (Sp, Pp) /{(Pp —#)? + m3} V 20. (19) 
We note that for a left-circularly polarized photon 


ek = —2 "(1 —y,)e’ sw. (20) 


If follows from Eqs. (19) and (20) that the emis- 
sion of a left-circularly polarized photon by parti- 
cle B is forbidden —a result first pointed out by 
Dye and others® and by Manacher and Wolfenstein.’ 
It is easy to see that if the weak interaction is de- 
scribed by the expression (12) the emission of a 
right-circularly polarized photon by a particle at 
rest is forbidden. Therefore measurement of the 
polarization of a photon emitted by a particle at 
rest offers a possible way to settle the question as 
to whether the interaction Hamiltonian is of the 
form (1) or (12). 

4. As an example of the application of the re- 
sults of the preceding sections let us consider the 
angular distribution of neutrons emitted by nuclei 
that have captured ~ mesons. Dolinskil and 
Blokhintsev® have shown that both the neutrons 
emitted by polarized nuclei that have captured un- 
polarized mesons and the neutrons emitted by un- 
polarized nuclei that have captured polarized 
mesons have isotropic distributions if the weak 
interaction that leads to the capture is of the V—A 
type and if there are no effects of renormalization 
and of interaction in the final state. The nonrela- 
tivistic approximation was used in their calcula- 
tions. In particular, they assumed that the speed 
of the proton is very small and dropped the small 
components of the proton wave function. The re- 
sults of Dolinskil and Blokhintsev can now be un- 
derstood without any calculations. In the center- 
of-mass system of the meson and proton a pu 
meson can be captured by a proton only if these 
two particles are in a state with J= 0. Therefore 
it is obvious that the angular distribution of the 
emitted neutron must be isotropic, regardless of 
whether the nucleus and » meson are polarized or 
unpolarized, provided that the » meson and the 
proton in the nucleus are regarded as being at rest 
before the capture. 
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The results presented above can be affected by 
two things, namely: 1) the presence of strong in- 
teraction, in particular, renormalization effects 
and interactions in the final state, and 2) rela- 
tivistic effects associated with the motion of the 
proton. Dolinskii and Biokhintsev® have shown 
that if one takes into account effects of strong inter- 
action, a sizable anisotropy would be observed. 

The main terms in their expression for the asym- 
metry parameter are proportional to: 


E,/my,~m, /My, 


(21) 


where Ey, is the energy of the emitted neutrino, 
and My and my are the masses of the » meson 
and the nucleon. Because of interference between 
the weak-magnetism term and the pseudoscalar 
term the numerical coefficient of the factor (21) 
has the large value 4. 

By using the table one can show easily that rela- 
tivistic effects can also lead to an asymmetry in 
the angular distribution, which is proportional to 
m7,/My (Mz is the mass of the 7 meson). This 
expression is of the order of magnitude of the mo- 
mentum of a nucleon in a nucleus. As has already 
been established above, the neutron is emitted iso- 
tropically in the system in which the center of 
mass of the » meson and the proton is at rest. In 
a system in which the center of mass is in motion 
the neutron is emitted mainly in the forward direc- 
tion. Let us consider the case in which the proton 
that captures the » meson is in an s;/) state. We 
assume that the 1 meson is at rest and is com- 
pletely polarized in the direction of the z axis. 
The velocity of the proton, and therefore also that 
of the center of mass of the proton and the meson, 
is distributed isotropically in all directions. 

Since, as can be seen from the table, the capture 
probability depends on the spin and the velocity, 
relativistic effects easily lead to an asymmetry in 
the angular distribution of the neutron. 

As illustrations let us consider two cases in 
detail: 1) the proton is moving in the direction of 
the z axis; 2) the proton is moving in the opposite 
direction. The particles A and C in the table 
must now be taken to be the proton and the pu 
meson, respectively. If the spin of the proton is 
parallel to that of the # meson, the capture prob- 
ability must be zero, according to the table. If the 
spin of the proton is antiparallel to that of the p 
meson, the capture probability is proportional to 
1+vincase 1, whereas in case 2 the capture 
probability is proportional to 1 - v (v is the speed 
of the proton). The proton has a large probability 
for capturing the u meson if its velocity is paral- 
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lel to the spin of the » meson, and thus more 
neutrons are emitted along the direction of polari- 
zation of the ~» mesons. The asymmetry is ob- 
viously proportional to v® m7z/my. This result 
is confirmed by calculations, if as the proton wave 
function we take the wave function for a particle in 
a spherical region, and for the neutron wave func- 
tion we take a plane wave. 

The argument that has been given shows that 
here, as is indeed usual, the influence of renor- 
malization is weakened by the relativistic effects. 
In an accidental way the effects of renormalization 
and the relativistic effect work against each other 
in this case (the effect of renormalization causes 
the emission of a larger number of neutrons in the 
direction opposite to that of the spin of the p 
meson®), Inclusion of interactions in the final 
state, such as the spin-orbit interaction, compli- 
cates the situation still more. It is interesting to 
note that experiments by Astbury and others’ with 
the isotope S** have given a negative asymmetry 
parameter, whereas experiments of Baker and 
Rubbia!? with magnesium have given a positive 
parameter. It would be useful to make experiments 
with a nucleus of simple structure, such as Ne”?. 
Since in this case the nucleons of the outer shell 
are in the 2s state, there is no difficulty with in- 
clusion of the spin-orbit interaction in the final 
State. 

It has been shown experimentally!! that the 
B—decay interaction is mainly of the V—A type. 
It is interesting to see whether the weak interac- 
tion that leads to » capture is also an interaction 
of the V—A type. Telegdi!? has shown that the 
w. -capture interaction cannot be of the form (13). 
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The experiment he uses does not, however, show 
that the p-capture interaction must necessarily 
be of the V—A type, namely, of the form (1). 
Since the quantity measured in the experiment is 

a scalar, the experiment can also be explained by 
an interaction of the type (12). In order to assign 
the -capture interaction to the type V—A itis 
necessary to measure a pseudoscalar quantity, 
such as the longitudinal polarization of the neutron 
emitted in the capture. 
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A variational principle is formulated which is invariant with respect to the normalization of 
the wave functions and which can be used in the case when the wave functions of the initial 
and final states are not orthogonal. The problem of the uniqueness of perturbation theory 
in this case is considered. The possibility of employing the variational principle for the 
solution of problems concerning the decay of stationary states and charge exchange is dis- 
cussed. The basic equations for charge exchange at large impact parameters are derived 


from the variational principle. 
1. INTRODUCTION 


] T occurs frequently in the solution of nonstation- 
ary problems in quantum mechanics that the wave 
functions of the initial and final states are not or- 
thogonal, becoming orthogonal only in the limit 
t—->+°. Processes of this kind are, for example, 
all collisions involving a redistribution and, in 
particular, the simplest of these collisions, the 
charge-exchange collision. If these problems are 
solved by perturbation theory, assuming that the 
transition probability is small, we are faced with 
the non-uniqueness of the basic formulas of per- 
turbation theory. Indeed, adding an arbitrary func- 
tion of time to the perturbation changes the transi- 
tion probability calculated by perturbation theory. 
On the other hand, this addition can be eliminated 
from the energy operator by an elementary uni- 
tary transformation and, evidently, cannot affect 
the true transition probability. This fact was noted 
in a number of papers! and ways of removing this 
non-uniqueness were proposed.” 

It is well known that the basic formulas of per- 
turbation theory can be derived from a variational 
principle. It is therefore natural to investigate 
this non-uniqueness by variational methods. The 
usual formulation of the variational principle for 
nonstationary problems (see, for example, refer- 
ence 3, Sec. 25) does not immediately lead to a 
solution of this problem. It turns out, however, 
that one can formulate a new variational principle, 
using a stationary expression for the transition 
probability which is invariant with respect to mul- 
tiplications of the trial functions by arbitrary func- 


tions of time. This makes it possible to avoid the 
above-mentioned non-uniqueness. 

The new variational principle is very conve- 
nient for the investigation of the decay of nonsta- 
tionary states. Using it for processes of the 
charge exchange type, we are able to explain why 
the usual formulas of perturbation theory are un- 
satisfactory in this case and to establish which 
properties of the trial functions are essential for 
the correct formulation of the problem. By taking 
account of these properties we can give a more 
consistent derivation of Bates’? basic equations 
for charge exchange for large impact parameters 
from the variational principle. 


2. FORMULATION OF THE PROBLEM AND THE 
VARIATIONAL PRINCIPLE 


Consider the problem of finding that solution 
W, of the Schrédinger equation 


HY = ihoy / dt, (1) 
which satisfies the initial condition 
Yi (t1) = hi0 (2) 
The quantity 
ar, = \ 98s (te) de, (3) 


which is usually the unknown, determines the prob- 
ability for the transition of the system from the 
state gy, attime t,; tothe state gp, at time tp. 
We assume that the operator H is self-conjugate 
and can depend on the time. The functions gy, and 
~, are in general nonorthogonal. 
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For the formulation of the variational principle 
we consider the functional 
te 
T (Os, )\ \ at \ 3 (t) (H —ihd/dt) ®,(t)dt, (4) 
i, 
where the functions 4, and 4, satisfy the condi- 
tions 


M, (41) = $1, Da (t2) = $2, (5) 


and make a variation of this functional in the neigh- 
borhood of the exact solutions %, and W, of the 
Schrédinger equation (1) satisfying the condition (2) 
and the condition 


Ys (te) bye, (6) 


respectively. Using the hermiticity of the operator 
H, integrating by parts, and imposing the conditions 
6W, (ty) = 6V_(t.) = 0, we obtain 


J (Yo + 882, Fr + 88) = — sh | Ws (t2) 8F (F2) de 


te 
* and 
+-\ del ows (H —ih5,) 88, de. 
From this we immediately find the stationary ex- 
pression for ajo: 


(7) 


Gee=St {\o, (ts) D, (t,) de + Ata \ @;(H —ih =) ®, dx| 
t 


(8) 


Substituting in this formula functions #, and 
@, which are close to the exact wave functions 
and WW, we obtain an approximate value for ajo, 
which differs from the exact value only in second 
order of smallness. 

The first term on the right hand side of (8) rep- 
resents the value of aj. as computed directly by 
(3) with the help of the approximate function 4. 

In cases when the second term does not vanish we 
can improve the value of aj;. by using (8); this im- 
provement is often quite essential. 

It is seen from (7) that (8) gives the exact value 
for ay, also if only one of the functions %,, %, is 
replaced by the exact wave function, assuming that 
the other is arbitrary, satisfying only condition (5). 

The asymmetry of (8) with respect to t; and 
t, is only seeming, for the same formula can be 
written in the form 


est \@: (t;) D, (44) de 


ty E 
4 / coy CG) ) 

si au NC —ih a ©, | ©, dz}. (9) 

ty 

By going to the limit of the stationary problem we 

can obtain the usual formulation of the variational 

principle® for the scattering phases and amplitudes 

in perturbation theory. 
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3. PERTURBATION THEORY. NON-UNIQUENESS | 
OF THE BASIC FORMULAS | 


Let us now consider the case when the energy 
operator can be split up into a perturbation and an 
unperturbed part in two ways: 


H =f, +V, = Hz +V>. (10) 


We assume that the solutions of the Schrodinger 
equations for the unperturbed operators are known: 


Ay, = th Op, / Ot, dy (t1) = 1, (11) 
Hob, = ihOb,/ Ot, a (te) = $2. (12) 


Regarding the perturbation as small, we can then 
assume that the functions ¥%, and 7% are close to 
the corresponding solutions %, and W, of equa- 
tion (1). Substituting the functions 7%, and y%, in 
the functional (8), we obtain an expression for a4 
in the first order of perturbation theory:* 
: i¢ : 
Q\2 = \¢ dy (t2) dt - ih \ dt \ d Viti dt. (13) 
ty 

In order that this expression be invariant with 
respect to the addition of an arbitrary function of 
time to the perturbation V,, it is necessary that 
the functions 7%, and wy, are orthogonal for all 
times between t; and t,. This condition is satis- 
fied in the usual case, when V, = V2, and % and 
y~, are functions corresponding to different sta- 
tionary states of a system with the energy oper- 
ator H,; = H,. However, this orthogonality re- 
quirement is evidently not fulfilled in this case 
if ~1 =, i.e., if we ask for the probability that 
the system remains in its previous state. It is 
true that the quantity aj. is then not necessarily 
small, but in contrast to the usual formulation of 
perturbation theory, the use of the variational 
principle is not based on the assumption that aj, 
is small. 

An example of the type of problem that can be 
treated in this way is the charge exchange problem, 
i.e., the transition of an electron from one atomic 
system to another in the collision of the two. In 
the simplest approximation we can assume that 
the atomic systems move along classical trajec- 
tories (for sufficiently large impact parameters, 
simply along a straight line) and describe the in- 
teraction with the electron by the effective poten- 
tials U, and U,. Then the energy operator has 
the form 

p 2 ees 


1 V2 4 Ui (r—R/2)+Us(r +R/2), (14) 
*If the wave functions yj, and yw, are substituted in the 
functional (9), this quantity will be expressed in terms of the 

matrix element of the operator V,. 
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R=e-+vt, (15) 


The potentials U, and U, play the role of the per- 
turbations V; and V», and the functions 7, and Po 
have the form 


pv =0; 


dy = y(t + R /2)exp{ + ivr —i (E, + 07 / 8) 2}, 
b> = x2 (r — R/2)exp (Live —i(E, + 02/8) t}, 16) 
where x, and x». satisfy the equations 
ae Ua) (t) — Fira (ts 
[— + V? + U1 (r)] x2 (t) = Lox. (1): (17) 


Then the coefficient ay. which determines the prob- 
ability for charge exchange in a transition from the 
state x; to the state x. has in first order perturba- 
tion theory the form 


Aap 


£9 
ara A \dteterene{ ye — By, — Bale 4 Borde, 


—6O 


(18) 
Since the functions x, and x, are nonorthogonal 
for finite t, this expression changes if a function 
of time is added to U;. The problem of how to 
choose this function has been discussed by Bates.’ 


4. INVARIANT VARIATIONAL PRINCIPLE 


We now discuss how the formulation of the vari- 
ational principle must be modified in order that the 
substitution of arbitrary trial functions should not 
lead to the above-mentioned non-uniqueness and 
that the expression for the transition probability 
be automatically invariant with respect to addition 
of an arbitrary function of time to the energy op- 
erator. 

Let us assume that we know functions ®, and 
, which are close to the exact wave functions % 
and W,. Substituting these functions in (8) we ob- 
tain an approximate value for aj,. Then we mul- 
tiply the function ®, by f,; and #, by f,, where 
f, and f, are some functions of time which satisfy 
the conditions 


fi (t1) = fe (te) = . (19) 


We require that the functional be stationary with 
respect to arbitrary variations df; and of, with 
the condition 


oft (¢;) a She (¢2) = 0. (20) 


Using the expressions (8) and (9) for the functional 
we then obtain equations for the functions f, and 
fy: 


inf, \ @; @,dt= f,\ 03 (4 —ihd/dt)®,dc, (21) 


inj, \ 0:0, dt =f, \ ((H —ihO/dt)®,)'D, de. (22) 


Solving these equations with the initial conditions 
(19), we find 
t 
fi =exp{——-\ Lat}, (23) 
ty 


L =\,(H —iha/at) O,de [| 0; 0, ar; 


te 
fy = exp {— - \L at\ \o; (é2) ©, (ts) dz / \ D} (t) D, (t) dz. 
: (24) 
Let us now substitute the “improved” functions 
f,®, and f,, in the functional (8). We see imme- 
diately that the function under the time integral 
from t, to t,. vanishes; only the first term remains, 
and we obtain 


te 
dis = St {\ D} (ts) ©, (ts) exp [- = \Latlact | G5) 
ty 

This variational principle has all the required 
properties. Indeed, it is easily seen that the mul- 
tiplication of the functions ©, and #, by the arbi- 
trary functions f,; and f,, which are subject only 
to the conditions (19), does not alter the value of 
the functional. Moreover, it is apparent at once 
that the addition of a real function of time to the 
operator H changes aj, only by a phase factor. 

In contrast to the usual variational principle, 
the functional takes on its stationary value not 
only for the exact functions % and W,, but also 
for any other functions which differ from the ex- 
act functions by a time factor. In the solution of 
the problem by direct methods both variational 
principles lead, of course, to the same results if 
the time factor is regarded as one of the param- 
eters to be varied. If this condition is not satis- 
fied, the variational principle (25) guarantees the 
stationary property of the functional for a wider 
class of functions and gives, in this sense, a more 
exact expression for a,, than the functional (8). 

It must be borne in mind, however, that the func- 
tional (8) does not have the extremal property, so 
that the agreement between the approximate and 
exact values of a, can only be accidental; in this 
case the extension of the class of functions to be 
varied leads sometimes (as we shall see later ) 
to a poorer approximate value for aj). 

The remarks made in connection with the vari- 
ational principle (8) at the end of Sec. 2 also apply 
to the new variational principle. Thus, for exam- 
ple, we obtain the exact value of a,. if we substi- 
tute ®,= W, and an arbitrary 4, in the functional 
(25). Dividing the interval ty <t <t, into the two 
intervals ty <t <ty and t) <t <t,, we can easily 
rewrite the expression (25) in a symmetric form 


1354 Nghe. 


with respect to ty and t,. For the transition prob- 

ability we obtain 

wis = St {|| ; (¢,) ©, (¢.) de] exp |= Im Lat 
7 t 


1 


te 

2 . 
pe aoa ir bile Bots ta 

rim | Lt 

L! =I ((H —ih 5) ®,) @, dt i \ @3@,dz, (26) 
where the dependence on the intermediate time in- 
stant must disappear from the final result. 

We note in conclusion that formula (25) leads 
immediately to an exponential law for the decay of 
a quasi-stationary state, if $, is replaced, as 
usual, by an approximate function which satisfies 
the equation 


HQ, es (E, — iY) M,. (27) 


In this case the functions of the initial and final 
states coincide, which is especially convenient for 
the application of the variational principle. 


5. CHOICE OF TRIAL FUNCTIONS FOR CHARGE 
EXCHANGE TYPE PROBLEMS 


In the calculation of the charge exchange by per- 
turbation theory it would be natural to substitute 
6, = %, and = y in the functional (25), setting 
ty =-—% and t,=+. The functions 7%, and yf, 
become orthogonal for t+ and in order to 
avoid ambiguities it is more convenient to use the 
equivalent formula (26), setting in it t)=0, for 
example. 

In order to investigate the legitimacy of such a 
procedure, we return to the initial formulation of 
the variational principle (8). We do not impose 
any further restrictions on the functions #, and 
, except the conditions (5) for t= t, and t = ty. 
In particular, the normalization condition and the 
condition if $},dT = const, which hold only for 
the exact functions %, and W., may not be satis- 
fied. If we now turn to the “corrected” functions 
$f; and %,f. and use the explicit forms of f; and 
f, [formulas (23) and (24)], we see that 


\ 3f;@,f, dt = const 


and, hence, the normalizing functions f, and fy 
are determined by the variational principle in 

such a way as to make the overlap integral a con- 
stant. This implies that, if y, and %, are chosen 
as trial functions, the normalizing functions f, and 
f, will increase exponentially with time and the 
functions %, and W, will cease completely to be 
close to the exact %, and W,. Indeed, the corre- 


N. 


DEMKOV i 


sponding calculations for the charge exchange of | 
protons with hydrogen atoms indicate that the in- -4} 
tegrals in the denominator of formula (26) diverge | 
in this case and that, therefore, this choice of trial 
functions is unsatisfactory. 

We therefore require that the class of functions 
to be substituted in the functional is consistent with 1 
the condition that the overlap integral i &}b,dT 
be constant without any appreciable distortion of 
the wave functions. The simplest choice that can 
be made in this case is the superposition of the 
functions 7%, and 2: 


D, = fld, + f2be, De = fii + fide; (28) 
[R(—o){=1, fi(— oo) =0, | 
fa(co) = 0; [f2 (co) | =J5 (29) 

Wy = | f? (00) |?. (30) 


In this case the normalizing factor is one of the 
parameters to be varied, and we can require that 
the functional (8) or even the functional (4) be sta- 
tionary in the derivation of the equations for the 
functions f, assuming that the variations are zero 
at the ends of the interval. We obtain the follow- 
ing equations for f, and f,: 

ih (f+ Sf?) = Var? + Viol? 
ih (7? = 2) aie Voip? a Vool?, (31) 
where 


S=\dds, Vi = \ GU hyde (i 7 =1, 2). G2) 
These equations were obtained directly from the 
Schrédinger equation by Bates. Their derivation 
from a variational principle is more consistent 
and unique (see reference 3, Sec. 13). Solving 
these equations with the boundary conditions (29), 
we can determine the probability for charge ex- 
change for different impact parameters. 

It was shown in the paper of Bates? that this 
approximation is useful for fast collisions. How- 
ever, the most important criterion for the applic- 
ability of this method is provided by the value of 
the impact parameter p. For sufficiently large 
impact parameters (in practice, at distances of 
the order of two to three atomic radii) the wave 
functions are given with sufficient accuracy by 
(28), so that the approximation is adequate. Argu- 
ments can also be given in favor of the assertion 
that the polarization has a small effect on the 
probability for charge exchange. 

It follows immediately from the variational 
principle that all integrals 


(i * “ 

|; (H ip =) Dj de (33) 
vanish. From this we cbtain at once the normali- 
zation conditions and the condition that the over- 
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lap integral is constant, i.e., the condition of con- 


servation of particles and the principle of detailed 
balancing: 


Jfi(co) P+] Fi(co) P= 1, [f(— 0) [P+] R(— 0) P= 1, 


(34) 
fi (co) = fz (— 0). (35) 


In studying the question of the applicability of 
perturbation theory to the solution of the system 
(31) we must ascertain which parameters must be 
considered small in the problem. There are two 
such parameters: the values of ~,(R) and Po(R), 
which determine the smallness of the coefficients 
Vio, Voi, and S, and the values of U,(R) and 
U,(R), which determine the smallness of the co- 
efficients V4, and V2. However, if the potentials 
U; and U, have Coulomb character, the second 
set of parameters cannot possibly be regarded as 
small for large R; moreover, the integrals 


‘ Feo ‘ +00 
Sia \ Vi, dt, Th \ Voodt, 


which occur in the solution of the system (31) by 
the method of successive approximations, are di- 
vergent. All coefficients of the system can be re- 
duced to the same order of smallness either with 
the help of the transformation 


fi = 21 exp (—=-|vuae), 
fo = Q2 exp (—7,\Vooat), 


or by preliminary orthogonalization of the functions 
y, and y,. Thereafter the usual perturbation the- 
ory can be applied, and both methods lead tc Bates’ 
expression? for the transition probability 


(36) 


ae: 4 
wo= = \ (Vis == Vo2S) Cie. (37) 


—oco 


We thus obtain the result that the appearance of 
additional terms in the formulas of perturbation 
theory is due to the simultaneous effects of two 
factors: the nonorthogonality of the zeroth order 
wave functions at intermediate times and the fact 
that the interaction has Coulomb character and 
cannot be regarded as small. 


For the calculation of the charge exchange in 
slow collisions we may take recourse to the adi- 
abatic approximation,’»® using as approximate 
wave functions the molecular wave functions with 
the time factor exp[-(i/h) { E(R) dt]. Substitut- 
ing these functions in the stationary functionals, 
we can also consider the adiabatic approximation 
from the point of view of the variational principle. 


6. CONCLUSION 


Our formulation of the variational principle for 
nonstationary problems of quantum mechanics is 
more general than the old formulation (8). In par- 
ticular, it is easily seen that, if the overlap inte- 
gral for the trial functions is independent of the 
time, the old variational principle can be obtained 
from the new one by expanding the exponential in a 
series and keeping only the first two terms. 

The use of this variational principle for direct 
calculations is apparently somewhat hampered by 
the fact that the dependence of the functional on 
the parameters of the trial function may be rather 
complicated. However, this variational principle 
may be useful in the most diverse problems for 
the investigation of various general questions and 
also in those cases where the approximate wave 
functions are already known. 

In conclusion the author thanks V. A. Fock and 
G. F. Drukarev for a detailed discussion of this 
work and for valuable advice. 
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SOLUTION OF EQUATION FOR THE MESON-MESON SCATTERING AMPLITUDE IN THE 


ASYMPTOTIC REGION 
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Leningrad Physico-Technical Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor February 2, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1887 


The set of integral equations deduced in references 1 and 2 for the meson-meson scattering 
amplitude is solved exactly. An integral equation for the amplitude which depends only on 
one variable is obtained as a direct mathematical corollary of this set. 


‘Tae asymptote of the meson-meson scattering 
amplitude was studied in references 1 and 2 by 
means of the summation of the “parquet” sequence 
of Feynman diagrams. A set of integral equations 
was obtained which determine the amplitude as a 


function of two variables (actually, the transferred 


momentum and the energy) and, in independent 
fashion, the equation for the amplitude which de- 
pends on a single variable, corresponding to the 
case in which all the invariants of the problem are 
quantities of the same order. However, it was not 
possible for the authors to obtain the latter equa- 
tion as a direct mathematical corollary of their 
system of equations; moreover, the given system 
was solved only in certain limiting cases. In the 
present work, the equation for the amplitude which 
depends on a single variable was derived directly 
from the set of integral equations, and an exact 
solution of this system was obtained. In limiting 
cases the resultant solution coincides with the 
solution given in references 1 and 2, if we correct 
the computational error made in these papers. 

As was shown in references 1 and 2, the ampli- 
tude P in the case of neutral pseudoscalar theory 
consists of three terms which can be conveniently 
chosen as functions of the variables x and y: 


Ro (x) + 20 (x) ae ® (x, y), 
—/s 


| 


P (x, y)= 


(x) == D(x, x), x=] a °F In 
es 


7 


Here A’, s, and t are squares of the cutoff 
momentum, energy, and transferred momentum, 
and gy) is the unrenormalized coupling constant. 
The quantity R)(x) is the contribution to the am- 
plitude of the simplest diagram, while @(x) and 
@ (x, y) are the contributions of the most impor- 


oho 


y=[1+ (1) 


VOLUMEFIE; 


-1890 (June, 1960) 
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NUMBER 6 1960. 


tant (“contractible”) diagrams. The quantity 
P (x, y) satisfies the integral equation 


x 


\s) P(t ae —\sOPbENS, 


P(x, y)=s(e)—5 


P(x) — O12) PP Eh aes: 


(2) 


8 (x) = Ro(x) + 20 (x) = 


It is most important for the following that the 
variables in (2) are separable. In fact, if we set 
P (x, y) = P,(x) P,(y), divide both parts of (2) 
by P,(y), and differentiate with respect to y, 
we easily obtain 


Ps (y)/P3(y) = Pr (y)/2y?, (3) 


so that x -dependent terms drop out of the equation 
for P,(y). It follows from (3) that 


= 


The same integral enters into (2) also, upon sub- 
stituting P(t, y) =P,(t)P,(y). If, in accord with 
Eq. (4), we replace it by the difference Py ly) 
—P,1(x), an integral equation is obtained which 
does not contain y, and which, together with (4), 
comprises a system equivalent to (2). The relations 
that follow can be obtained by starting out from 
this pair of equations, but we shall set them up in 
a somewhat simpler fashion. Differentiating (2) 
with respect to x and setting x=y, we get 


P, (x) Pa (x) = 8’ (x). 
It follows from (3) and (5) that 
P" (x) = 8’ (x) + P? (x)/2x?. (6) 


It is easy to see from the definitions (1) and (2) 
that s(x) = '/%,Ro(x) + %P(x), which gives the 
following final integral equation for an amplitude 
dependent on one variable: 


1 
2 


4 
P2 (y) (y) 


1 
PGS) (x) ‘ 


Ai) His 


(4) 


(5) 
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dt. 


P(x) = (7) 


Ral) + 2 {240 


1 


This result coincides with the equation for P(x) 


obtained in references 1 and 2 by a special consid- 
eration of the graphs. The solution of (7) is found 
in references 1 and 2 inthe form 


P (x) = sale) ty aA a = 


V 145. 
(8) 


The fact that P(x, y) = P,(x) Po(y) makes it 
possible to find P(x, y). Itis easy to see from (3) 
that 

“i 


(9) 


y 
Ps (y) = exp E <2 dt| = const: y(@+v/6 (1 += ais | y 


Hence: 
a+ 1 (4+-1)/ 
P(x, y) = "Fox (ZO — ae) 


x[ ile J iseeeey “y" 


The situation is somewhat more complicated in 
the case of symmetric pseudoscalar theory. Here 
the following relations hold by reason of the pres- 
ence of isotopic variables!” 

Peetsts (X,Y) = P(x, y) 8s + Pak, y) de2,82,44 


De,e,8 k, (x, y) = (x, y) 8s = ®, (x, y) Oz ,e, Be E49 
P(x, Y) = po(x) + 20 (x) + D(x, y) + ®, (x), 
P, (x, y) = ®, (x, y) — ®, (x), 


po (x) = (1 —x), x=[1+7 280 tn Ary 


(10) 


fy 4 80 Ay" bee. 8 
yt az an a “ 8s = Oe, 8e,e, = Oz, OE .E, air E184 CEsEss 


(11) 
& | is the isotopic variable of the i-th meson. 
If we introduce the notation 
Lis, Pin y= +s Pen 
¥ 
1° | dt 
+-\s@Pb ya (12) 


x 


then the corresponding set of integral equations can 


be written in the form 

P (x, y) = s(x) + L(s(x), P(%, ¥)), 

Px (x,y) = — ®, (x) + LIF (s(x) — , (x), 
P (x, y) + Pi(x, y)J + L(®, (x); Pi% Y))s 
S (x) = Py (x) + 2® (x) + ®, (x) 


= = P(x) ++ p(x) + 3: (2). (13) 


The first of these equations has the same struc- 


ture as Eq. (2). Again setting P(x, y) = P,(x) Poly), 


and repeating the calculations, we obtain from the 
first equation of (13) 


RAV temee CO) , , 
Poy) oy? P, (x) Ps (x) =’ (x), 
4 C P2(t 
P(x) =s(x)—| od. (14) 
1 
Or, taking into account Eq. (13) for s(x), 
PG) = pole) +s (2) —| a (15) 


Using the first equation of (13), we can trans- 
form the second equation into a form coinciding 
with (2): 


G (x, y) =2(x) + L [2 X(x), G(x, y)], 


G(x, y)=FP(x,y)+Pi(x,y), d(x) = 28 (x) —O, (2). 
(16) 
It is then clear that G(x, y) = Gi(x) G,(y), whence 
G, (y) G(y) 
oe Dy? G, (x) Gy (x) = X' (x), 
G (x) =(x)— +\ ad (17) 


1 
Since P,(x,x)=0, then, in accord with (16), 
G(x) differs from P(x) by only the factor Ye 
Eliminating ,(x) from (17) and (15), we easily 
obtain 


“(© at, 


P (a) = pola) — 28% (18) 


1 


which again is identical with the result of refer- 
ences 1 and 2. The solution of this equation is 
By! zs = x 


whence, by the method given above, we can easily 
obtain P(x, y): 


Pix, py x(a) (1 ee) 
(lieben ee) eer gn) Bea 


In order to find P,(x, y), we can use the re- 
lation (17) and the first equation of (14). Since 
G(x) = %P(x), we obtain 

G,/G, = 5P,/2P., 


i.e. G, = Pe, GF 


No ere ieee serys (19) 


(20) 


PP x’, (21) 


whence 
Py (x, y= = 
x (1+ yy [e/g (+ ay 


x (1+ fy" — I]. 


—19/,\—*/a1 


(Gr ¥) x y-"/(L — a9) (Lp apt 


(22) 


In references 1 and 2, P(x, y) and P(x, y) 
were obtained in the limiting cases x-1 <1, 
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y-1«<«<1 (perturbation theory) and x >1l, 
y > 1. If we correct the computational error con- 


ce Ble (oe 


(Gate 
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tained in these papers, then the corresponding 
equations have the form 


+}, x—1<1,y—-1<1 


18 pe Mley Mm, Samy See 
(—= (SP e—Dig— 189 -@ 1) +-- eh SEE i 

Je x, = 4 40 40 16 —16 
1 ( y) | +) 2(x fas yy fss__ Issy fy tees, x> 1, y> 1, 


which is identical to the expansion obtained directly 
from (20) and (22). 

The most curious fact is that the scattering am- 
plitude in the asymptotic region is a product of 
functions each of which depends only on the trans- 
ferred momentum and the energy. it is not clear, 
however, to what degree this property is preserved 
if we do not limit ourselves to a consideration of 
“parquet” diagrams only. 


The author is grateful to V. V. Anisovich for a 


number of useful remarks. 
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SOME EXPERIMENTAL POSSIBILTIES FOR VERIFICATION OF THE MODEL OF 
NONAXIAL NUCLEI ROTATIONAL SPECTRUM 


D. P. GRECHUKHIN 
Submitted to JETP editor February 6, 1960 
J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1891-1893 (June, 1960) 
It is shown that detection of EO transitions of the I* — It type (I is the nuclear spin) in 


even-even nuclei is a crucial test of the model of nonaxial nuclei with a rotational spectrum. 
The isotopic shift predicted by the model is considered. 


dee energy spectrum of individual even-even 
nuclei in the ranges 60 < A < 160 and 180 <A 

< 240 is interpreted by Davydov and Filippov! as 
the rotational spectrum of a nonaxial deformed nu- 
cleus whose surface is determined by two deforma- 
tion parameters B and y. In what follows we shall 
call this model the DF model. 

The comparison with experimental data of the 
results of calculations in the DF model of the level 
spectrum and of the probabilities of the M1 and 
E2 transitions, carried out by Davydov and his co- 
workers,!~* shows that some even-even nuclei are 
accurately described by the DF model. 

The DF model embraces the regions in the 
neighborhood of the magic nuclei and also the re- 
gions in which the nuclei have an equidistant level 
spectrum which was interpreted earlier as the 
spectrum of vibrational excitations of the nucleus. 
The fundamental laws of M1 and E2 transitions 
are also sufficiently well described (qualitatively ) 
in this region by the vibration model of the nucleus. 
In near magic regions of atomic weights, it appears 
that good agreement with experiment can be ob- 
tained in the shell model with residual interaction 
between the nucleons. We note that in our view 
there is at the present time no completely convinc- 
ing theoretical foundation for the DF model of a 
nonaxial nucleus with a rotation interaction spec- 
trum. Therefore, the problem of a model which 
most adequately describes the nuclear spectrum 
remains open, and more experimental data are 
necessary for its solution by means of any sort of 
model. 

In particular, it will be shown below that the de- 
tection of EO transitions of the type I* — I* (1 
~ 0; I is the nuclear spin) is a crucial test for the 
DF model in which these transitions are strictly 
forbidden. * 


5,6 


*The necessity for investigating E0 transitions in even-even 
nuclei with equally spaced levels was noted earlier by the 
author.” We again turn to this problem in connection with the 


The additional data make possible a study of the 
isotopic shifts of the levels of the atomic electrons. 


1. EO Transitions in the DF Model 


In the DF model, the wave function of the n-th 
rotational state with spin I and projection M is 
the product of the functions of the rotational motion 
of the nucleus VYypy(6i), where 6; are the Euler 
angles, by the function of the state of the core, 
which depends on the deformation parameters, 

? By (rj,). It is assumed that in the different rota- 
tional states of the nucieus the internal state of 
the core remains unchanged: ! 
Warm (Bs ts 82) = Yara (81) P+ (re). (1) 
Inasmuch as the operator of the EO transition 
Z 
£0 = dir? (1a) 
i=1 


is a scalar, on going to a system of coordinates 
rotating with the nucleus, we obtain for the matrix 
element of the EO transition (n,IM — n,IM) 


<n M | E0| nl MY 


Z 
=< Pay | U(r)? | Pan» \ Pam (9) Lam (8;) dt. (2) 
é=1 

Since the functions of the rotational motion of 
the nucleus for different states are orthogonal 


| Pram (9;) ea (6;) Oke = Ota (2a) 
the matrix element of the EO transition in the DF 
model is exactly equal to zero. 

We note that in a model of the nucleus with a 
vibrational spectrum of excitation EQ transitions 
of the It — I* type (I ~ 0) are not forbidden. In 
particular, for EO transitions (2* — 2*) between 


appearance of new experimental data on EO transitions.” The 
author is grateful to I. S. Shapiro who directed his attention 
to this research of Gerholm and Petterson. 
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NONAXIAL NUCLEI WITH A ROTATIONAL SPECTRUM 


the second and third excited levels of the nucleus, 
the following has been obtained:' 


a */o 
cit | B0 ly = 2 2R2-5V/ Pekan)", @) 
where hw is the energy of the photon (the energy 
of the first excited level of the nucleus); Cy, is the 
stiffness of the nucleus relative to quadrupole de- 
formations of the surface. For example, it is as- 
sumed in reference 4 that the nucleus Pt! is non- 
axial (y 2 30°) and has a rotational spectrum of 
levels. But is was established by Gerholm,® by ob- 
servation of the angular correlation of the conver- 
sion electron with the y quantum, that an EO trans- 
ition takes place between the levels 2* — 2*, where 
the matrix element of the EO transition 

Z 

p= <2,2| Si (re Ro)? | 1.2 (3a) 

i=1 
has the order of magnitude 0.017 =|p|= 0.05. This 
value of |p| is comparable with | p| = 0.09 for 
Ge” and | p | = 0.06 for Zr*’.? Consequently, 
there is no basis for assuming the nucleus Pt? to 
fit the DF model. 


2. The Isotopic Shift of Electron Levels According 
to the DF Model 


The isotopic displacement of the levels of 
atomic electrons in heavy elements is determined 
by the change in the mean square radius of the pro- 
ton distribution in the ground state of the nucleus 


~ 
0>. 


Z 
¢r®) =<0| 37 (3b) 
f=1 
In the DF model! it is assumed that the protons 
are uniformly distributed over the volume of the 
deformed nucleus. Taking this into account, we ob- 
tain for < rv’ >pp: 


45 


OO = 2R3{I — =e + 3 B® cos 7 [1 —4sin®y]} 


(4) 
For comparison we write down < r? >vibr» ob- 
tained in the drop model with vibration spectrum: 


perp 
ioe = CRONE A 


(9) 


where 


= 5 hw/2Co. (6) 


B vibr 


The quantities p* and 62). are determined 
from the given probability of E2 transitions from 
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the first excited level of the nucleus to the ground 
state: 


B(E2; 21 +0) ~ 9Z%e®R4B2/80n? (7) 


and similarly for B%jpr- 
As is seen from (4), we have for nuclei with 
equally spaced spectrum (y = 30°) 


(ry 9 Se ZR Lae ary 


which coincides with < r? >)jpy- 

The change in < r’ PDF on going from one iso- 
tope to another is determined by the change in the 
parameters 6 and y. As is seen from (4), the 
change of y no longer contributes to the shift for 
nuclei with an equally spaced spectrum, but in the 
regions of transitions to magic nuclei and to axially 
symmetric nuclei with a rotational level spectrum 
the parameter y changes abruptly. For example, 
if we consider the isotopes Gd!®* Gd'®4 and Gd! 
within the framework of a DF model, then we have 
here for y the values 30, 13.7 and 0°, respectively. 
A similar situation holds for the isotopes Sm!%", 

Sm ‘52, sm!4 and, apparently, for Dy!®, Dy!® and 
Dy'*. The study of the isotopic mixture for these 
nuclei is important for verification of the DF 
model. 

In conclusion, the author expresses his gratitude 
to I. S. Shapiro for his interest in the work. 
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The connection between the longitudinal polarization of the B electrons and the shape of the 


B spectrum is established. 


As is known,! the shape factor of the B spectrum 
C(W) and the longitudinal polarization of the B 
electrons <o> are given by the following expres- 
sions: 


C(W) = 21M. (Z, W)f:(W, X), (1) 


=F DMZ, W)f(W, X)a(Z, W)/L Me (Z, W) 


x f:(W, X). (2) 
Here Z is the charge of the nucleus, W and v are 
the energy and the velocity of the @ electrons, re- 
spectively, X are the nuclear matrix elements, Mj 
and aj are certain complicated functions which 
take account of the motion of the electron in the 
Coulomb field of the daughter nucleus, and the func- 
tions fj depend on the energy of the electron and 
on the matrix elements. 

From formulas (1) and (2) we can obtain the 
qualitative dependence of the polarization of the B 
electrons on the shape of the B spectrum for first- 
forbidden transitions in heavy nuclei. It appears, 
firstly, that, if there are no accidental relations 
between the matrix elements (due to some particu- 
lar feature in the structure of the given nucleus ), 
the Coulomb terms play the most important role in 
the expression (1) for C(W), and C(W) is con- 
stant, i.e., we have a pure Fermi spectrum. Sec- 
ondly, the function aj(Z, W) is always very close 
to unity, deviating only by 2 to 4%. Fora spectrum 
with Fermi shape the polarization of the B elec- 
trons therefore practically coincides with — v/c. 
This last result is well known from experiment.” 

However, cases of first-forbidden decay are 
known for which the longitudinal polarization of the 
B electrons differs appreciably from the value — v/c. 
Here the 8 spectrum is not of the Fermi type. 

The classic example of this type is the B decay 
of RaE (transition 1 — 0°). In this transition the 
polarization of the 8 electrons is appreciably dif- 
ferent from the value — v/c,> and C(W) is defin- 
itely not a constant.‘ Both these experimental facts 


can be explained by assuming that the relation be- 
tween the matrix elements is such that the main, 
energy independent terms cancel each other for the 
most part, so that energy dependent terms start to 
play the most important role.® 

An interesting example is also the B decay of 
Au!®® (transition 27 — 2*). According to the data 
of the group of Alikhanov et al. (private communi- 
cation and reference 6) the longitudinal polarization 
of the B electrons is appreciably different from 
— v/c in the region of small energies [<a> 


= (— 0.83 + 0.05) v/e for W = 100 kev] and is 
equal to — v/c in the region of large energies 
[<o> = (-— 0.97 + 0.06) v/e for W = 400 kev]. 
The work of reference 7 contains similar data on 
the polarization of the B electrons of Au'* in the 
region of small energies. 

It is interesting to compare these data with the 
data on the shape of the B spectrum of Are oarit 
appears® that C(W) is constant for W > 300 kev 
and increases sharply with decreasing energy in 
the region W < 300 kev. Thus we see again that the 
deviation of the polarization from —v/c is inti- 
mately related to the deviation of the shape of the 
spectrum from the Fermi shape. In the case of 
unique transitions, Aj = 2 (yes), the polarization 
is equal to —v/c, since there is only one matrix 
element and a cancelling out is impossible. Quanti- 
tative calculations for the case of the 8 decay of 
Au are of little interest, since the number of un- 
known matrix elements (six) is too large. 

We note finally that the deviation of the polari- 
zation from the value —v/c is due to the deviation 
of the shape of the spectrum from the Fermi shape 
also in the case of P®* and In'"* (the data on the 
polarization are taken from Mikaélyan and Spivak, !° 
the data on the spectra from reference 9). 

The authors express their deep appreciation to 
Acad. A. I. Alikhanov and V. A. Lyubimov, who directed 
their attention to the anomalies inthe polarization of 
the B electrons of Au!’ for their interest in this work. 


1361 


1362 


1G. E. Lee-Whiting, Canad. J. Phys. 36, 252 
(1958). 
2A. I. Alikhanov, Report at the International 


Conference on High Energy Particles at Kiev, 1959. 


3 Alikhanov, Eliseev, and Lyubimov, JETP 35, 
1061 (1958), Soviet Phys. JETP 8, 740 (1959). 
Geiger, Ewan, Graham, and Mackenzie, Phys. Rev. 
112, 1684 (1958). W. Biihring and J. Heintze, 
Phys. Rev. Lett. 1, 176 (1958). Wegener, Bienlein, 
and v. Issendorf, Phys. Rev. Lett. 1, 460 (1958). 

4—.A. Plassman and L. M. Langer, Phys. Rev. 
96, 1593 (1954). 

5 Geshkenbein, Nemirovskaya, and Rudik, JETP 
36, 517 (1959), Soviet Phys. JETP 9, 360 (1959); 
Nucl. Phys. 13, 60 (1959). E. Wegener, Z. Phys. 
154, 553 (1959). 

6 Alikhanov, Eliseev, and Lyubimov, JETP 34, 


B. V. GESHKENBEIN and A. P. RUDIK 


1045 (1958), Soviet Phys. JETP 7, 723 (1958). 

T Vishnevskil, Grigor’ev, Ergakov, Nikitin, 
Pushkin, and Trebukhovskii, in the volume 
Aepupie peakumm pu Mayblx M CpeqHAX SHEPIUsAX, 
(Nuclear Reactions at Small and Intermediate 
Energies), 1958, p. 336. 

8R. M. Steffen, Proc. of the Rehovoth Con- 
ference on Nuclear Structure, September 1957, 
New York, 1958. 

9 Johnson, Johnson, and Langer, Phys. Rev. 112, 
2004 (1958). | 

101,. A. Mikaélyan and P. E. Spivak, JETP 37, 
1168 (1959), Soviet Phys. JETP 10, 831 (1960). 


Translated by R. Lipperheide 
361 


POVIET PHYSICS JETP 


VOLUME 11, NUMBER 6 


DECEMBER, 1960 


THERMODYNAMIC FUNCTIONS OF A LOW-TEMPERATURE PLASMA 


A. I. LARKIN 
Submitted to JETP editor February 15, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 38, 1896-1898 (June, 1960) 


We have evaluated the thermodynamic functions of a plasma at temperatures below the ioni- 
zation temperature. We have shown that if the interaction of the ions with the electrons of 
the continuous spectrum is properly taken into account, this will partially compensate the 
contribution from the excited states of the atoms and the complex ions. 


ine thermodynamic potential of an electron-ion 
plasma is usually defined by the formula 


—pQ= HG, (1) 


where $= 1/kT and where the summation is over 
all the types of particles, while the quantities ¢; 
are expressed in terms of the corresponding chem - 
ical potentials 


Ce = (my; / 2nh*B)' exp [B (us + 12))- (2) 


Here J], is the energy for the complete ionization 
of the i-th ion. The conditions for equilibrium 
and neutrality lead to the following relations be- 
tween the chemical potentials 


>| Q; OQ; / Op; = 0. (3) 


Equation (1) is the first term in an expansion 
of the thermodynamic potential in powers of ¢. 
One must in the next approximation add to expres- 
sion (1) the Debye term «?/127, where 


x2 = 48 D) QI. (4) 


Moreover, one must replace in Eq. (2) the last fac- 
tor by asum Zp exp (flip) over all excited 
states of the i-th ion. This sum is formally equal 
to infinity. If we réstrict the summation, as is 
done in the papers by Fermi and others,! only to 
those states where the ionic dimensions are less 
than the interparticle distance, we get the result 
that the contribution from the excited ions to the 
thermodynamic potential is proportional to c3/2 
and is of the same order of magnitude as the 
Debye term. 

If one, however, takes the interaction between 
an ion with charge Qj; and the electrons of the 
continuous spectrum properly into account, one 
is led to an expression which compensates the 
divergence of the sum over the bound states of 
the ion with charge Q;-e. After separating the 
Debye term, there remains thus an expression 


ez Sin be = z-1) 


which is proportional to ¢? In ¢, ¢*, and higher 
powers of ¢. 

Let us consider the interaction between an ion 
with charge Qj and an electron. The correct mag- 
nitude of the term of order £* (see reference 2) 
is obtained by subtracting from the quantum me- 
chanical expression for the virial coefficient the 
infinite terms: the term 


BQ;Q 


r 


“dV, 


e 
Gree \ 


leading to the neutrality of the plasma, and the 
term 


1 BQ;Q, ye 
wy ct. | ( r av, 
were already taken into account when the Debye 
term was evaluated. The remaining expression 
/ Qnh2B \* 


te (Fae) 2 exp (— BEN 


on (fit £00. uh av (5) 


r 
diverges logarithmically, and to remove this di- 
vergence one must replace at large distances 
from the ion its Coulomb potential by the Debye 
potential (Q;/r) exp(—xr), where « is de- 
fined by Eq. (4). The sum in the first term of 
Eq. (5) is taken over all states of both the con- 
tinuous and the discrete spectrum. The contribu- 
tion from the largest term in that sum, which cor- 
responds to the ground state of the ion (or atom) 
with charge Q;-—e, is equal to ¢j-, and was al- 
ready taken into account in Eq. (1), so that we 
shall assume that the summation is only over the 
excited states., If the ion is not a nucleus, we must 
take for the energies of the first levels experimen- 
tal or approximately evaluated values, but at higher 
excitation energies the spectrum is a Coulomb one, 
i.e., the levels are n’ -fold degenerate and have an 
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energy Ey = —'%m(QjQe/hn)*. Let the condition 
for quasi-classical behavior Bm (Q:02/5)* sso al 
be fulfilled; only in that case will there be an ap- 
preciable contribution from the bound states. The 
opposite limiting case was considered in the paper 
by Vedenov and Larkin.? We take for ng sucha 
quantum number that B|Ey,| «<1; we can then re- 
place the sum over the bound states with n > ny 
and over the states of the continuous spectrum by 
an integral, using for the density of states the 
quasi-classical expression dn = (27) 3dpdr. For 
large ny the remaining sum is proportional to 
ni, but the integral term contains a compensating 
term. In the calculation it is convenient to differ - 
entiate twice with respect to B the expression 
within the braces in (5), after which one can put 
Ny = © and evaluate separately the sum and the 
integral. 

As a result we get 


oer) Dlexp (BEm) — 1 — BE 


= 9Qie = bee (= 


+ 00,0)" (Inger gy — 20+ By, 6) 


Here C is Euler’s constant, which is equal to 
0.577; the sum is over all bound states and con- 
verges. 

The contribution to the thermodynamical poten- 
tial from the interactions between ions with charge 
Qj and Qj; is evaluated from the classical formula 
for the second virial coefficient 


Oe Cit, | (et =) av. 


As the ions repel one another, there is no diverg- 
ence at small distances apart and the divergence 
at large distances is removed in the way described 
above. When one evaluates this integral, as in the 
evaluation of the term with the integral in Eq. (6), 
the important distances are of the order BQ;Q;; 

at these distances the interaction even between 
complex ions can be assumed to be a Coulomb one. 
As a result we get 


an 3 1 
F CQ: (Inssaa— 


The interaction between electrons and between 
ions of the same kind leads to an expression which 
differs from Eq. (7) only by a factor y,. 

To evaluate the Debye term we must bear in 
mind that the screening occurs not for free par- 


— 82; = — C+). (7) 
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ticles but for particles in the field of other par- 
ticles. Using the diagram technique, described 

in the paper by Vedenov and the author,” to evalu- 
ate the correction term, we find a contribution to 
—BQ equal to 


= gs (Sate,) (D\Q.) - 


If the plasma is weakly ionized, we must take 
into account the interaction between the atoms. 
If, however, the number of atoms is of the same 
order of magnitude as the number of ions the in- 
teraction between the atoms is less important and 


we shall not take it into account here. We have 
thus 

Qnh2 /2 
—6Q= 3) + + ("t. Se Di lex Ge) 


— 1 ~BEn] — $B 3)(Q01)° 6S (Ingq gy 
ij 4 


J 8 (DV) (d} Qi.) . 


If the interelectronic interaction is not quasi- 
classical but must be described in the Born ap- 
proximation, we must substitute for the corre- 
sponding term the analogous expression from a 
previous paper.’ The interaction between the 
electrons and the ions can be treated in the Born 
approximation only when the plasma is fully ion- 
ized and in that case we must use the equations 
of reference 2. 

In a recently published paper by Abe® only the 
interactions between the electrons were taken into 
account. The expression obtained there was the 
same as Eq. (7). The classical method used in 
that paper made it impossible to consider the in- 
teraction between the electrons and the ions. 


—2C +=) + 
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It is shown that in the mathematical apparatus of statistical physics the possibility of the 
existence of negative and limiting positive temperatures in a thermodynamic system is 
connected with the analyticity of the sum of states as a function of the reciprocal of the 


temperature. 


A number of papers in recent years have ex- 
plained the usefulness of considering the ‘‘partition 
function’? Z(d) for a thermodynamic system not 
only for real positive values of the temperature 
variable B = 1/kT Re, but also in the entire com- 
plex plane. In fact, if we write Z(X) as a Laplace 
integral 

Zaye \ o (E) e*£dE, 

0 

where p(E) is the spectral density for the energy 
of the system, then on inverting the transformation 
(1) we get 


(1) 


3+ ico 

\ Z (nN) Edd, 
S5—100 
where the integral is taken along a straight line 
Re A = o which lies entirely in the region of analyt- 
icity of the function Z (A). 

If the energy spectrum is bounded below, then, 
without loss of generality, we can take the lower 
limit of the spectrum to be zero. If the energy 
spectrum of the system is bounded above, i. e., if 
p(E) = 0 for E >Emax, then the function Z(A) 
is analytic in the entire plane of the variable i. 

If the energy spectrum is not bounded above, 
then the region of analyticity of the function Z (A) 
depends on the degree of increase of the function 
p (ED. 


uy 
Qui 


e(E) = (2) 


log p(E)/E—a (3) 


then the function Z(A) is analytic in the entire re- 


gion ReA >a. ~ 
From Eq. (1) we obtain in the usual way 


as E—oo, 


foe) 


Ay ; Bs 

Sent 7 ay, \ EPUB bE), 
a 

Se in Z(h) = (E—E())? = (AE)? = — a Eres) 


where E(A) and (AE)? are the mean energy and 
the dispersion of the energy according to the com- 
plex distribution p(E)e EA. On the real axis of 
the plane of A = o + it these quantities take the 
real and positive values 


E(s)>0, —dE(s)/do>0. (5) 
For large values of the energy E the integral 

(1) can be calculated approximately by the method 

of steepest descent. With logarithmic accuracy we 


have 
Inp(E) = InZ(f) + BE, (6) 


where the saddle point 6 is a root of the equation 


Z'(8)+ ZQG)E=0, (7) 


or, when we take the definition (4) into account, a 
root of the equation 


E (8) =E. (7’) 


We shall prove that the saddle point lies on the real 
axis. Differentiating Eq. (6) with respect to E and 
regarding B as a function of E defined by the equa- 
tion (7), we get 


d \np (BE) 


dE (8) 


ee 
Z (8) 
Since the left member of Eq. (8) is real, we must 
have Im B= 0. 
We shall prove that the saddle point is unique. 
If the energy spectrum is not bounded above, then 
from the definition (4) it follows that 


E) ae + B=B. 


E (a) = ~, E (oo) = 0. 


Since in virtue of Eq. (5) the function E(o) de- 
creases monctonically in the range a <a < ~, tak- 
ing all values from © to 0, the equation (7) has 
one and only one root. 

If the energy spectrum is bounded above, the 
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function E(o) falls off monotonically in the inter- 
val 
E (— 00) = Emax < E (0) < E(oo) =0 


and (7) has-one solution in the interval - ~~ < B <~™. 


We see from (4), (6), and (8) that 


F(§)=—872InZ(8), S(E)=Inp(E), &T = 1/8 (9) 


are the free energy, entropy, and temperature of 
the system. One usually considers thermodynamic 
systems in which p(E) does not increase with the 
energy faster than algebraically, i. e., Inp(E)/E 
— 0 as Eo, and consequently Z(A) is an ana- 
lytic function of the complex variable ) in the en- 
tire right-hand half-plane. 

We shall study here two examples of ‘‘unusual’’ 
thermodynamic systems for which negative and 
limiting temperatures exist. 


THE ISING MODEL 


As is well known (cf., e. g., reference 1) for 
large n the sum of states Z()) ofa linear Ising 
chain consisting of n sites has the form 


Z (hk) = (2coshJh)", (10) 


where J is the interaction energy between simi- 
larly directed adjacent spins. In the derivation of 
Eq. (11) it is assumed that the interaction energies 
of similarly and oppositely directed spins have op- 
posite signs. If we take the interaction energy of 
similarly directed spins to be zero, and that of op- 
positely directed spins to be 2J, Eq. (10) takes the 
form 


Z (h) = (2coshJhe-?), (11) 

Calculating p(E) according to Eq. (2) by the 
method of steepest descents on the assumption 
E/n = € (with the ratio € finite for large n), we 
get 


Inp (EZ) = n{In (2cosh JB) + Be — JB}, (12) 
where 8 is the root of the equation 
e (8) = J (1 — tanh J) =e. (13) 


Since the energy spectrum of the lattice is bounded 
above, arbitrary values of B are possible. It is 

not hard to show that the value B = 0(T = ~, 

€ = J) corresponds to complete absence of short- 
range order; B = + ~(T = 0, €= 0) corresponds 
to the establishment of complete short-range order, 
with adjacent spins parallel; for B = — © the spins 
are antiparallel. It is known, however, that in the 
linear Ising lattice there is no temperature what- 
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ever at which long-range order is established. 

The situation is different for the plane Ising lat- 
tice. Here, as in the case of the one-dimensional 
chain, arbitrary values of B are possible. The 
formula found by Onsager’ for the free energy 
f{(B) per site of the lattice 


um 


i (8) = ; E la 2 \ \ In [cosh? 2/8 


00 


— sinh 2/8(cos w + cos w’)| dodo’ (14) 
(as before, J is the coupling constant between ad- 
jacent spins) is invariant with respect to the in- 
terchange B — — B. It is well known that the plane 
Ising lattice has the property of ferromagnetism 
and makes a phase transition of the second kind 
with a logarithmic discontinuity of the specific heat 
at B = Bc, where Bc is given by the equation 


sinh 2/8, = 1. (15) 


From what has been said it follows that the 
plane lattice also makes one other phase transition, 
at the negative temperature given by the equation 


sinh 2/8, = — 1. (16) 


If for Be = 0 the contribution to the singular 
part of the integral (14) is given by w, w’ = 0, 
which corresponds to ferromagnetic ordering, then 
for Be < 0 the main contribution to the singularity 
comes from w, w’ = 7, i. e., the transition point is 
antiferromagnetic. 

Obviously the presence of positive and negative 
Curie points, corresponding to transitions to ferro- 
magnetic and antiferromagnetic states, is also 
characteristic of the Heisenberg model (provided, 
of course, that it leads to any phase transition at 
all). 


GAS OF NONINTERACTING PARTICLES IN AN 
EXTERNAL FIELD WITH AN ASYMPTOTIC- 
ALLY LOGARITHMIC POTENTIAL 


In the space between the planes z = 0 and z=H 
let there be an ideal gas consisting of N particles 
of mass m, which are in an axially symmetrical 
field (z, r, g are cylindrical coordinates): 


C-=—0 
fas 


0 

U(r) = Ges In (r/a) asl 

It is not hard to see that in this case the statis- 
tical weight p(E) increases exponentially with 
increase of E[p(E) ~ exp (E/U9)]. Therefore it 
is to be expected that such a system possesses a 
limiting temperature. We shall confirm this sup- 
position by an exact calculation. 
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We have for the sum of states per particle energy increases, and their kinetic energy is small 
: 60 1% in comparison with their potential energy. 
rae Ge Me ont e-UW) rdr = aoe an 4(18) 
: n1(AU9— 1) it LL. Hill, Statistical Mechanics, Chapter 7 


This formula is true for AUy >1. For AU < 1 (McGraw-Hill Book Company, 1956). 
the integral diverges. Thus these exists a limiting 2yu. B. Rumer, Usp. Fiz. Nauk 58, 245 (1954). 
temperature T* = Uy, above which the system can- 
not be heated. 
The physical cause of the phenomenon is that 
because of the slowness of the increase of the po- Translated by W. H. Furry 
tential the particles spread very far apart as their 363 
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Dispersion formulas are deduced in a theory in which the S matrix is assumed to be linear 
with respect to resonances. The indefinite phase shifts of the complex reduced half-widths 

are calculated in a general form on the basis of the S matrix unitarity condition. Cases are 
considered when an isolated level corresponding to compound nucleus formation lies in the op- 
tical resonance region or when two levels of the compound nucleus overlap or a set of 

weakly overlapping levels exist in the optical resonance region. In all calculations the as- 
sumption is made that the levels of the compound nucleus do not overlap the nuclear reaction 


thresholds. 


Le is known that the separate resonances in the 
scattering cross sections and nuclear reactions 
are described quite well by the Breit-Wigner for- 
mula. For overlapping levels the dispersion for- 
mula may, in principle, be obtained by using Wig- 
ner’s R-matrix technique.» However, the calcu- 
lation of the corresponding matrix expressions in- 
volves algebraic difficulties and the final formulae 
are cumbersome. Clearly, it is more natural to 
derive the dispersion formulae on the basis of a 
variant of a theory proposed earlier by the author.? 
In this variant the resonance part of the S mat- 
rices is introduced in the form of a simple sum of 
the resonance levels, which are responsible for the 
formation of the compound nucleus. The remaining 
uniform part of the S matrix changes slightly over 
energy levels of the order of the width of the reso- 
nance curves, if [ «|E-E;| where E; is the 
threshold energy closest to E. The dispersion 
formula for these energies has the following form 


J He 
Svc = (Sco mnitonn + 2i > z a 
rN 


Here the indices c’ and c define the totality of quan- 
tum numbers aslJM. The quantities Ux, in the 
customary notation, (see, e.g., reference 2) are 
Urxe = QP LY r+ (2) 
Here both uyg and yy¢ are, generally speaking, 


complex. Assuming the approximation I) /| E—E; | 
SE ile 
TD, = 2 >) | urc|? = —2N, Im Ey. (3) 


The summation over c includes only the open 
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channels. The parameter N) is found to be greater 
than or equal to unity. 

We note that the dispersion expansion (1) with 
characteristics (2) and (3) can be deduced from 
the formal Kapur-Peierls’ theory.’ It is known 
that the fundamental deficiency of this theory is 
the dependence of the resonance parameters E) 
and y,@ on the energy of the incident particles. 
However, in the energy range A far from the 
threshold, the relative change in these val- 
ues does not exceed the order of magnitude 
A/|E-Et|. In order to obtain the formula (1) 
and relation (3) from the theory,‘ it is sufficient 
to change the normalization of the basic function 
W, in such a way that 

\Pitide = 1 and [|Wi de = Ma > 1. (4) 
Here rN is the solution satisfying the complex 
conjugate boundary conditions. 

The amplitudes of the derived half-widths v), 
in (1) are complex. This doubles the number of 
undetermined parameters in the dispersion for- 
mula and at a first glance detracts from the value 
of formula (1). However, the phase of Yre can 
be determined from the unitary condition for the 
S matrix. In the expansion (1) the summation over 
X applies to all the quasi-stationary states, lying 
in the given energy range, with lifetimes signifi- 
cantly larger than the time of flight of the particles 
past the nucleus. If there is an isolated group of 
levels, separated from the others, then the sum 
over A averaged over a sufficiently large interval 
of energy does not give a contribution, and the 
mean S coincides with the uniform part of (1). 
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DISPERSION FORMULAE FOR OVERLAPPING LEVELS 


The matrix S describes a non-compound process, 
weakly dependent on the energy; for energies which 
are not too large this matrix has only diagonal ele- 
ments, corresponding to scattering by the optical 
potential. 


ISOLATED RESONANCE LEVEL AND SCATTER- 
ING BY THE OPTICAL POTENTIAL 


The uniform part of (1) is equal to the diagonal 
matrix of the optical scattering 5 /,S9Pt. It is 
convenient to introduce the logarithmic derivative 
of the optical wave functions 


a 4 0 (ru,) 
l= R| ru, Or |. 


Sopt then has the following form 


(5) 


So = O62 (Le—Lz) | (L? — Le) = Q2 exp (218). (6) 


Here QQ and Le are as in the work of Lane and 
Thomas.2 We retain in the expansion (1) the sum- 
mation over A. Over all the energy levels we must 
have: 

S} Ste (E) Ste (E) = Bere. 


” 


(7) 
For simplicity we consider (7) near E x Ej. 
Using (2) and (3), we obtain 


Ure | Urp = N,Se. 

It is evident that N, =1, and y,, is com- 
plex. The argument of Yrc equals, to within 7, 
the optical phase 6%, which is determined by (6). 
The fact that the y,, are complex in no way af- 
fects the nuclear-reaction cross sections, for when 
c’ #c only the moduli of y,, occur in the cross 
section. 

The elastic scattering cross section is propor- 
tional to 


(8) 


PAliyaxgle ? 


gs a a5 opt,_, cee 
ed heel ay eee 2 


(9) 
where E = Re E,. In this way we have obtained 
the rather obvious result that the scattering poten- 
tial in the dispersion formula reduces to the optical 
potential; the exponent in the second term on the 
right-hand side of (9) comprises, for small ener- 
gies, not the nuclear radius but the amplitude of 
scattering by the optical potential. 


TWO OVERLAPPING LEVELS AND SCATTERING 
BY THE OPTICAL POTENTIAL 


The uniform part of the S matrix in this case is 
equal to (6). The unitary condition (7) is considered 
near the poles of E,, A»=1 and 2. The simple 
equations below are obtained, 
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Tic EXp (— 2i8?) = AirYic Se Ass" 20s 
Yoo EXP (— 2182) = Agric + Aao't oc (10) 
with coefficients 
Oyn = A), = 21 Di Po, sy, / (Ey, — Er). (11) 
c 


From these it is evident that ay, equals N, and 
ago equals Ny. The equations (10) lead to the con- 
clusion that 


y QWr~Qvr, = Onis (12) 
rN 

From this it follows that ay, is purely imaginary, 
and the parameters Ny and Ny, are equal, 


NT= Ng NP aa (13) 


The phase (arg y,_—- 62), which we designate 9, 
arises as a consequence of the overlapping levels. 
From (10) it will be easily found that 


“Tie. (te ( V2 1 — 2N cos 205, iF ( NIA 1/, 
sored pe N2—1 *' Ee | : 
(14) 

— taney, tan ec = (N — 1)/(N + 1). (15) 


Together with (3), these equations determine the 
phases of the derived half widths and the normaliz- 
ing parameters N. It is evident that the deviation 
of N from unity characterizes the degree of inter- 
action between the dissociated states with A= 1 
and 7A =2. For I <D the difference N — 1 is, 
to an order of magnitude, equal to (T/D)*. The 
formulae obtained give new, rather more graphic 
parameters of the resonance curves. Furthermore 
they remain valid in the energy range close to 
optical resonance. 


A GROUP OF OVERLAPPING LEVELS WITH 
THE APPROXIMATION I/D «1 


In this case the phases Yyc and the parameter 
N, are determined to an equal degree by the two 
neighboring levels, and the previous formula is 
rendered useless. Let us assume that [T «< D 
for all the levels from the group under consider- 
ation. The unitary condition for E ~ E) gives 


tre exp (— 2182) = Di ayarr},. (16) 
bp 
With an accuracy to higher-order terms 
Tre = The (1 + igre) exp (182). (17) 


Here VYro are real positive or negative quantities. 


The phases 9), to an accuracy m equal (arg yo 
— 6%). Equation (16) shows that ~,¢ ~ I/D and 
to a first approximation 
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pre = (2i7%,)7? Di Quay: (18) 
pe 

Here the summation applies to the indices pw not 

equal to A. The parameter N) differs from unity 

by a quantity of order ([/D)?. Equation (12) with 

=v gives 


N,—1=— 5 ia,. (19) 
pe 

Formulae (1) — (3), (18), and (19) enable us to 
calculate the cross section with an accuracy up to 
magnitudes of a higher order of smallness com- 
pared with ([/D)*. For c’ #c, the order of the 
terms that are linear with the phase rises. The 
result is that the overlapping of the levels changes 
the cross section of the reaction only by a magni- 
tude of the order of ([/D)*. The addition to the 
cross section of elastic scattering and the total 
cross section, however, turns out to be of first 
order in I/D. 

As a special case let us examine a group of 
levels which lie in a range of small energies, 
(kR «<1). The total cross section of a weak 
beam of particles incident along the channel c is 


op 22 (1 == ReS:,) (20) 
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When (KR) «I/D we have 2, #1 and ét, ~ 0. 
By means of (17) we find that 


oe P,P, ( 49, (E — E}) c 
fe iam ee aera Yr, 
Dye = 2 Dd) Pe (1f,)?- (21) 

The formula (21) shows that overlapping levels 
lead to the appearance of terms, which destroy the 
symmetry of the curves with respect to the reso- 
nances E}. In order of magnitude, these terms 
are equal to I/D. 

In conclusion I wish to thank Professor A. S. 
Davydov for his consideration and valuable advice. 


1m. P. Wigner and L. Eisenbud, Phys. Rev. 72, 
29 (1947). 

2A. M. Lane and R. G. Thomas, Revs. Modern 
Phys. 30, 257 (1958). 

3 V.I.Serdobol’skii, JETP 36, 1903 (1959), 
Soviet Phys. JETP 9, 1354 (1959); Nuclear Phys. 
(in Press). 

4p. L. Kapur and R. E. Peierls, Proc. Roy. 
Soc. (London) A166, 277 (1938). 


Translated by K. J. S. Cave 
364 


DOVIETEPHYSICS JETP 


Letters to the Editor 


POSSIBILITY OF USING NUCLEAR REAC- 
TIONS TO OBTAIN INFORMATION ABOUT 
THE 11 INTERACTION 


Yu. D. BAYUKOV and G. A. LEKSIN 
Submitted to JETP editor February 23, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 88, 1907-1908 
(June, 1960) 


Hics energy processes with smail momentum 
transfers are now attracting much attention in 
nuclear physics. This interest is caused by the 
apparent possibility of a theoretical interpretation 
of these processes which yields some information 
on the mz, mK, and KK interactions. This in- 
formation concerns the corresponding vertices 
in the Feynman graphs 
SF <2 
Xs za ares as 


n 7 UZ 


We consider specifically the process of the 
creation of a meson by a 7 meson. Chew and 
Low! have shown that for small momentum trans- 
fers the cross section for this process is related 
to the cross section for the mz interaction (c77) 
by the formula 
d*s / dp? dw 


= (f? / 2n) p?(p? + 1)? @V w /4 — 1g *onn +B (wp), (1) 


where f? is the meson-nucleon coupling constant, 
p is the momentum transferred to the nucleon, w 
is the total energy of the mesons in their center- 
of-mass system, and q is the momentum of the 
incoming meson in the laboratory system. The 
quantities p, w, and q are expressed in units of 
the meson mass. The term B(wp) takes account 
of the contribution of the processes described by 
diagrams with three, five, etc. virtual mesons. 
There is reason to think — and this is indeed our 
assumption — that B(wp) makes only a small 
contribution to the cross section in the region of 
small momentum transfers (p ~ 1 to 2) of inter- 
est to us. We can then integrate (1) over p and 
w up to these values of p, and estimate the value 
of o,, from the total cross section for the proc- 
ess of creation of one meson by another. 

The interaction of the meson with the nu- 
cleus can be regarded as the sum of the interac- 
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tions with the separate nucleons of the nucleus. 
For light nuclei this reduces in most cases to the 
interaction with only one nucleon. The binding 
energy of the nucleon in the nucleus is much 
smaller than the binding energy of the 7 meson 
in the nucleon. We can therefore use (1) for the 
creation of a meson by a meson in the nucleus 
without making a large error. Since the nucleus 
almost always carries away (without splitting up) 
only a small momentum, the total cross section 
for nuclear reactions of the type 


p+ An - r+ B (2) 


contains information about the mz interaction. 
Indeed, in the impulse approximation, (1) must be 
multiplied before integration by the quantity 
lee) 
S?= {\o (nergy (ryark’, (3) 
tt) 

the probability that the nucleus with the ground 
state wave function ~(r) remains in the ground 
state when the momentum p is transferred to it. 
The function S? decreases sharply with increas- 
ing p. This can be verified by computing it under 
various assumptions for the wave function y (r) 
or by estimating it directly from the experimental 
data on those processes (for example, on the elas- 
tic scattering of nucleons by nuclei?) in the de- 
scription of which S* plays an important role. As 
we go from one nucleus to the next, S? changes 
in such a way that the admissible region of mo- 
menta p becomes smaller as the atomic number 
of the nucleus increases. In the region of light 
nuclei it is bounded by the value p ~ 2. 

A convenient nuclear reaction in the region of 
light nuclei is 


ge (OMe SE ym Se INE. (4) 


The initial nucleus C!* is contained in the material 
of the scintillators and in some liquids used in 
bubble chambers, so that the target and detector 
can be combined, which leads to a setup in which 
the 41 geometry is guaranteed. The presence of 
the 6* active N’? nucleus with the 8* end point 
energy 16.6 Mev and the life time 0.012 sec per- 
mits us to detect the reaction (4) and to separate 
it clearly from the background. For this purpose 
one can use discrimination by energy or amplitude 
analysis, registration of the decays in the absence 
of a pulse from the accelerator, or coincidence 
measurements of the two y quanta from the anni- 
hilation of the B* in the target-detector. It is im- 
portant that the N‘? nucleus has no excited levels, 
and formula (3) is valid. The function S*, as ob- 
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tained from the experimental data on the elastic 
scattering of nucleons by Ct is shown in the 
figure. 

In conclusion we express our deep gratitude to 
K. A. Ter-Martirosyan for valuable advice and 
constant assistance. 
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SINGLE CRYSTALS OF MAGNESIUM- 
MANGANESE FERRITES WITH A NARROW 
FERROMAGNETIC RESONANCE ABSORP- 
TION CURVE 
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(June, 1960) 


A considerable interest has been noted recently 
in investigations of ferrites with narrow ferro- 
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magnetic resonance-absorption lines.!~4 This in- 
terest is caused by the fact that the ferrite crys- 
tals can be used in nonlinear microwave apparatus. 
Particular attention is paid here to the investiga- 
tion of single crystals of yttrium ferrite with gar- 
net structure.!~3 It appears to us, however, that 
not all the possibilities of the spinel class of fer- 
rites have been disclosed in this respect. 

Our experiments have shown that in some fer- 
rite systems with spinel structure one can en- 
counter compositions with single crystals that 
have a sufficiently narrow ferromagnetic reso- 
nance absorption line. We have measured the 
width of the line AH in single crystals of mag- 
nesium-manganese ferrites for different ratios 
of the manganese and magnesium oxides. The 
single crystals were grown by the Verneil method 
and machined into spheres 0.8 —1 mm in diam- 
eter. The surfaces of the spheres were polished 
by running in with air on emery cloth with 20.15 yu 
and 10u grains. The measurements were made 
in a short-circuited waveguide section at 9470 
Mcs. The width of the line was determined from 
the resonance curve at the 0.5 level. In the single 
crystals of magnesium-manganese ferrites which 
we investigated, AH = 12 to 18 oe (see Table I). 

The narrowest absorption line at the surface 
finish employed by us (which obviously is not the 
ultimate one) was observed in a single crystal of 
the ferrite 8.4 MgO, 23.9 MnO, 67.5 Fe,O3. This 
sample had AH = 12 oe and 47mI, = 2950 gauss. 

Figure 1 (solid curve) shows the results of 
measurements of the anisotropy of the width of 
the line for the single crystal of 6.9 MgO, 37.3 
MnO, 55.9 Fe,O3 in the (110) plane at room tem- 
perature. It is seen that AH reaches a minimum 
along [100] (axis of difficult magnetization) and a 
maximum in the direction [111] (axis of easy 
magnetization). The amplitude of the anisotropy 
AH at room temperature amounts to (3.5 to 0.5) 
oe. The dotted curve in Fig. 1 shows the aniso- 
tropy of the resonant field Hy. 

The character of the anisotropy of AH, estab- 
lished in our experiments, corresponds to the phe- 
nomenological calculation of Skrotskii and Kurba- 


TABLE I. Width of resonant absorption line AH, 
saturation magnetization 47I,, and electric 
resistivity p in magnesium-manganese 


ferrites 
Composition in percent by weight AH, oe 4x I, saat e, Q-cm 
(calculated) : 
9.4 MgO; 16.5 MnO; 74.1 FesO3 | 18 3320 800 
8.4 MgO; 23.9 MnO; 67.5 Fe.O3 42 2950 1.6-108 
8.0 MgO; 28.3 MnO; 63.7 Fe.O3 | 16 2740 408 
6.9 MgO; 37.3 MnO; 55,9 Fe.O3_ | 18 2480 4.6-108 
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tov.° It must be noted that in the interval from 
room temperature to +200°C the width of the 
resonance absorption line depends little on the 
temperature (see Fig. 2), whereas the constant 
of the magnetic crystallographic anisotropy, de- 
termined by the resonance method, is reduced by 
a factor of almost 20 in the same temperature in- 
terval. 


-3 
-K, 10, erg/cm$ 
AH, oe |471,, y 
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FIG. 2. Temperature dependence of the width AH of the 
line of ferromagnetic resonance absorption in the [ 100] direc- 
tion, of the saturation magnetization 47I,, and of the constant 
of magnetic anisotropy K,, for the ferrite 6.9 MgO, 37.3 MnO, 
55.9 Fe,0,. 


The increase in AH in the region of the Curie 
point (Fig. 2) is apparently connected with the 
fluctuations of magnetization at the Curie point. 
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One of the authors!~? predicted theoretically the 
existence of additional anomalous light waves in 
crystals in the region of exciton absorption. In 
our earlier paper* we proposed a method of ex- 
perimentally proving the existence of these waves. 
The method reduces to a measurement of the in- 
tensity of monochromatic light, passing through a 
plane-parallel slab of crystal as a function of the 
thickness of the slab. The existence of two waves 
in a crystal is manifest in the interference of these 
waves as they leave the crystal. This interference 
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leads to distinctive intensity oscillations that de- 
pend on the thickness of the slab. It is necessary 
here to prevent the two waves connected with the 
usual double refraction from occuring in the slab. 
This is accomplished by so polarizing the incident 
light wave, that the electric vector is strictly par- 
allel to the principal direction of polarization of the 
crystal. It is also necessary that the absorption of 
the light in the slab be so great, that the multiple 
reflection of the light from the surfaces of the 

slab can be neglected. 

In an earlier paper’ we processed previously 
obtained experimental data’ on the absorption of 
light in slabs of anthracene of different thickness 
(at T}= 20°K) within the intrinsic band absorption 
with a maximum at 25,200 cm~!. The intensity of 
the transmitted light was indeed found to oscillate 
with the thickness in approximately the manner 
predicted by the theory of anomalous waves. 

Taking into consideration the importance of 
the conclusions that must be drawn from experi- 
ments of this kind, we decided to repeat the meas- 
urements in anthracene more carefully. Thus, it 
was noted in reference 4 that the data used there 
on the optical density of the crystals were taken 
in arbitrary units. In the present work, however, 
absolute measurements were made of the inten- 
sity of light by photographic photometry (using 
an eight-step attenuator, the intensity reference 
of which was chosen at the frequency 24,720 cm™!). 
The high-dispersion DFS-3 spectrograph was used. 
A three-lens system was used to illuminate the 
slit of the spectrograph. 

Furthermore, the earlier measurements,” as 
was noted by I. V. Obreimov, in discussions with 
the authors, are of doubtful accuracy as regards 
the polarization of the light along the monoclinic 
crystal axis chosen for the investigation. Such an 
inaccuracy would produce in the crystal a second 
wave of usual double refraction. To dispel this 
doubt, we made our measurements with two paral- 
lel polarizers, located before (Glan prism) and 
after (spar) the crystal (only one polarizer - 
was used in reference 5). The use of a second 
polarizer decreases the intensity of the second 
beam of ordinary double refraction at least by 
two orders of magnitude (compared with refer- 
ence 5), i.e., it makes this beam negligible. 

With the spar fixed and the crystal removed, 
the Glan prism was first rotated until one of the 
beams emerging from the spar was completely 
extinguished. Insertion of the approximately 
oriented crystal restored this beam, which was 
then again extinguished by slightly rotating the 
crystal. The monoclinic axis of the crystal was 
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thus set parallel to the vector of the electric field 
intensity of the light wave. The described adjust- 
ment was carried out in white light, since the di- 
rection of the investigated principal axis of crys- 
tal polarization (monoclinic axis) is independent 
of the frequency. 

Finally, in the present investigation we studied 
30 crystal thicknesses, i.e., we obtained twice as 
many points as in reference 4. 

The diagram shows the experimentally obtained 
dependence of the optical density of the crystal on 
its thickness, for a frequency 25,108 cm~!. The 
experimental points are plotted with their prob- 
able errors in the abscissas and ordinates. The 
measurements were made at T = 20°K (an esti- 
mate of the errors in the mounting of the crystals, 
in the measurement of their thickness, and in the 
method of cooling is given in reference 4). It 
seems to us that the figure indicates a consider- 
ably more pronounced oscillating character than 
in reference 4. It is important to emphasize the 
almost identical interval Al between the extrema, 
something which is not at all inherent in a simple 
straggle of points. Actually, the abscissas of the 
maxima are: 1=~0.072, 0.128, 0.188, and 0.245y. 
The differences Al are ~ 0.056, 0.060, and 0.057. 
The minima are at 1 = 0.105, 0.168, and 0.233. 
The corresponding differences are Al = 0.063 and 
0.055yu. The average period of oscillation is 0.058 yu 
and the corresponding difference in the indices of 
refraction of the two interfering waves is 6.9. 

We note that if we attempt to ascribe the ob- 
served oscillation, on the basis of the usual the- 
ory, to interference between beams that have 
passed once and three time, respectively, through 
the slab, it would be necessary to assume for the 
anthracene an index of refraction 3.45, whereas 
it actually exceeds 5 at the same frequency and 
temperature.® At the frequency investigated, the 
intensity of the thrice-passing beam is two or 
three orders of magnitude smaller than the in- 
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tensity of the singly-passing beam, i.e., the for- 
mer can be neglected. 

The curve shown in the figure is similar in 
character to the theoretical curve, corresponding 
to the interference of two parallel polarized anom- 
alous waves (see reference 4). Thus, our earlier 
qualitative conclusions are confirmed by the pres- 
ent more accurate results. The latter, it appears 
to us, represent a weighty experimental proof of 
the existence of additional anomalous waves in 
the anthracene crystal, as predicted by the theory. 

It is quite desirable that similar investigations 
be carried out by others, both in anthracene and in 
other crystals. It is necessary to bear in mind 
here that, depending on the frequency, the differ- 
ence in the indices of refraction of the two waves 
may prove to be considerably greater than in the 
case described above (see Figs. 1 and 2 of refer- 
ence 2). Accordingly, the frequency of oscillation 
of the curve such as shown in the figure, will be 
much greater, and this will require a greater ac- 
curacy in the measurement of 1. Otherwise the 
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Tae discovery by Mossbauer’ of the emission 
and resonance absorption of y rays without loss 
of energy due to nuclear recoil opened the possi- 
bility of directly detecting the Zeeman splitting of 
excited nuclear states and of measuring their mag- 
netic moments. This possibility was pointed out 
independently by several people,” in particular by 
one of the authors (A.I.A.). 

To observe the Zeeman effect, we chose the y 
transition in Sn!!®™ with an energy of 23.8 kev 
and a lifetime of 2.67 x 10~° sec, i.e., with a level 
width of 2.5 x 10-8 ev. 

However, in the mixture of isotopes of Sn there 
is a very strong source of x rays with an energy 
near to this (around 24 kev) in the form of In!43 
formed from Sn!!? with a high cross section after 
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experimental points will be merely disordered. 
The authors express their gratitude to A. F. 
Prikhot’ko for continuous interest in this work 
and for a discussion of the results, and also to 
S. V. Marisova for help with the measurements. 
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For this reason we used a sam- 
ple of tin enriched in the Sn1!® isotope (96%) in 
which the impurity of Sn!!2 was less than 0.05%. 
The apparatus for the measurements with a 
magnetic field consisted of an electromagnet with 
poles of pyramidal shape. The separation of the 
poles was 6 mm and the field could reach 20,000 
gauss. The y-ray source was 20 x 4mm and 
5 mg/cm? in thickness, and was fixed tight to one 
side of a Plexiglas plate 2 cm thick, while ab- 
sorbers of natural tin of various thicknesses were 
attached to the other side of the plate. The ab- 
sorption length of 23.8 kev y rays due to the photo- 
effect in tin is 70 mg/cm’, i.e., exceeds by far 
the resonance absorption lengths both in the source 
and in the absorber. The end of the plate holding 
the source was placed between the poles of the 
magnet. The source and absorber were immersed 
in liquid nitrogen. At the position of the absorber, 
there was a fringing magnetic field whose magni- 
tude at high fields reached around 24% of the value 
of the magnetic field at the position of the source. 
The experiment consisted in the following: 
Using a proportional counter filled with a mixture 
of krypton, argon and propane, we measured the 
intensity of the soft radiation from the source 
passing through the absorber after filtering by 
a plate of Plexiglas 2 cm thick and a palladium 
plate 60 mg/cm? thick for absorption of the x-ray 


neutron capture. 
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Dependence of intensity difference on magnetic field, for 
temperatures of source and absorber equal to 90 and 293°K.1- 
theoretical curve for a Debye temperature @ = 170°K and 
a magnetic moment of the excited state of Sn‘*’°™ equal to 
p=1.5 p,, where p, is the magnetic moment of the ground state 


of Sn*°; 2—similar curve for p = 2.0 py. 


radiation of tin with energy ~ 25 kev. When the 
source was cooled to 90°K, the intensity of the 
soft radiation recorded by the counter dropped by 
12%. When the magnetic field was turned on with 
source and absorber cooled, the intensity of the 
soft radiation began to increase with increasing 
magnetic field. The magnetic field splits the 
23.8-kev level and shifts the energy of the recoil- 
less radiation from its resonant energy by an 
amount of the order of 10~' ev, while the 23.8-kev 
level in the absorber, which is in a much weaker 
field, is shifted much less. As a result of this de- 
tuning of the energy, the absorption in the absorber 
decreases and the intensity increases. 

The measurements were carried out for three 
thicknesses of the absorber of natural white tin: 
36, 11, and 5 mg/cm’. In the figure we show the 
data of the experiment for the thinnest absorber. 
From all the data we determine with good internal 
consistency a value for the magnetic moment of 
the excited state of Sn'™ equal to p= —(1.1 
+0.1)uo or pw = (1.72 + 0.06) uy with a value of 
the Debye temperature @® equal to 170°K, which 
follows from our experiments. The value pu 
= —(1.1+0.1)) is to be preferred since it is 
in good agreement with the established level 
scheme for Sn‘. The value of the magnetic 
moment calculated from our experiments was 
only slightly dependent on the value chosen for 
the Debye temperature of white tin: for @ = 200°K 
we have w = —1.15, while for @ = 140°K, we 
get 4 =-—1.05u), where py is the value of the 
magnetic moment of the ground state of Sn!!9 
which is equal to —1.046 nuclear magnetons. 
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We express our profound gratitude to L. A. 
Artsimovich for preparing the samples of en- 
riched tin, to G. M. Kukavadze for the mass spec- 
trographic analysis of the samples, and to V. I. 
Anan’ev for help in the measurements. 
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CHROMITE NEAR THE COMPENSATION 
POINT 
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(June, 1960) 


In certain ferrites one observes a highly anoma- 
lous temperature dependence of the spontaneous 
magnetization, with a so-called compensation 
point @®, at which a “balancing” of the magnetic 
moments of the sublattices occurs.'!~? The study 
of such ferrites is of interest from the point of 
view of explaining the extent to which one or an- 
other sublattice “shares” in the ferrimagnetism, 
and could contribute to a deeper understanding of 
the nature of the physical properties of crystalline 
materials of the ferrite type. 

In reference 4 it was established that in gado- 
linium ferrite-garnet the magnetostriction prop- 
erties are markedly different in character above 
and below @,. Below @¢ they are chiefly due to 
the “gadolinium” sublattice, and above @¢ to the 
“iron” sublattices. With the aim of further study- 
ing the role of the sublattices in ferrimagnetism 
and the physical phenomena which accompany it 
in ferrites, we undertook the measurement of the 
electrical and gaivanomagnetic properties of 


LED DERS! TO THE EDITOR 


FIG. 1 


lithium ferrite-chromite, which has a compensa- 
tion point. In Fig. 1 are shown the curves of tem- 
perature dependence of the longitudinal galvano- 
magnetic effect (AR/R), at various magnetic 
fields for the ferrite Li,O+ 23Fe,03*23Cr,03 pre- 
pared by the usual ceramic techniques. It is evi- 
dent that after @, has been passed (some 10° to 
20° above @c) a change of sign occurs in the lon- 
gitudinal galvanomagnetic effect. At first sight 
one would say that, since (AR/R), is an even- 
order effect, it should not change its sign upon 
passing through ©. (where the direction of the 
resultant spontaneous magnetization is reversed). 
The change in sign of the effect can be understood 
if it is assumed that the sublattices of the lithium 
ferrite-chromite under study have different elec- 
trical properties, determined obviously by the 
nature of the ions located on the corresponding 
sublattices. As a result, the character of the gal- 
vanomagnetic effect below @,, where the magnet- 
ization of the ions in the octahedral locations is 
“predominant,” differs from its character above 
@c, where the magnetization of the ions in the 
tetrahedral locations is “predominant.” 

At each given temperature the “resultant” gal- 
vanomagnetic properties of the ferrite as a whole 
will be determined by the magnitudes and signs of 
the galvanomagnetic effects of the corresponding 
sublattices. Hence the experimentally observed 
dependence of the galvanomagnetic effect on the 
temperature and field must be of a very compli- 
cated nature. From this point of view, the shift 
(shown in Fig. 1) of the temperature of the null 
of the galvanomagnetic effect (the compensation 
point of the galvanomagnetic effect) relative to 
®c becomes understandable. 

We have also measured the temperature de- 
pendence of the electrical resistivity of our fer- 
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log R 


333 H2 294 = TK 


250 300 @, 550 400 T,"K 


FIG, 2 


rite. In Fig. 2 are shown the curves of log R(1/T) 
for the ferrite Li,O-23Fe,03*23Cr,03, measured 
with direct current (curve 1) and with alternating 
current (200 kes, curve 2). The same figure shows 
the curve of temperature dependence of the mag- 
netization at H = 250 oe. It is apparent that a no- 
ticeable kink in the log R(1/T) curve occurs in 
the region of @~c. Measurements of log R(1/T) 
curves have been carried out on several samples 
with the composition indicated above, prepared by 
the ceramic method under differing conditions. 

In all cases a kink was observed in the curves, 
with both direct and alternating current. From 
Fig. 2 it is evident that the kinks in the curves 
near @¢ are similar in nature to the kinks in the 
curves observed in ferrites at the Curie tempera- 
ture. It should be observed, however, that the 
electrical resistance anomalies in the region of 
the compensation point are due to other causes. 
The presence of a kink in the log R(1/T) curve 
at the point @¢ is explained not by the collapse 

of spontaneous magnetization, such as occurs at 
the Curie point, but is connected, according to the 
theoretical assumptions of Turov and Irkhin,°® with 
the compensation of the exchange fields of the mag- 
netic sublattices at @g. It is also possible to ex- 
plain the appearance of these kinks if the ferrite 
sublattices have different electrical properties, 
and if this difference appears somehow near the 
compensation point. The latter assumption, in our 
view, is confirmed by the behavior of the galvano- 
magnetic effect in the region of the compensation 
point. We are continuing with further studies of 
the above effects. 
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SOME properties of the levels in deformed odd 
nuclei may be explained within the framework of 
the model of Bohr-Mottelson and Nilsson.! But 
the intensity rule is not always satisfied; in par- 
ticular, for Hf!" the ratios obtained for the prob- 
ability of 208- and 321-kev E1 transitions con- 
siderably differ from the theoretically calculated 
values.” 

It is of interest to find the absolute values of 
the probabilities of the transitions for y radiation 
with hv = 208 and 321 kev. These E1 transitions 
are forbidden by the asymptotic selection rules.! 
M2 transitions may occur if they are not forbid- 
den by the above-mentioned rules. As regards 
the allowed M2 transitions, in the case of the 
neighboring deformed nuclei, the experimental 
values for the transition probabilities coincide 
with the theoretical values.?, Knowing the value 
of the M2 mixture in the 208-kev transition, ob- 
tained’ from the measurement of the 208 — 113 kev 
angular correlation [(M2/E1)o9. = 107°] and the 
intensity ratio® Ly = 20, we can calculate 
the amount of M2 mixture in the 321-kev transi- 
tion and the period of the 321-kev level. We find 


(M2/E1)s01 0.35, Ty,~4- 107° sec. 


The measurement of the 321-kev level transi- 
tion was carried out by the method of delayed co- 
incidences with the use of a fast-slow coincidence 
circuit’ (resolving time 7 x 107% sec). The y 
quanta were recorded by a NaI(T1) crystal, and 
the 8 electrons were recorded by an anthracene 
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i B 
Delayed coincidences:curve 1—Lu’”’, B + ei13 — Y2os; 2— 
Lu?, B — Y208 > 3—Ru'”, [Som Y208 (comp. 495) °* 


crystal 2 mm thick. In the latter case, there was 
a certain difficulty in the measurements, since 
some of the conversion electrons from the 113 kev 
y transition were detected apart from the # radi- 
ation with Emax = 176 kev. (The period of the 
113-kev level is 4.2 x 107!9 sec.4) Then the ex- 
perimental curve of the coincidences B + e443 

— Yo9g (curve 1 in the figure) is the sum of the 
coincidences B—‘o9g and e€713—Y29g- In order to 
obtain the B—Ya9g curve (curve 2), a third chan- 
nel, which detected the 113-kev y quanta (curves 
1 and 2 were measured simultaneously ), was con- 
nected in coincidence. The 6-29, curve was 
compared with the delayed coincidences curve 
B—Y208 (comp. from 495) for Ru’? (curve 3), 
which was obtained under the same conditions. 
(The period of the 495-kev transition is less than 
10a)! secs) 

Hence, by determining the shift in the centers 
of gravity of curves 2 and 3, we found the mean 
lifetime of the 321-kev level [which was equal to 
(7 +2) x 107"sec] and the half-life Ty. =(5+1.5) 
x 10!° sec. This value is in good agreement with 
that obtained from the measurement of the inten- 
sities? and angular correlation,’ if one takes into 
account here the formula of Weisskopf and Alaga, 
which is valid for the allowed M2 transitions. 

The probabilities for the 321- and 208-kev tran- 
sitions may be calculated: 
Poy (E1) =.5.5-10%sec7!, Pog (E1) = 1.4-10° sec !. 

From comparison with the theoretical values 
we find the degree to which the transitions are 
forbidden: fp,.,= 4x 10° and £Boog = 3-5 x 104 
from the formula of Weisskopf and fH 54 =4~x 10? 
and LHoog = 0.6 from the formula of Nilsson.° 

The fact that the 321-kev E1 transition is for- 
bidden is comparable to the fact that the 396- and 
282-kev E1 transitions® in Lu!® and the 147-kev 
transition! in Lu!” are forbidden. If it is as- 
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sumed that these transitions are accounted for by 
a simple collective model (in this case, the for- 
mula of Nilsson is approximate), we find that the 
208-kev transition is considerably accelerated 

(by a factor of 800) in comparison with the trans- 
sition which would take place between the single- 
particle level (321 kev) and the pure rotational 
level (113 kev). This difference can be the re- 
sult of the interaction between the individual and 
collective motions in the nucleus. 

On the other hand, if we assume that the 208- 
kev transition is in agreement with the simple 
collective model and with Nilsson’s formula 
(fH59, = 9-6), then the 396- (Lu), 321- (Hf!7), 
and 147-kev (Lu!"") E1 transitions are retarded 
by secondary effects. 

In conclusion, I wish to express my gratitude to 
A. I. Alikhanyan for his interest in this work. 
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Ln the work of the Irish group! on 7 mesons pro- 
duced in Kz. decay, an anomalously large inelastic 
interaction cross section was observed, equal ap- 
proximately to 2 or 3 times the geometric cross 
section. For ordinary 7 mesons of the same en- 
ergy, this cross section is close to geometric. 
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As possible causes for the obtained discrepancy, 
the authors indicated two possibilities: either par- 
ticles different from the ordinary 7 mesons are 
produced in the K decay-there, or the difference 
is connected with the fact that the nuclear activity 
of the 7 mesons in the given work was studied 
close to the place of their generation, at distances 
of up to 4 cm. 

Analyzing these possibilities, we found that the 
first cause can account for the discrepancy only if 
there is an unknown particle among the products of 
the inelastic interaction of these mesons with emul- 
sion nuclei. In the opposite case, it follows from 
the principle of detailed balance that, in nuclear 
collisions, there should be generated mainly me- 
sons which interact just as strongly as those pro- 
duced in the K decay. 

Contradicting the possibility of the second ex- 
planation of the observed discrepancy are the ex- 
periments on the comparison of the cross sections 
for the direct and inverse reactions p+ pw=7*+d. 
If the anomalously nuclear-active mesons of mass 
close to the mass of the 7 meson were then to de- 
cay into the less active ordinary m mesons, then 
the results obtained in the above experiment would 
contradict the assumption that the same reaction 
was investigated in the direct and inverse direc- 
tions. 

It is desirable that the question on the produc- 
tion of mesons having an anomalously large nu- 
clear activity close to the point of generation be 
elucidated in the general case of nucleon collisions, 
and not only in the case of the emission of me- 
sons along with the production of a deuteron in the 
final state. 

In this connection, we carried out measure- 
ments to compare the nuclear activity of mesons 
produced at an angle of 90° on carbon nuclei by 
660-Mev protons at distances of 2—4, 10 —20, 

21 — 23, and 105 —115 cm from the place of gen- 
eration. The measurements were made by an 
electronic method with the aid of scintillation 
counters. The usual methods of measurement 
were not used for this purpose, since a beam of 
mesons cannot be formed at a distance of several 
centimeters from the target. This difficulty was 
overcome by the employment of the method of 
similar geometry. In the measurements we used 
telescopes consisting of three scintillation counters, 
the dimensions of which differed exactly by a fac- 
tor of five. Brass filters in the telescopes con- 
tained uniform quantities of matter per cm”, but 
differed in geometrical size also by a factor of 
five. 
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In the experiment we determined the relative 
change in counts of both telescopes due to the ad- 
dition of brass filters 17 g/cm? thick. The filters 
were placed either in front of the first counters 
or behind the second counters of the telescopes. 
Aside from these filters, brass filters of thick- 
ness 8.5 g/cm? were permanently installed in 
front of the last counters. 

Thus, we investigated in this experiment the 
nuclear absorption of mesons, the mean energy 
of which changed from 100 to 70 Mev as they 
passed through the filters. (This energy interval 
corresponds to the energy of mesons emitted in 
Ky. decay. ) 

These experiments showed only a slight change 
in the nuclear activity of the mesons, which could 
be explained by the decay of 7 mesons into » me- 
sons at a distance of one meter. Apart from the 
decrease in the nuclear activity, the errors of 
measurement allow a change of not more than 15% 
of the geometric cross section in the cross section 
for the nuclear absorption of mesons at a distance 
of 3 to 110 cm. 

Hence, it should be assumed that the results 
obtained in the study of the nuclear activity of 7 
mesons from the Ky, decay are apparently due to 
errors in measurements. 

! Alexander, Johnston, and O’Ceallaigh, Nuovo 
cimento 6, 478 (1957). 
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Ir is known that the decay of the 1 meson is 
characterized, in particular, by the chirality of 
the » meson, i.e., by the direction of the spin of 
the » meson relative to its momentum. In the 
universal (V-A) theory of weak interaction, the 
direction of the spin of the u meson is opposite 
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I, II, and III are rows of hodoscopic counters for the deter- 
mination of the trajectory of the 7 meson. S is a row of coun- 
ters for the registration of the showers. A is the iron yoke of 
a permanent magnet for the determination of the sign of the 
# mesons from the deflection in a magnetic field. B is the 
iron core of an electromagnet with a triangular cross-section, 
in which the » mesons produced showers, including some on 
electrons polarized by the magnetic field. 
to its momentum, and in the STP interaction the 
reverse is true. 

In the present work we measured the chirality 
of the 4» meson by a method proposed earlier,‘ 
based on measuring the cross section of the scat- 
tering of polarized 4 mesons by polarized elec- 
trons, since this cross section depends on the 
relative orientation of the colliding particles. 

The quantity measured directly in the test was 
the number of 6 showers produced by » mesons 
in magnetized iron and having not less than two 
particles (n=2). Formulas and tentative esti- 
mates on the magnitude of this effect for cosmic- 
ray # mesons are given in reference 1. The 
drawing shows the experimental setup. I, II, and 
III are arrays of hodoscopic counters, which allow 
to plot the trajectory of the particle from three 
points and to determine its sign from the deflec- 
tion in a magnetic field of ~ 10,000 gauss in the 
iron yoke of the permanent closed magnet A. The 
#2 meson was deflected in the iron core by the ef- 
fect of the magnetic field (Ay) and by repeated 
scattering (Ag). Under our conditions Ay y, As 
= 6.7. The 6 showers occurred in the iron core 
of the closed electromagnet B, which had a tri- 
angular cross section. 
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The magnetic field had an induction of 14,400 
gauss. The row of counters S. registered the show- 
ers produced in the lateral sides of the “triangle.” 
The direction of the magnetic field in the “triangle” 
was reversed after the registration of each shower. 

The cases of interest to us were registered by 
a coincidence circuit I, II, III, and S, whenever not 
less than three counters (m = 3) operated in the 
array S. The number of » mesons passing through 
the setup was 500 per minute, of which one or two 
gave rise to showers with m = 8. To date, 116,000 
showers have been registered in which not less 
then three counters in an array were operated. 

The energies of the 4 mesons that produced these 
showers ranged from 3 to 6.5 Bev. The upper 
limit of the 4 -meson energy, 6.5 Bev, corresponded 
to a deflection in the magnetic field (A = 0.5 cm) 
such that the signs of the particles were still dis- 
tinguishable. The lower limit of the u -meson en- 
ergy was determined by the requirement n => 2 in 
the given thickness of the iron of the “triangle.” 

#& mesons with an energy less than 3 Bev are un- 
able to produce a 6 electron that can satisfy the 
requirement n= 2. 

The results of the test were the following: for 
u.* mesons the difference in the number of showers 
for two different directions of the current in the 
winding of the “triangle” yields 
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s, = —0.37+0.41 (s=(N,—N_)/(N; + N_)), 


for “4 mesons 


S_ = +.0.82 + 0,42 


and, finally, for both signs of the » -meson charge 
the effect is 


s, = 0.58 + 0.29 


with an expected value Stheoy = 0.6, correspond- 
ing to a 50% of polarization of the » mesons.” The 
sign of the effect is in accord with the predictions 
of the V-A theory of interaction, i.e., left-handed 
chirality of the u4* meson. 

The probability that the effect is zero or less 
is 2x 107?. The measurements are being con- 
tinued, and a further increase in the statistics will 
reduce this probability. 


1A. I. Alikhanov and V. A. Lyubimov, JETP 
36, 1334 (1959), Soviet Phys. JETP 9, 946 (1959). 
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Cosmic Rays, Moscow, 1959 (in press). 
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Dissolved in Iron. B. N. Samoilov, V. V. Sklyarevskili, 
and E. P. Stepanov — 261. 

Nuclear Reactions, Disintegrations, Scattering (Theory) 

Angular Distribution of Neutrons in the Reaction 
c8(d, n) N44. T. L. Abelishvili, T. G. Gachechiladze, 
and O. M. Mdivani — 453L. 
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Fragment Production by 100-Mev Protons. U. R. 
Arifkhanov, M. M. Makarov, N. A. Perfilov, and V. P. 


Circular Polarization of Gamma Quanta Accompanying 


Nuclear Capture of Slow Neutrons. D. P. Grechukhin 
Shamov — 806. 
Fragmentation of Ag and Br Nuclei by 9-Bev Protons 


N. A. Perfilov, N. S. Ivanova, O. V. Lozhkin, M. M. 


— 446. 
Collective Properties of Si®°, Si*!, and Ne”, and Re- 
Makarov, V. I. Ostroumoy, Z. I. Solov’eva, and V. P 


duced Widths in Stripping Reactions. V. G. 
Shamov — 250. 
Inelastic Interactions of 9-Bev Protons with Free and 


Sukharevskil — 159. 
Dispersion Formulae for Overlapping Levels. V. I. 

Serdobol’skil — 1368. 

Effect of Deformation of the Nucleus on the Electronic Bound Nucleons in Emulsion. N. P. Bogachev, S. A. 
Wave Functions. Application to Beta Decay. R. Bunyatov, Yu. P. Merekov, V. M. Sidorov, and V. A. 


Weiner and Ch. lusim — 629. 
Effect of Superfluidity of Heavy Nuclei on Single- 


Particle Electromagnetic Transitions and Beta Decay. 
Shcherbakov — 300. 
Interaction between 630-Mev Protons and He‘ Nuclei. 
M. S. Kozodaev, M. M. Kulyukin, R. M. Sulyaev, A. I. 


Filippov, and Yu. A. Shcherbakov — 511. 
Neutron Spectra From the d+ p Reaction. N. A. Vlasov, 


S. P. Kalinin, B. V. Rybakov, and V. A. Sidorov 


Yarba — 968L. 

Inelastic Interaction of Pions with Helium Nuclei at 
Approximately 300 Mev. M.S. Kozodaev, M. M. 
Kulyukin, R. M. Sulyaev, A. 1. Filippov, and Yu. A. 


M. G. Urin — 1331. 
Energy Distributions of Products of Reactions in which 
Several Particles are Emitted. V. V. Komarov and 


A. M. Popova — 184L. 
Excitation of Nuclear Collective States in Charged 


Particle Scattering. S. I. Drozdov — 362. 
Excitation of Vibrational Levels and Coulomb Excitation 
— 1251; 
The d+d— 7°+ He! Reaction at 400 Mev Deuteron 
Energy. Yu. K. Akimov, O. V. Savchenko, and L. M. 


in Alpha Decay. V. M. Strutinskii — 89. 
Influence of Coulomb Attraction on the Cross Section 
for Absorption of Antiprotons by Nuclei. P. EF. 
Soroko — 221L. 
The (p, d) Reaction and Inelastic Scattering of Protons 


Nemirovskii and Yu. D, Fiveiskil — 1073. 
Investigation of the Spectra of Neutrons Emitted in the 
on Be®. O. P. Nemets, L. S. Saltykov, and M. V. 


Disintegration of Deuterons by Protons. V. V. 
Sokolov — 1199. 
The Reaction p+d—t+7* at Proton Energy 670 Mev. 


Komarov and A. M. Popova — 1123. 
Nucleon Emission by a Rotating Nucleus. G. A. Pik- 
Pichak — 557. Yu. K. Akimov, O. V. Savchenko, and L. M. Soroko 
Polarization of Nucleons Scattered from Nuclei with = 462L. 
Non-Zero Spin. Yu. P. Elagin — 1343. Theoretical Interpretation of Elastic ™-p Scattering 
Experiments on the Proton Synchrotron of the Joint 
Institute for Nuclear Research. I. Patera and Ch. D. 


Possible Occurrence of a Second-Order Process in 
Inelastic Scattering of Deuterons by Nuclei. V. A. 
Palev — 710L. 
Nuclear Reactions and Scattering at Medium and Low 


Edakova, V. G. Neudachin, and E. A. Romanovskii 
Energies (Experiment) 
Angular Distribution of Elastically Scattered Neutrons. 


— 180L. 
Production of Pions in p-d Collisions and Motion of Nu- 
cleons Inside the Nucleus. Yu. D. Prokoshkin — 334. 
The Schwinger Effect with Account of the Screening of G. N. Lovchikova — 1036. 
Angular Distribution of Protons from the Reaction 
Ca"? (d, p)Ca‘t!, N. 1. Zaika, O. F. Nemets, and V. S. 


the Nucleus by the Atomic Electrons. V. M. Koprov 
Prokopenko — 208L. 
(d, t) Reactions on Medium and Heavy Nuclei. N. A. 


— 459L. 
Vlasov, S. P. Kalinin, A. A. Ogloblin, and V. I. Chuev 


Nuclear Reactions and Scattering at High Energy 


(Experiment) 
Angular Distributions of 6.8-Mev Protons Elastically 

Scattered by Chromium, Nickel, and Copper Isotopes. — 203L. 

A. K. Val’ter, I. I. Zalyubovskil, A. P. Klyucharev, Elastic Scattering of Protons by Chromium Isotopes at 

M. V. Pasechnik, N. N. Pucherov, and V. I. Chirko 5.40 Mev. A. P. Klyucharev and N. Ya. Rutkevich 
— 1025. — 207L. 

Charged Pion Production in Interactions of 9-Bev Investigation of the Reactions (a,a@’), (a, p), and 
Protons with Emulsion Nuclei. N. P. Bogachev, S. A. (a, t) on Lithium Nuclei. K. V. Makaryunas and 
Bunyatov, T. Vishki, Yu. P. Merekov, V. M. Sidorov, S. V. Starodubtsevy — 271. 

Measurements of the Energy Dependence of Radiative 
Neutron Capture in Iron, Silver, and Gold at Energies 


and V. A. Yarba — 317. 
Determination of the Coupling Constant for the Pion- 
Nucleon Interaction from Cross Sections for the up to 30 kev. A. I. Isakov, Yu. P. Popov, and F. L. 
Elastic Scattering of 630-Mev Neutrons by Protons. Shapiro — 712L. 
N.S. Amaglobeli, B. M. Golovin, Yu. M. Kazarinov, The Inelastic Scattering of Protons and Deuterons from 
S. V. Medved’, and N. M. Polev — 474L. Mg”*. O. F. Nemets and G. A. Prokopets — 499, 
Disintegration of Emulsion Nuclei by 930-Mev Protons. Nuclear Reactions on Multiply Charged Ions 
O. V. Lozhkin, N. A. Perfilov, A. A. Rimskii-Korsakov, Formation of the Isomer Cd'!*™ py the Fission of Gold 
and J. Fremlin — 1001. under the Action of Heavy Ions. S. M. Polikanov and 
Energy Spectrum of Mesons from Nuclear Disintegra- Yu. T. Chuburkov — 2141. 
tions Produced by 9-Bev Protons. Yu. T. Lukin, Gamma Radiation Produced in the Interaction between 


Zh. S. Takibaev, and E. V. Shalagina — 776, 


Accelerated C™ Ions and Tin Nuclei. V. A. 
Karnaukhov and Yu. Ts. Oganesyan — 964L. 

Heavy Ion Excitation of Nuclei Accompanied by Radia- 
tion of y Quanta. B. N. Kalinkin — 1111. 

On the Cross Section for Compound Nucleus Formation 
in the Interaction of Atomic Nuclei. V. V. Babikov 
— 198L. 

Nuclear Spectra (a, 8, y) (Experiment) 


Beta and Gamma Spectra of the Sb!!3 and Sb!!5 Isotopes. 


V. L. Chukhladze, D. E. Khulelidze, and I. P. Selinov 
— 974L. 
Beta Decay of P®?. B. V. Geshkenbein — 965L. 
Circular Polarization of Internal Bremsstrahlung Ac- 
companying K-Capture in Fe. V. P. Parfenova — 42. 
Determination of the Spins of Pt!®* Nuclear Levels on 
the Basis of y Rays Emitted in the Capture of Reso- 
nance Neutrons. N. D. Galanina, B. F. Shvartsman, 
and A. Ya. Diament — 1045. 
Excited States of Cs'*. A. S. Melioranskii, I. V. 
Estulin, L. F. Kalinkin, and B. S. Kudinov — 548. 
Influence of Magnetic Fields on Resonant Absorption of 
y rays. V. A. Lyubimov and A. I. Alikhanov — 1375L. 
Investigation of Beta Radiation of Nb®® and Ce! by the 
Method of Absorption in Air. N. E. Tsvetaeva and 
I. A. Rozenfel’d — 460L. 


Investigation of the @ Decay of U8, A. P. Komar, G. A. 


Korolev, and G. E. Kocharov — 1038. 

Investigation of the Decay Scheme of As!® by the y-y 
Coincidence Method. N. N. Delyagin and A. A. Sorokin 
— 799. 

Investigation of the Gamma Spectrum of Ce!°. S. F. 
Antonova, S. S. Vasilenko, M. G. Kaganskil, and D. L. 
Kaminskii — 554. 

Investigation of the Relative Intensities of Some Conver- 
sion Lines of the Spectrum of Neutron-Deficient 
Lutetium Isotopes. M. G. lodko, V. V. Tuchkevich, 

V. A. Romanov, and O. M. Kresin — 739. 

Lifetime of the 321 Kev Level in Hf!”". G. A. 
Vartapetyan — 1378L. ‘ 

Measurement of the Angular Correlations of 298-880 
kev and 298-966 kev Gamma Cascades of Dy'®. 

M. V. Klimentovskaya and G. Chandra — 210L. 

New Isomer Sn!8™_ I, P, Selinov and V. L. Chikhladze 
— 728L. 

Positron Decay of Ir!*. S, F. Antonova, S. S. Vasilenko, 
M. G. Kaganskil, and D. L. Kaminskii — 276. 

Possibility of Application of the (n, 2n) Reaction in 
Nuclear Spectroscopy. V. V. Komarov, A. B. Kurepin, 
and A, M. Popova — 1312. 

Spectra of Gamma Rays Produced in the Capture of 
Thermal Neutrons by Heavy Nuclei. I. L. V. Groshev, 
A. M. Demidov, and V. 1. Pelekhov — 423. 

Spectra of Gamma Rays Produced in the Capture of 
Thermal Neutrons by Heavy Nuclei. II. V. M. 
StrutinskiY, L. V. Groshev, and M. K. Akimova — 430. 

The Gamma Spectrum of La’? in the Energy Range 
2300-3900 kev. B.S. Dzhelepov, B. A. Emel’yanov, 
K. P. Kupriyanova, and Yu. N. Podkopaev — 205L. 

Nuclear Structure (Theory) 

Alpha-Deuteron Model of the Li® Nucleus. T. I. 
KopaleYshvili, I. Sh. Vashakidze, V. I. Mamasakhlisov, 
and G. A. Chilashvili — 1268. 
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Collective Excitations of Non-Axial Even-Even Nuclei. 
A. A, Chaban — 1174. 

Dependence of the Parameters of the Nuclear Potential 
on the Number of Particles. M. Ya. Amus’ya — 604. 

Electromagnetic Transition Probabilities and Static 
Moments of Odd-Odd Atomic Nuclei. D. A. Varshalo- 
vich — 125. 

Experimental Possibilities of Verifying the Model of 
Nonaxial Nuclei with a Rotational Spectrum. D. P. 
Grechukhin — 1359. 

Green’s Function for Odd Nuclei. Yu. T. Grin’, S. I. 
Drozdov, and D, F. Zaretskil — 162. 

Moments of Inertia of Odd Atomic Nuclei. Yu. T. Grin’, 
S. I. Drozdov, and D. F, Zaretskii — 936. 

Motion of Nucleons in an Anisotropic Oscillator Poten- 
tial with Allowance for Spin-Orbit Interaction. D. V. 
Volkov and E, V. Inopin — 1765. 

On the Equilibrium Shape of Atomic Nuclei. G. F. 
Filippov — 949. 

On the Structure of the Be’ Nucleus. I. Sh. Vashakidze, 
T. I. Kopaleishvili, V. 1. Mamasakhlisov, and G. A. 
Chilashvili — 675. 

On the Theory of Nuclear Matter. G. M. Vagradov and 
D. A. Kirzhnits — 1082. 

Quasistable States with Large Isotopic Spin in Light 
Nuclei. Ya. B. Zel’dovich — 202L. 

Relative y-Transition Probabilities in Strongly De- 
formed Nuclei. A. V. Gnedich, L. N. Kryukova, and 
V. V. Murav’eva — 524. 

Rotational Energy and Moments of Inertia of Non-Axial 
Nuclei. A. S. Davydov, N. S. Rabotnov, and A. A. 
Chaban — 946. 

Superfluidity of Light Nuclei. V. B. Belyaev, B. N. 
Zakhar’ev, and V. G. Solov’ev — 686. 

Photonuclear Reactions 

Curves for the Photoproton Yield from the c” Nucleus. 
E. B. Bazhanov — 193L. 

(y, p) Reaction on Au!®”, &. D. Makhnovskil — 70. 

High-Energy Photonuclear Deuterons and Tritons. 

V. P. Chizhov — 587. 

Investigation of High-Energy Protons Emitted in the 
Photodisintegration of Li®. E. B. Bazhanov and L. A. 
Kul’chitskil — 1215. 

Kinetic Energy of Fragments from the Photofission of 
u?33_ B. A. Bochagov, A. P. Komar, and G. E. 
Solyakin — 990. 

Photoproduction of Charged Pions near Threshold. 

M. 1. Adamovich, E. G. Gorzhevskaya, V. G. Larionova, 
V. M. Popova, S. P. Kharlamov, and F. R. Yagudina. 
— 779. 

Photoproduction of Positive Pions in Hydrogen near 
Threshold. EF. G. Gorzhevskaya, V. M. Popova, and 
F.R. Yagudina — 200L. 

Photoprotons from Cu®®, N. V. Lin’kova, R. M. 
Osokina, B. S. Ratner, R. Sh. Amirov, and V. V. 
Akindinov — 966. 

Structure of the Giant Resonance in Photonuclear Reac- 
tions. E. V. Inopin — 714L. 

The Al?’ — Na?4, Co®® + Mn®, and P?!—~ Na” Reactions 
in the 260-Mev Gamma-Ray Energy Range. A. N. 
Gorbunov, F. P. Denisov, and V. A. Kolotukhin — 783. 

Yield of Photoneutrons Emitted from Lead Under the 
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Action of 10.5 — 20.5 Mev Electrons (Thick Ab- 
sorber Method). V. M. Grizhko, D. 1. Sikora, V. A. 
Shkoda-Ulyanov, A. D. Abramenkov, B. I. Shramenko, 
and A. N. Fisun — 987. 

Plasma (Theory) 

A Relativistic Transport Equation for a Plasma. II. 
Yu. L. Klimontovich — 876. 

Certain Special Features of Ohmic Heating of Electron 
Gas ina Plasma. A. V. Gurevich — 85. 

Connection Between Oscillation and Rate of Loss Of 
Charged Particles in a Cylindrical Plasma of Low 
Pressure ina Longitudinal Magnetic Field. A. A. 
Zaitsev and M. Ya. Vasil’eva — 1180L. 

Cyclotron Absorption of Electromagnetic Waves ina 
Plasma. K. N. Stepanov — 192L. 

Gyromagnetic Resonance Absorption of Electromagnetic 
Waves ina Plasma. B. N. Gershman — 657. 

Instability of a Plasma with Anisotropic Distribution of 
Ion and Electron Velocities. A. E. Kitsenko and K. N. 
Stepanov — 1323. 

Instability of Longitudinal Oscillations of an Electron- 
Ion Plasma. L. M. Kovrizhnykh and A. A. Rukhadze 
— 615. 

Kinetic Equation for Rapidly Varying Processes. V. P. 
Silin — 1771. 

Magnetic Bremsstrahlung of a Confined Plasma. K. N. 
Stepanov and V. I. Pakhomov — 1126. 

On the Amount of Accelerated Particles in an Ionized 
Gas Under Various Accelerating Mechanisms. A. V. 
Gurevich — 1150. 

On the Build-up of Electromagnetic Waves in a Plasma 
Moving in a Non-Dispersive Dielectric in the Presence 
of a Constant Magnetic Field. G. G. Getmantsev and 
V. O. Rapoport — 871. 

On the Electromagnetic Properties of a Relativistic 
Plasma. V. P. Silin — 1136. 

On the Magnetic Susceptibility of a Relativistic Electron 
Gas. A. A. Rukhadze and V. P. Silin — 463L. 

On the Nonlinear Theory of Stationary Processes in an 
Electron Plasma. F. M. Nekrasov — 170. 

Possible Mode of Oscillation for a Charge in Crossed 
Fields. Yu. N. Barabanenkov — 190L. 

Thermodynamic Functions of a Low-temperature 
Plasma. A. I. Larkin — 1363. 

Plasma, Gas-Discharge (Experiment) 

A Rotatory Magneto-Mechanical Effect in a Low- 
Pressure Plasma. V. L. Granovskii and E, I. 
Urazakov — 974L. 

Instability of the Induction Pinch. I. F. Kvartskhava, 
K. N. Kervalidze, and Yu. S. Gvaladze — 1182L. 

Interaction of an Electron Beam with a Plasma. I. F. 
Kharchenko, Ya. B. Fainberg, R. M. Nikolaev, E. A. 
Kornilov, E. A. Lutsenko, and N. S. Pedenko — 493. 

Investigation of Fast Electrons in Powerful Pulsed 
Discharges. N. G. Kovalskil, I. M. Podgornyi, and 
M. M. Stepanenko — 1040. 

Observation of Ion Oscillations in a Plasma. M. D. 
Gabovich, L. L. Pasechnik, and V. G. Yazeva — 1033. 

Reflection of Electromagnetic Waves from a Plasma 
Moving in Slow-Wave Guides. O. G. Zagorodnoy, 

Ya. B. Fainberg, and A. M. Egorov — 4, 
Skin Effect and Shock Waves in an Induction Gas Dis- 


charge. S. E. Gerebenshchikov and M. D. Raizer 
— 1201. 

Toroidal Discharge in a Strong Magnetic Field. G. G. 
Dolgov-Savel’ev, V. S. Mukhovatov, V. S. Strelkov, 

M. N. Shepelev, and N. A. Yavlinskil — 287. 
Pressure, High 

Electrical Conductivity of Dielectrics in Strong Shock 
Waves. A. A. Brish, M. S. Tarasov, and V. A. 
Tsukerman — 15. 

Equation of State for Aluminum, Copper, and Lead in the 
High-Pressure Region. L. V. Al’tshuler, S. B. Kormer, 
A. A. Bakanova, and R. F. Trunin — 573. 

The Isentropic Compressibility of Aluminum, Copper, 
Lead, and Iron at High Pressures. L. V. Al’tshuler, 

S. B. Kormer, M. 1. Brazhnik, L. A. Vladimirov, 
M. P. Speranskaya, and A. I. Funtikov — 766. 
Quantum Electrodynamics 

Application of the Dispersion Method for Investigation of 
the Simplest Green’s Functions in Quantum Electro- 
dynamics. V. D. Mur and V. D. Skarzhinskii — 1817. 

Direct Electron-Positron Pair Production by Electrons. 
Vv. A. Tumanyan — 191L. 

Leptonic Decays of Hyperons with Emission of Pions. 

I. S. Tsukerman — 927. 

On Gauge Transformations in Quantum Electrodynamics. 
Yu. A. Gol’fand — 223L. 

On the Structure of the Photon Green’s Function. D. A. 
Kirzhnits, V. Ya. Fainberg, and E. S. Fradkin — 174. 

Polarization of Gamma-Ray Quanta from the Internal 
Compton Effect. F. Yanoukh — 131. 

Radiative Corrections to Photoproduction and Single- 
Photon Annihilation of Pairs. S. Ya. Guzenko and P. I. 
Fomin — 372. 

Single-photon Annihilation and Electron-pair Creation 
in Medium. G. S. Saakyan — 1147. 

Some General Relations in Statistical Quantum Electro- 
dynamics. E, S. Fradkin — 114. 

The Relativistic Photoeffect in the L Shell. M. Gavrila 
— 224L. 

Quantum Mechanics (Various Problems) 

A Variational Principle for the Calculation of a Correc- 
tion, Quadratic with Respect to the Magnetic Field In- 
tensity, to the Electron Energy in a Molecule. T. K. 
Rebane — 694. 

Integral Transformations of the I. S. Shapiro Type for 
Particles of Zero Mass. L. G. Zastavenko and Chou 
Kuang-Chao — 97. 

Polarization of the Hydrogen Atom in the Ground State 
by the Field of a Point Charge. V. P. Shmelev — 1102. 

Quantum Transitions in the Adiabatic Approximation. 

A. M. Dykhne — 411. 

Rotation of the Spin of a Relativistic Particle with a 
Magnetic Moment Moving in An External Field. V. 8S. 
Popov — 1141. 

S Matrix in the Genéralized Quantization Method. D. V. 
Volkov — 375. 

Scattering by a Singular Potential in Perturbation 
Theory and in the Momentum Representation. Ya. B. 
Zel’dovich — 594. 

Space and Time Reflections in Relativistic Theory. 

Yu. M. Shirokov — 101. 
The Thomas - Fermi Model of the Atom with Quantum 


and Exchange Corrections. N. N. Kalitkin — 1106. 

Variational Principles for Nonstationary Quantum 
Mechanical Problems and Perturbation Theory. Yu. N. 
Demkov — 1351. 

Radiation 

Bremsstrahlung at the Boundary of a Medium with Ac- 
count of Multiple Scattering. I. I. Gol’dman — 1341. 

Cerenkov Radiation from a Charged Particle with 
Intrinsic Magnetic Moment. Li Meng-Ha — 673. 

Cerenkov Radiation of Dipoles in a Medium with Spatial 
Dispersion. G. A. Begiashvili and E. V. Gedalin 
—L2b4. 

Coherent Electron Radiation in a Synchrotron. III. 

M. S. Rabinovich and L. V. logansen — 856. 

Critical Velocity for Radiation of Light in Optically 

Anisotropic Media. I. M. Frank — 1263. 
Scattering (General Theory) 

Allowance for the Medium in Radiation Corrections to 
Coulomb Scattering. M. L. Ter-Mikaelyan — 845. 

Coulomb Scattering of Charges in a Strong Magnetic 
Field. Yu. N. Barabanenkov — 1091. 

On the Calculation of Scattering Phase Shifts. V. K. 
Peterson — 1100. 

On the Problem of the Direct Reconstruction of the 
Elastic-Scattering Amplitude. G. I. Kopylov and 
Z. D. Lomakina — 1188L. 

On the Processes Involving Transfer of Momentum to 
the Medium. M. I. Ryazanov — 617. 

On the Scattering of Transversely Polarized Fermions. 
A. A. Sokolov and M. M. Kolesnikova — 1281. 

On the Structure of the S Matrix in the Theory of 
Elastic and Inelastic Scattering of Non-relativistic 
Particles. Yu. V. Tsekhmistrenko — 894. 

Polarization of Deuterons Elastically Scattered on 
Zero-Spin Nuclei. G. M. Budyanskii — 847. 

Recurrent Construction of Angular Operators. 

J. Fischer and S. Ciulli — 1256. 

The Behavior of Fermion Spin in Elastic Scattering. 
A.A. Sokolov and M. M. Kolesnikova — 120. 

The Possibility of the Determination of the Scattering 
Amplitudes of Unstable Particles at Zero Energy. 
V.N. Gribov — 400. 

The Relativistically Covariant Spin Structure of the 
S Matrix. V.1I. Ritus — 1075. 

Scattering of Electrons and Photons 

Elastic yp Scattering at 40 - 70 Mev and the Polariza- 
bility of the Proton. V. I. Gol’danskii, O. A. Karpukhin, 
A. V. Kutsenko, and V. V. Pavlovskaya — 1223. 

On Elastic Scattering of Photons by the Nuclear Coulomb 
Field. C. Eftimiu and C. Vrejoiu — 971L. 

Polarization Effects in the Scattering of Electrons by 
Deuterons. G. V. Frolov — 831. 

Polarization of Electrons in Elastic Scattering with Ac- 
count of the Finite Size of the Nucleus. B. K. Kerimov 
and V. M. Arutyunyan — 1294 

Resonance Scattering of Gamma Rays by Se’®. N.N. 
Delyagin — 803. 

Scattering of Electrons by Nuclei according to the a- 
Particle Model. E. V. Inopin and B. I. Tishchenko — 840. 

Scattering of Gamma-Ray Quanta by Nucleons near the 
Threshold for Meson Production. L. I. Lapidus and 
Chou Kuang-Chao — 147. 
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Several Possible Applications for the Resonant Scatter- 
ing of Gamma Rays. I. Ya. Barit, M. I. Podgoretskil, 
and F. L. Shapiro — 218L. 

Theory of Resonant Interaction of Gamma Rays with 
Crystals. M. V. Kazarnovskii — 1191. 

Semiconductors 

Cyclotron Resonance in Germanium and Silicon and the 
Effect of Negative Effective Masses. Yu. Kagan — 1333. 

Experimental Determination of the Polaron Mass in 
Cuprous Oxide. A. I. Gubanov, N. I. Krivko, and 
N. M. Reinov — 247. 

Instability in a Semiconductor Amplifier with Negative 
Effective Carrier Mass. A. L. Zakharov — 478L. 

Resonance Absorption of High-Frequency Sound Energy 
by Semiconductor Current Carriers in a Magnetic 
Field. E. P. Pokatilov — 835. 

Semiconductor Amplifiers and Generators with Carriers 
Having Negative Effective Mass. N. G. Basov, O. N. 
Krokhin, and Yu. M. Popov — 720L. 

Slowing-Down Time of Nonequilibrium Current Carriers 
in Semiconductors. O. N. Krokhin and Yu. M. Popov 
— 1144, 

The Capacitance of p-n Junctions at Low Temperatures. 
B. M. Vul and E. I. Zavaritskaya — 6. 

Statistical Physics (General Problems) 

Negative and Limiting Temperatures. Yu. B. Rumer 
— 1365. 

On the Theory of Non-Equilibrium Statistical Processes. 
R. L. Stratonovich — 598. 

Use of the Methods of Quantum Field Theory for the In- 
vestigation of the Thermodynamical Properties of a 
Gas of Electrons and Photons. I. A. Akhiezer and S. V. 
Peletminskit — 1316. 

Strange Particles 

Angular Distribution of Decay Products of Z* Hyperons 
Produced by Protons in Photoemulsions. L. P. 
Dzhanelidze, K. V. Mandritskaya, O. A. Shakhulashvili, 
D. K. Kopylova, Yu. B. Korelevich, N. I. Petukhova, 

D. Tuvdendorzh, Cheng P’u-Ying, and N. I. Kostanash- 
vili — 722L. 

Anomalous Decays of Hyperfragments. S. A. Azimov, 
U. G. Gulyamov, R. Karimova, and B. G. Rakhimbaev 
— 502. 

Cross Section for the Formation of 2” Particles in the 
Reactions ™ +p—~Q~ + 3K at 8 Bev and p+p— 2 
+Q at 4 Bev. Hsien Ting-Ch’ang — 209L. 

Interference of Form Factors in Leptonic Decay of 
Hyperons. V. M. Shekhter — 387. 

Leptonic Decays of Hyperons with Emission of Pions. 

I. S. Tsukerman — 927. 

Non-Mesonic Decays of Hyperfragments. I. B. Berko- 
vich, A. P. Zhdanov, F. G. Lepekhin, and Z. S. 
Khokhlova — 311. 

On New Strange Particles. B. Pontecorvo — 1192L. 

On Possible Properties of D® Mesons. I. V. Chuvilo 
— 721L. 

On the D Meson. Hsien Ting-Ch’ang — 1172. 

On the Decay of 2 Hyperons. Chou Kuang-Chao — 966L. 

On the Process e +p— A+v. V. M. Shekhter — 967L. 

Possible Symmetry Properties for the ™-K System. 
Chou Kuang-Chao — 7380L. 

Possibility of Determining the Form Factors in Leptonic 


1402 


Decay of Hyperons. V. P. Belov, B. S. Mingalev, and 
V. M. Shekhter — 392. 

Production of a 2 Hyperon by 8.3-Bev/c Negative 7 
Mesons. Wang Kang-Chang, Wang Chu-Chien, V. I. 
Veksler, N. M. Viryasov, I. Vrana, Ting Ta-Chao, 
Kim Hu In, E. N. Kladnitskaya, A. A. Kuznetsov, 

A. Mikhul, Nguyen Din Tu, A. V. Nikitin, and M. I. 
Solov’ev — 976L. 

Remark on the Decay of the Cascade Hyperon. I. Yu. 
Kobzarev, L. B. Okun’, and A. P. Rudik — 728L. 

Scattering and Radiative Capture of A Particles. A. M. 
Kol’chuzhkin and N. N. Kolesnikov — 716L. 

Strong Interactions (Theory) 

Analysis Based on Dispersion Relations of Data on Pion 
Photoproduction Near Threshold. A. M. Baldin — 416. 

Formation of Pions in ™N Collisions. A. 1. Lebedev and 
V. A. Petrun’kin — 962L. 

Green’s Function in the Fixed-Source Model of Charged 
Scalar Mesons. B. M. Barbashov and G. V. Efimov 
— 145. 

Inverse Dispersion Relations for Photoproduction of 
Pions on Nucleons. N. F. Nelipa and V. A. Tsarev 
— 187L. 

Nucleon-Nucleon Scattering in the Two-Meson Approxi- 
mation for Large Orbital Angular Momenta. A. D. 
Galanin, A. F. Grashin, B. L. loffe, and I. Ya. 
Pomeranchuk — 347. 

On an Estimate of the Minimum Radius of Two-Particle 
Interactions at High Energies. V. G. Grishin and V. I. 
Ogievetskil — 725L. 

On Meson-Nucleon Scattering in Large Orbital Angular 
Momentum States. A. D. Galanin — 177. 

On the Momentum Spectrum of 7* Mesons from the 
Interaction ™ + p— 27 +n. V. A. Astaf’ev — 709L. 

On the Nonlinear Theory of Elementary Particles. 

D. F. Kurdgelaidze — 339. 

On the Question of a Resonant 7-7 Interaction. V. M. 
Maksimenko — 469L. 

On the Possibility of Using Nuclear Reactions to Obtain 
Information about the 7-7 Interaction. Yu. D. Bayukov 
and G. A. Leksin — 1371L. 

Peripheral Nucleon Interaction in the Two-Meson Ap- 
proximation. A. F. Grashin and I. Yu. Kobzarev 
— 624. 

Solution of Equations for Meson-Meson Scattering Am- 
plitude in the Asymptotic Region. A. A. Ansel’m 
== BING. 

The Singular Points of Some Feynman Diagrams. V. A. 
Kolkunov, L. B. Okun’, and A. P. Rudik — 634. 

Transition Radiation for a Charged Particle at Oblique 
Incidence. G. M. Garibyan — 1306. 

Superconductivity 

A Measurement of the Surface Tension at the Boundary 
between the Superconducting and Normal Phases of 
Indium. Yu. V. Sharvin — 216L. 

Anisotropy of Surface Tension at the Boundary between 
the Superconducting and Normal Phases of Tin. Yu. V. 
Sharvin and V. F. Gantmakher — 1052. 

Critical Currents in Superconducting Tin Films. N. E. 


Alekseevskil and M. N. Mikheeva — 211L. 

Destruction of Superconductivity by a Current. 
E. Troinar — 470L. 

Interactions between Electrons and Lattice Vibrations in 
a Superconductor. G. M. Eliashberg — 696. 

The Superconductivity of Electrolytically Deposited 
Copper-Bismuth Alloys. N. E. Alekseevskil, V. V. 
Bondar’, and Yu. M. Polukarov — 213L. 

The Thermal Conductivity of Superconductors in the 
Intermediate State. N. V. Zavaritskil — 1207. 

Thermal Properties 

On the Quantum-Mechanical Calculations of the Pressurell | 
in Solids. G. M. Gandel’man and E. S. Pavlovskii | 
— 851. | 

pe Density of Liquid Oxygen on the Saturation Curve. | 

_ L. Timrot and V. P. Borisoglebskii — 1297. 

a Heat Capacity of Bismuth Telluride at Low Tempera- 

tures. E. S. Itskevich — 255. 
Weak Interactions 

Anisotropic Distribution of Internal Bremsstrahlung in 
K Capture by Polarized Nuclei. S. F. Timashev and 
Vv. A. Kaminskil — 206L. 

Concerning the Article by S. M. Bilen’kii, R. M. Ryndin, 
Ya. A. Smorodinskil, and Ho Tso-Hsiu, ‘‘On the Theory 
of Neutron Beta Decay’’ — 729L. 

Internal Bremsstrahlung in the B Decay of Polarized 
Nuclei. Ch’ing Ch’en-Jui and F. Yanoukh — 683. 

Investigation of Polarization of Internal Conversion 
Electrons in Transitions Following Decay of Heavy 
Elements. M. E. Vishnevskii, V. A. Lyubimov, E. F. 
Tretyakov, and G. I. Grishuk — 1029. 

Limits of Applicability of the Weak Interaction Theory. 
B. L. loffe — 1158. 

On the Analogy between the Weak and Electromagnetic 
Interactions. E. M. Lipmanov — 891. 

On the Connection Between the Polarization of B Elec- 
trons and the Shape of the 6 Spectrum. B. V. 
Geshkenbein and A. P. Rudik — 1361. 

On the Production of an Electron-Positron Pair by a 
Neutrino in the Field of a Nucleus. A. M. Badalyan and 
Chou Kuang-Chao — 477L. 

On the Radiative Correction in Weak-Interaction 
Processes. Ya. A. Smorodinskii and Ho Tso-Hsiu 
— 7241. 

Possibility of an Experimental Test for Form Factors in 
the Theory of the Universal Fermi Interaction. 

Ho Tso-Hsiu — 466L. 

Renormalization in Parity-Nonconservation Theory. 
B. L. Ioffe — 911. 

Some Consequences of the Symmetry of the Universal 
Fermi Weak Interaction. Ho Tso-Hsiu and Chu 
Hung- Yuan — 1346. 

The Form Factor and the » Capture by Light Nuclei 
with Spin ¥. Ho Tso-Hsiu — 1167. 

The Polarization of the Beta-Ray Electrons from 
Oriented RaE. A. Z. Dolginov and N. P. Popov — 1095. 

X-Rays 

Investigation of the Main K X-ray Absorption Edge in 

Selenium. D. Bally and L. Miiller — 995. 


ERRATA TO VOLUME 10 


page reads 


Article by A. S. Khafkin 
1044, title . . resonance in lead 
6th line cf article ~ 1000 oe 


Article by V. L. Lyuboshitz 
1223, Eq. (13), second line + —Sp,, 2 $ (e1) 
1226, Eq. (26), 12th line 


moMOSE Gi Je 
1227, Eqs. (38), (41), (41a) numerators and (p? — q) 
denominators 
1228, top line m= e * 
bee el 


ERRATA TO VOLUME 12 
Article by Dzhelepov et al. 
205, figure caption 54 


Article by M. Gavrila 
225, Eq. (2), last line —2ye 47, 


Article by Dolgov-Savel’ev et al. 
291, caption of Fig. 5, 4th line Pp = 50 x 1074 mm Hg 


Article by Belov et al. 


396, Eq. (24) second line 559 (ZS DOH SIE coe 

396, 17th line (r) from top . . less than 0.7 
Article by Kovrizhnykh and Rukhadze 

615, 1st line after Eq. (1) wr, = 2ne*n,/m,, 
Article by Belyaev et al. 

686, Eq. (1), 4th line aoe (sp. 

pile 

Article by Zinov and Korenchenko 

798, Table X, heading of last column Cn at = 
Article by V. M. Shekhter 

967, 3d line after Eq. (3) 8 = 2m,E+ ms, 

967, Eq. (5), line 2 -+ (Bi + B’%)... 

968, Eq. (7) sal Gr te(Cr)). 

968, line after Eq. (7) for C3 + C= 
Article by Dovzhenko et al. 

983, 11th line (r) ees 
Article by Zinov-et al. 

1021, Table XI, col. 4 —1,22 
Article by V. I. Ritus 

1079, line 27 (1) —A , (2), 

1079, first line after Eq. (33) (1 +8). 

1079, 3d line (1) from bottom It (q'P; pq’). 
Article by R. V. Polovin 

1119, Eq. (8.2), fourth line Uo 44,8 (Y) —[4--: 

1119, Eq. (8.3) ++-sigm uw. 


- Article by V. P. Silin : 
1138, Eq. (18) eo eas 2p 


should read 


1403 


. . resonance in tin 


~1loe 


+ SP)» © (€2)... 


-+-{(p + q, p) — (p+q, n)- 


+(pn)} 


(Da ac)2 


m2= [m3 m,] 


5.4 


—2yo4— ¥, 


Py =5 x 10-4 mm Hg. 


Loh (2 = 2a) ope 


. . less than 0.07 


2 


® 


Balen (S,) Fe 
Ce 


1 


t—>n= 


= (2m,E + m5) “le 
++ (By, + BY) Q... 
1 GY + Ch —Q? (BY +84). 


= 2 
‘9 = 4ne*n,/m,, 


for Gi + Cc, 
— Q2(B? + BA)=.., 


T= 1,840.2 


1,22 


A, (); 


— +B. 


iN (2/95. PY!) 


— Up, tye (7) [Y--- 


++ sign Uy, 


c2k?- 


2 


